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WEAK CONVERGENCE OF THE SEQUENCE OF SUCCESSIVE
APPROXIMATIONS FOR PARA-NONEXPANSIVE MAPPINGS

B.S. Yadav and D.S. Jaggi

Let T be a mapping from a normed linear space X into itself and let F(T')
be the set of all its fixed points. T is said to be nonexpansive if

IT(z) - T < [l —yll
for all z,y in X, and quasi-nonexpansive if
IT(z) =zl < llz - 2|l
for all x € X and z € F(T). We shall say that T is para-nonexpansive if

le = T@) - Ily - TW)]
b ,nm—m@

HT@)—T@WSHHX{

for all z,y € X, x #y. T is called asymptotically regular if
(|7 (z) — T™(x)|]| = 0 as n = oo

for all z € X.

In this paper we study the weak convergence of the sequence of successive ap-
proximations for a para-nonexpansive mapping. In this connection it is interesting
to note that a mapping may be para-nonexpansive without being nonexpansive.
For example, let T: R — R, where R is the set of real numbers, be defined as

follows:
1, z#1
T(z) = { 1
-, x=1.

2 )
It is easy to check that 7T is para-nonxepansive. However, as T is discontinuous it
cannot be nonexpansive.
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A normed linear space X is said to possess the property (P) if for any sequence
{zn} in X converging weakly to zo,

liminf ||z, — || > lim inf ||z, — zo]],
n—oo n—oe

for all z # .

1. In order to prove our main result, we shall need the following lemmas:

LEMMA 1.1. (Opial [4, Lemma 1]). Every Hilbert space has property (P).

Although (P) does not hold in all uniformly convex spaces, it is interesting
to note that there exist nonreflexive spaces which satisfy (P) [2, p. 24].

LEMMA 1.2. Let T be a para-nonexpansive self-mapping on a closed convex
set C' of a Hilbert space such that F(T') is nonempty. Then F(T) is colosed and
convex.

PROOF. Let z be a limit point of F(T) and {z,} be a sequence of distinct
points of F(T) converging to z. Then
Iz = T(2)] = lim |z~ T(2)]
= Jim [|T(z) - T()|
z2n —T(zn)| - ||z =T (2
(leo= T ot )

< lim max
llzn — 2|l

n—oo

= lim ||z, — 2||
=0.

Thus z € F(T).

To prove that F(T) is convex, let z,y € F(T),  # y and X € (0,1). Taking
z = Az + (1 = Ny, it is easy to check that

(L.1) lz =yl = llz =T+ [|1T(z) —yll = llz — 2|l + |z — yll
and
) {(1 =Nz =yl = e = T()]| = llz = I,

Mz =yl = lly =T ()|l = [ly — 2.
Therefore

e~ T@l = L) - i

Also in view of (1.1) T'(z) lies on the line segment joining z and y. Since X is
strictly convex,

(z —T(2)) =p(T(2) —y)
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for some p > 0. Consequently p = 152, and hence

-1 = S ),
=>T(E)= X+ (1-Ny

=Zz.

Thus F(T) is convex.
We shall denote by L(zg), the set of weak limit points of the sequence

{T™(@0)}-

THEOREM 1.1. Let C be a closed conver subset of a Hilbert space X and
let T be a para-nonexpansive self-mapping on C with a nonempty F(T). If for any
xg € C, L(zg) C F(T), then {T"(x0)} converges weakly to a point in F(T).

PROOF. If T*(zy) € F(T) for some k, then there is nothing to prove. So let
T*(x) € F(T) for all k. Now for every y € F(T),

17"+ (o) = yll = IT(T"(20)) = T(W)l

17" (z0) — T+ (zo)ll - lly — T()
IT™(z0) — yll

=|[|T™(xo) —yll, n=0,1,2,....

Smax{

by (o) - yn}

Therefore the sequence {||T™(zo) — y||} is nonincresaing, and hence there exists
r(y) > 0 such that

lim [|T"(z0) — yll = r(y)-
n—oo

Now for any d > 0, let
Fo={y € F(T):r(y) < d}.

It follows by Lemma 1.2 that, if d is large enough, Fj is a closed, convex and
bounded subset of F/(T). Since X is reflexive, we can find a smallest d* such that
Fy+ is nonempty. By strict convexity of X, Fy. will have only one element z. We
assert that {T™(zo)} converges to z weakly. If not, by the reflexivity of X and the
boundedness of {T"(z¢)}, there exists a subsequence {T"(x¢)} converging weakly
to y different from z. By hypothesis y € F(T). Since X satisfies (P),

d* =r(z) = liminf [|T™ (o) — z[| > liminf ||T™ (z0) — yl| = r(y),
o0 71— 00

i—
which contradicts the choise of d*.

Cor. 1.1. Let C be a closed convez set in a Hilbert space X and let T be a
nonexpansive self-mapping on C such that F(T) is nonempty. If for any zq € C,
L(zg) C F(T), then {T™(x¢)} converges weakly to a point in F(T).
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If T is a nonexpansive asymptotically regular self-mapping defined over a
closed convex set C' in a Hilbert space X, then

L{zo) C F(T). For, if {T"(z0)} > {T™ (w0)} = 2(# T(2))
weakly, then by the property (P)

liminf ||T™ (x0) — z|| < liminf |77 (z¢) — T'(2)||
71— 00

1— 00

= liminf |7+ (z) — T'()||
1—00

< liminf ||T™ (zo) — z||,
71— 00

a contradiction. Therefore z = T'(z), and hence L(zo) C F(T). Thus we have
(Opial [4, Theorem 1]).

COR. 1.2. Let C be a closed convex set in o Hilbert space X andletT:C — C
be a nonexrpansive asymptotically regular mapping with F(T) nonempty. Then for
any xg € C, {T™(x0)} is weakly convergent to an element of F(T).

REMARK. All the results proved so far remain true even if the space is
reflexive and strictly convex in which the property (P) holds. Moreover these
results remain valid even if we take the mappings to be quasi-nonexpansive.

As an immediate consequence we have the following result due to Petryshyn
and Williamson [5, Theorem 4.4].

THEOREM A. Let C be a closed convex subset of a strictly convex reflexive
Banach space X having property (P) and if T: C — X be quasi-nonexpansive such
that F(T) is nonempty. Suppose that

(i) T is asymptotically regular at a point xo and T™(zo) € C for alln > 1
(ii) of {T™ (z0)} = s (weakly) in C and (I —T)T™ (x9) — 0 then z = T'(z).
Then {T™(x¢)} converges weakly to a point in F(T).

We remark that the condition of continuity imposed on 7" in Theorem 4.4 of
[5] is redundant.

2. In this section we study the weak convergence in strictly convex reflexive
Banach spaces with a weakly continuous duality mapping, see [1]. It is known
that every strictly convex reflexive Banach space with a weakly continuous duality
mapping possesses the property (P) [3]. Therefore if C is a closed convex set in a
strictly convex reflexive Banach space X with a weakly continuous duality mapping,
if T:C — C is para-nonexpansive with a nonempty F(T') D L(zg), then {T™(x0)}
converges weakly to a point in F(T). In case we take T' nonexpansive or quasi-
nonexpansive the result still holds. This, in particular, includes the results of Opial
[4, Theorem 2] and Petryshyn and Williamson [5. Theorem 4.5] as special cases.

Although the sequences of iterates of a para-nonexpansive mapping 7' may
not converge weakly to fixed point of 7', the sequence of iterates of a mapping T’
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where T = AI + (1 —\)T for some X € (0, 1), may weakly converge to a fixed point
of T. Tt is known that for a nonexpansive mapping T: C — C, where C is a closed
convex subset of a Banach space X,T) is also nonexpansive for every A € (0,1).
But this is not the case if T' is a para-nonexpansive mapping. In fact 7T may fail
to be para-nonexpansive for any A € (0,1). Take T: R — R, where R is the set of
real numbers, such that

1, z#1
T(z) = 1 1
2 U7

and take z = 11/10 and y = 1. However, as in the case of a nonexpansive mapping,
F(T) = F(Ty) and if the space is uniformly convex and F(T') is nonempty then T’
is asymptotically regular.

Lastly we state without proof the following

THEOREM 2.1. Let C be a closed convex set in a uniformly convexr Ba-
nach space with a weakly continuous duality mapping and let T:C — C be a para-
nonezpansive maping with F(T) nonempty. If for some xo € C, Lx(xo), the set
of weak limit points of {T{(xo) is contained in F(Ty), then {T{(xo)} converges
weakly to a ponit in F(T).
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