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ON SOME SOLUTION OF EQUATION

p(z) + ¢(f(z)) = F(z)
UNDER THE CONDITION THAT F SATISFIES F(f?(z)) = F(z)!

Mirjana Malenica

I

The results of this paper are connected with solutions ¢(z) of the functional
equation

(1) p(x) +¢(f(z)) = F(z)

where f(z) and f(z) are given functions. Many mathematicians have been con-
cerned with equation (1). Some special cases of this equation have been considered
by H. Steinhaus [8]. G, H. Hardy [4], R. Raclis [7] and others. Equuations of more
general type have been examined by M. Ghermanencu [3] and Kitamura [5].

Some papers of M. Kuczma and M. Barjaktarevi¢ are of special interest to
this paper. I the paper [6] M. Kuczma proves that under some natural assumptions
equation (1) possesses infinitely many solutions which continuous for every z this
is not a root of the equation

(%) f(z) ==

In the same paper, under assumption that the solution is continuous for z = xo.
satisfying equation (*), the author proves the existence of a most such colution.
Further, he proves that with addition assumptions such a solution exists and it is
given by an explicit formula.

M. Barjaktarevié¢ in his paper [1] proves four theorems. Two of them, using
different regular methods of summability for the series

%F(b) + S (C)HF(f (@) - FB)},

v=0

2)

IThe research presented in this paper was supported by zajednica za nau¢ni rad SR BiH.



140 M. Malenica

give sufficient conditions for the existence of a solution of equation (1). The other
two theorems give sufficient conditions for existence of a unique continuous solution
of (1) in (a, b).

The author of this paper, using the same method, examined some solutions
of the equation (1) in the papers [9], [10] and [11]. In [9] and [10], using different
regular methods of the summability of the series (2), sufficient i. e. necessary and
sufficient conditions for the existence of a solution of the equation (1) are given. Al-
so, sufficient and necessary conditions are given, under which the cosidered regular
methods are translative from the right on a set

(3) Z’{ = {{Sn(l') :i%}we[a,b] ’

in the sence of the definition of translation given in [2], page 21, where s,(z) is a
partial sum of range n of the series (2).

In the [11] equation (1) is considered under the condition that the function F
has a special form for which the series (2), in general, diverges. Also conditions, are
given the series (2) to be T-sumable (T' = (ax,) a regular matrix transformation)
to ¢ so that the following relations are valid

Tsn(z) = ¢(x)
o(f(x)) + () = F().

Connected with this, in [11] theorem I is proved.

In this paper we consider a similar cases depending on F' as in [11], but with
a more general function F'.

Theorem I of [11] is related to p = 1 (see paragraph IT) and the results of this paper
are related to the case p > 1. There are some specific differences between these two
cases.

In theorem I of [11] and troughout this paper it is assumed that
1. f(z) is a continuous strongly monotonic function on [a, b] and that

fla)=a, f(b)=0b; f(z)>=, z€(a,b)

2. @) =, 1 (z) = F(f (@), v € {0, £1.£2,... )
I
Let p € {2,3,...},p fixed and let the function F(z) have the properties
F(f?(z)) = F(z) = € la,b]
F ) #F(z) z€lab),i=1,2,...,p—1,p>1

(4) )
F(a:) = g(.fL') T € [.To,f(.ill’o)), To € (aab)

where g(z) is an arbitrary chosen functions with domain [z, f(z0)).
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Further, sometimes use the following condition (5) on F(z):

there are points z; 1 € {0,1,...,p}, in (a,b) so that

1F(z0) F(f(z0)) F(f*(w0)) .- F(f7'(z0))
(5) 1F(z1) F(f(z1)) F(f*(z1)) -.. F(P~(z1))
A=|1F(z2) F(f(z2)) F(f*(22)) ... F(f7'(x2))|#0.

We will be concerned with finding solution ¢(z) on [a, b] of equation (1) that have
form

(6) ¢(z) = a+boF(z) + biF(f(z)) + - +bp-1 () F(fF7 (2)).
In connction with this the following theorem is valid.
THEOREM 1. For the equation (1), in which function F(z) has the properties

(4), to have a soloution p(x) on [a,b] of the form (6), it is sufficient and, if F' also
satisfies condition (5), it is neccesary that

p s odd number
(7) {

1 .
a=0, b,-=§(—1)', ie{0,1,...,p—1}

i.e. that the function p(x) has the form

(8) p)z) = Z(—l)iF(fi(w))-

Proor. To prove that the conditions (7) are sufficient it is enough to substi-
tute (8) into (1) in place of ¢(x). Let us prove that the conditions (7) are neccesary
under the assumption that (4) and (5) are satisfied.

Now, according to (6), we get
p—1

9) ¢(@) +¢(f(x) — F(z) =2a+ (b1 +bo — 1)F(z) + Z(bi +bi-1)F(fi(2)).

For ¢(x) defined with (6), to be a solution of our equation it is neccesary (and
sufficient) that the right of (9) is identically equal to zero on [a, b]. Seting the right
side of (9) equal to z;(¢ = 0,1,...,p), we get p+ 1 linear equation

(10) ﬁoF(l‘,) + /ﬁlF(f('Z.Z)) +-+ ﬂp*lF(fp_l(mi)) +2a=0 (7’ = 07 ]-7 .- 7p)7
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where for the sake of simplicity, we put

{ﬁosz—l-f'bo—l

11
() Bi =bi +bi1 (i=1,...,p—1).

System (10) is the system of p + 1 linear equation with p + 1 unknown elements

20’, /60-,815 e a/Bp—l-

Since the determinante A of this system by assumption is different than zero, system
(10) has only the trivial solution

(12) a=0,8=0 (i=0,1,...,p=1).

System (12) reduce to a system of linear equation which for p odd number gives
(7). For p an even number she system is contradictory.

REMARK 1. We note that for the case p > 2 and p an even number () of
the form (8) is not a solution of (1). Namely, we have

p(z) +o(f(z) =0

which contradics (5) in which A # 0.
This proves the theorem.

We note the followwing: If F(x) has properties (4), then the series (2) obvioulsy
diverges since

an(z) = (1) {Ff"(z)) — F(b)}
doesn’t converge to zero as n — oco.

Because of this, it is interest to ask if there exists a regular method of summa-
bility T' = (agx) with which the series (2) wil be summable to T-sum ¢(z), that is
the solution of the considered equation, taking into account that F(x) has proper-
ties in (4). In the connection with that we have

THEOREM 2. Let the following condition be satisfied:
a) function F' has properties (4) and p > 2 is odd number,

b) the series (2) is T-sumable to sum ¢(z), where T = (ay,,) is a reqular
matriz transformation

c) the limit
lim BY exists for each r € {0,1,...,2p—2},
k—o0

where

oo
Bf = aknapir, re{0,1,...,2p—2}.
n=1
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For the functions o(x) to be a solution of the equation (1) it is sufficient and, if F
in addition satisfies the conditions in (5) it is neccessary that

1 X
(13) a=0, bi=5(-1)", ie{0,1,...,p~1}

and solution @(x) is given by (6).

PrROOF. Because of theorem 1, it is sufficient to prove that, under the
conditions of the present theorem, functions ¢(z) has the from (6).

Numely, under conditions of the present theorem we have
1 n
sn(z) = —Z(=1)"F(b) + > (-1)°F, with F, = F(f"(z)),
v=0

1 o o oo n
sp(x) = §F(b) {Z Qk,2n — Z ak,2k+1} + Z Akn (Z(—l)”Fv> .
n=0 n=0 n=0 v=0
If we put
n=2p-mp+r, (rp,=0,1,...,2p—1; m, €{0,1,2,...}),

it is easy to prove

Tn

. Z(—l)”Fv, p is odd number r, € {0,1,...,2p—1}.
v=0
Z(_l)vFv = p—1 .
v=0 2my, Z(—l)”Fv + Z(—l)”Fv, p is even number
v=1 v=0

Now for p odd number

1 oo oo
sp(z) = — S F(0) {Z apan — Y ak,2n+1}
n=0 n=0

oo
+ ) Gk 2pm . (Z(—mpv) . rn€e{0,1,...,2p—1},
n=0

v=0

) 1
p(z) = klggo sp(z) = —§F(b){BO +By+---+ By o+ B — B3 —---Bap_1}+
2p—1 r
+> B, (Z(—l)”Fv> ;
=0 v=0

where

oo
BF =) akmopsr, 7€{0,1,...,2p—2},

n=0
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so that

oo o0
> arom =Bt +BE+---+B5, 5, > a1 =Bf+BS+---+ B,

n=0 n=0

and B
B, = lim Bf, re{o0,1,...,2p—2}
k—o0

and

i oo
kli}Irolo Z Ak2n = BO + By +--- +sz_2, k]l)r{.lo Z Q2041 = B, +B3 + - +sz_1‘
n=0 n=0
Because of this, taking into account (4), after a long but stratight forward calcula-
tion we get
o) =a+boFo + b Fy +byFy + -+ b, 1F, 1,

where the coefficients a, b; (i =0,1,... ,p— 1) are given by
1
a= §F(b)(31 +Bs+--++By1—By—By—---— By
p—1
bJ:(_l)]ZBz+] (]20717277p_1)
i=0

Therefore p(z) is of the form (6).

REMARK 2. We note that the case p = 1, in a more general form, is included
in theorem I of [11].

REFERENCES

[1] Bajraktarevi¢ M, Sur une solution del’éequuation fonctionnele p(z) + ¢(f(z)) = F(z),
Glasnik Mat.—fiz. i astr., Zagreb, 15 (1960), p. 91-98.
Gamkelidze R. V. Matematiceskij analiz, Tom 12, Moskva 1974. (na ruskom).

Ghermanescu M. Equations fonctionnelles linéares d argument functionnel n-periodique,
Comptes Rendus de I’Acad. Sci. Paris 243 (1956), p. 1593-1595.

Hardy G. H. Divergent series, Oxford 1949.

Kitamura T, On the solution of some functional equations, The Téhoku Mathematical
journal 49 (1943), p. 305-307.

Kuczma M. On the functional equation o(z) + ¢(f(z)) = F(z). Ann. Pol. Math. 6 (1959).

Raclis R. Sur la solution méromorphe d’une équation fonctionnelle, Bull. Math. de la Soc.
Roum. des Sciences 30 (1927), p. 101-105.

Steihaus H, O pewnym szenesru potegowym, Prace Matematyczne I (1955), p. 276-284.

EN

oE

S

NS

Malenica M. O reSenju funkcionalne jednacine ¢o(z) + ¢(f(z)) = F(x), Akademija nauka
i umjetnosti B i H, Radovi LXVI/20, Sarajevo 1980. g. pp. 103-109.

Malenica M. O rjeSavanju funkcinalne jednaéine o(x) + o(f(z)) = F(z) i neki specijalni
primgeri regularnih transformacija, Akademija nauka i umjetnosti B i H, Radovi LXVIII/6,
Sarajevo 1980. g. (u Stampi).

[10



On some solution of equation 145

[11] Malenica M. O jednom resenju jednacine o(x) + ¢(f(z)) = F(x) kada funkcija F zado-
voljava uslov F(f(z)) = F(z), Akademija nauka i umjetnosti B i H, Radovi LXIX/20,
Sarajevo 1980. g. (u §tampi).

Milena Malenica
71000 Sarajevo
Ilija Engela 19
Jugoslavija



