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SOME FIXED POINT THEOREMS IN BOOLEAN ALGEBRA

Koriolan Gilezan

A Boolean transformation is a mapping
F:D — B"

where D < B" is a set of solutions of Boolean equations d;(X) =0 j =1,... k.
F is defined as follows

F(X):(f(X)77fn(X))7 X:(.'El,...,IEn),
each f; is a Boolean function f;: B - B, i=1,..., n, B={0,1}.

DEFINITION 1. X is a fixed point of a Boolean transformation F with
restriction d;(X) =0, j=1,...,k, if and only if

1) F(X)=X and d;(X)=0, (j=1,...,k).

X is a fixed point of a Boolean transformation F' with restrictions d; (j =
1,...,k) if X is a solution of the system of the Boolean equations:

(1') fZ(X):.’L't, i=1,...,n; dJ:(X):O, j:].,...,k,
which follows from the definitions.

LEMMA 1. The system of Boolean equations (1') is equivalent to the Boolean
equation:

k n

(2) U d5(X) U | @ifs(X) Uzifi(X = 0))

j=1 i=1
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PrOOF. It is know that Boolean equations f = g and fg U fg = 0 are
equivalent. If this property is applied to the system (1) it will become an equivalent
system of Boolean equations:

®) di(X)=0 j=1,...,k

Furthermore, we know that a system of Boolean equations g; = 0,7 =1,... ,m
is equivalent to a Boolean equation |J;*, g; = 0, if this property is applied to the
system (3) it will become the Boolean equation (2) which is equivalent with the
system (3).

LEMMA 2. The system of Boolean equations (2) has a solution if and only if

n

(4) H U d U U azfz( )U dif(a)) =0,

a€B™ | j=1 =1

where o = (01, ... ,Qp)-

ProOOF. Let f(x) be the left side of the equation (2). It is known that every
Boolean function can be written in a disjunctive cannonical form. Therefore, the
equation (2) can be written in the following form:

(5) flxy, ... mp) = U flai,...,an)zlt - -xom =0,

(a1y...,an)EB™

0

where z° =z, 2! = z.

The equation (5) has a solution if and only if

(6) M fla)=

aEeB™

The lemma, is proved.
Directly from the lemmas 1 and 2 we have the following theorem.
THEOREM 1. A Boolean transformation f(x) = = with the restrictions
dj(x) =0 (j =1,...,k) has a solution if and only if the condition (4) is fulfilled.
The matriz A = [a;;], i,j =1,... ,n, is a Boolean matriz when the elements

a;j are Boolean terms from the Boolean algebra ({0,1},U,-, —). The linear Boolean
transformation is a linear operator

(7) F(X)=AX

where X = [x;5]
A= [az-j], Z,] = 1, ,n
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The matrixz product is
n
AX = lU aikxkj] .
k=1

Let A be a given matriz. The problem is to find a matriz X, such that

(8) X =AX.
The Boolean matriz equation (8) is equivalent to the system of Boolean equations
n
9) Uaikmkamkja i,j=1,...,n.
k=1

If we replace (9) in (2) follows:

CONSEQUENCE 1. The system of Boolean equations (9) is equivalent to the
Boolean equations:

(10) U (.’fz'j U Qi Tk U Tij H(L_l,'k U i’m‘)) =0
ij=1 k=1 k=1
The replacement of (10) in (4) gives:

CONSEQUENCE 2. The system of Boolean equations (9) has a solution if and
only if

(11) H U (aij U ik Oy U oy H((lik @] Oékj)> =0,

weBn? | ij=1 k=1 k=1
where
@ = (1, ,Q1n; 0215+ ,Q2p, - ,Anly-- - Cnn)-
Directly from the Consequence 2. the statement follows:

THEOREM 2. Let A be a given matriz. The matriz equation X = AX has a
solution if and only if the condition (11) is fulfilled.

LEMMA 3. The Boolean matrix equation AX = X always has at least one
solution. That is
X =0.

THEOREM 3. The Boolean matrix equation AX = X has a singular solution
z = 0 if and only if the matriz A is of the form:

0...0 aix 0...0
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where aig, ... ,Qk—k, Akt1k, - - - > Ank oTe the elements of the set {0,1}.

PrROOF. Let A be a matrix of the form (12). If we replace it in the Boolean
matrix equation AX = X we get a system of Boolean equations:

(13) for i#k, apzr; =5, ,j=1,...,n
for i=k OZIL'»U j:l,...,n.

From (13) it follows that z;; =0,4,j=1,... ,n,ie. X =0.
Suppose that the matrix A* is not of the form (12) and X = 0 is a singular
solution, i.e. there exist some elements a; j; # 0 which are not in the k-th column.
Let us replace the matrix A* in the Boolean matrix equation AX = X. We
get a system of Boolean equations:

fOI'i;ék, 1:751:1, AikTRi = Tij, i,j:l,...,n
(14) for 7,;'é k‘, 1= il, Aiy 54,5 U Qiy1§Ti5T4q,5, ] = ]., B 1
for i =k O=wmzy, j=1,...,n.

The system of Boolean equations (14) is equivalent to the system of Boolean equa-
tions

fOI‘Z.;ék 1::7:1, w,-j=0, i,j=1,...,n
(15) for ’L;ék', i;ﬁil, QiyjT45 = Tiqj, ]= 1,... ,n

for i =k 0=;Cz'j, j=].,...,’I’L.

Zero matrix is not the only solution of the system (15). It is contradiction.
So the theorem is proved.

LEMMA 4. AUX = X (where AUX = [a;;Ux;;] i,5 =1,...,n) if and only
if X = AU P, P is an arbitrary Boolean n x n matrix.

ProOOF. The Boolean matrix equation A U X = X is equivalent to a system
of Boolean matrices:

(16) a;j Ui = x5, 4,7=1,...,n.
The system (16) is equivalent to the system of Boolean equations:
(17) a;jT;; =0, 4,j=1,...,n.

It is known that the equations AX UBX = 0, X = APU BP,P € {0,1} are
equivalent. If we use this property in (16) we get the system of Boolean equations.

(18) zij = a;; Upi;, pij € {0,1}, 4,j=1,2,...,n.
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This system is equivalent to the system (16) therefore, from (18) there follows that
X = AU P, whereP is an arbitrary Boolean matrix.

LEMMA 5. AX =X (A0X =lay,zi5], 4,5=1,...,n) if and only of
X =A@®P, Pisan arbitrary Boolean n x n matriz.

PrOOF. The Boolean matrix A ® A = X is equivalent to the system of
Boolean equations

(19) a;ijTij = Tij, G,J=1,...,n.
The system (19) is equivalent to the system of Boolean equations
(20) a;jzi; =0, 4,j=1,...,n.

Let us aply to (20) the property that the equations AX UBX =0, X = APUBP,
P € {0,1} are equivalent. We get the system of Boolean equations:

(21) Tij = Q35Pij DPij € {0, 1}, i,j = 1, R (B

Therefore, the system (21) is equivalent to the system (19). From (21) there follows
that:
X =A0®P, P isan arbitrary Boolean matrix.

LEMMA 6. A% X = X (where Ax P = [a;;z;; Ua;;Tii] 4,5 =1,...,n) if and
only if X = A x P, P is an abritrary Boolean matriz.

PrRoOOF. The Boolean matrix A x P = X is equivalent to the system of
Boolean equations

(22) Gijxi; U ey =z, 4,5=1,...,n.

This system is equivalent to the system of Boolean equations

(23) aijxi; Uai;Zi; =0 4,j=,...,n.

The system (23) is equivalent to the system of Boolean equations:
Zij = Gijpi; U aijbij, 1,5 =1,...,n, p; €{0,1},

i.e. X = A« P, P is an arbitrary Boolean matrix.

THEOREM 4. The Boolean matriz equation A ® X = X (where

n

A X = lU eika‘:kjuaikmkj] i,j=1,...,n)
k=1
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for a given matriz A has a solution if and only if

n n n
H U Qi U (dikakj U aikdkj) U oy H(a,-k @] @kj)(O_éik @] Oékj) =0
aeB"? \i,j=1 k=1 k=1
where @ = (O, .+ ,0Upy 01y« e 3 Q2fy e v s Qnly-en y Cnp).

THEOREM 5. The Boolean matriz equations Ao X = X (where

n

AoX = U(aikak]‘) . i,j:l,...,n)
k=1

for a given matriz A has a solution if and only if

n n n
H U Qi U(aikuakj)uaij Hflik@kj =0
acBn? |1,5=1 k=1 k=1
where & = (11, -+ yQip, Q215+« 02y e v ,Qply -+ 5 Anp)-

The proof of Theorem 4. and Theorem 5. directly follows form Lemma 2.
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