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ON SUBSPACES OF RIEMANN-OTSUKI SPACE

F. Nadj Djerdji

In this paper we observe an n-dimensional point-space determined with a
given (1.1) tensor P}(z), det||P}|| # 0, Otsuki’s connection with the usual relations
between Py, 'T%,, and "T'%, and the symmetric metric tensor gij, det||g;;|| # 0, as
in T. Otsuki [2] and A. Moér [1], but with the proposition v = 0, i.e.

(1) Vigij = Y95 = 0.

This space we call RIEMANN-OTSUKI space (R — O,,). According to the above
proposition it follows that ' ' '
”F;'k =" INVES {fk}

where { ]’k} denote Cristoffel symbols.

Let an m dimensional subspace S,, be defined as usual with 2! =
zi(ut,... ,u™)(m < n). We shall determine, through some assumptions, the basic
elements of subspace S, analogous to the tensor P; and analogous to the co-

efficients of connections ' 1“;'- . and ”Fj.k of R — O,, so that this subspace be a

ozt

— 1
due =m

RIEMANN-OTSUKI space (R — O,,) too. By assumption rang

Using the notation

2) g . 9%

o Hua
we get the metric tensor Gop of Sy, by the requirement that it is the projection of
9ij on Sp,. Hence

3) Gap = gab€allyy GapG*7 =08} G = g»€xe]
where in the usual way we define
@ £ = 9G*°€)
In this paper Latin indices run from 1 to n, Greek indices a,...,s run from 1 to m,

but A, g, ... run from m + 1 to n.
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and suppose that det ||Gqp|| # 0.
The projection on the basic tensor Pj of R — O, we denote by

(5) Pg - PiErE)
*
and suppose that det || Pg|| # 0, so that there are tensors Qf satisfying

(6) PQ5 =63,
The choice of the tensor pg follows from our requirement that the S, be an R—0,,
space. In the following the tensor Pg of Sy will always be the projection of the
tensor Pj of the basic space.

If

=Tg¢E, f

then the tensor Tj" is a tensor of Sm. Now we can define the Otsuki covariant
differential of the tensor T of S, by

DT®. = PYPYT] du”
(7) . ]
= P2 PY(9,T7 + T, TE =" TS T7) du* = VTetadu*.

Here the coefficients 'T' " and "I'g will be defined by the following suppositions:

(i) For the metric tensor G we have the relation

(8) ViGap = PIP(0:.Grs —" T ,.Ges — T5,,Gre) = 0.

*
(ii) Between the tensor P§ and the coefficients of connections, 'T';* and

*
" I'f%, . we have the relation

9 ponT alvha _ parp e g pa —
(9) 5 L8y ¢ Loy TOVs =0

Now we determine the coefficients of connection "T aff’ he  Using relation (8),

according to the supposition det || P§|| # 0 and relations (6), (3) and (2) we get

(10) 'T ¢, Ges +' F 2 Goe = On9ij)ELEED + 9ij (Edutra & + E5E7.0)
where

. 8 . .
1 — 1 K3
(11) Yy T au,{ffy — Sy
. *
Now we construct the connection between the coefficients ”Fj’k and "’ Fﬁ”,ly”h”. Ac-
cording to (1) we have
Ongij =" T%gsj +"' T 1 is-
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Substituting this in (10) we get
(12) ”F,‘EKG@ 4 F(SEZG’YE _n Fisk.gsj‘gftfgé?y _i._// Fjskgsié.xé-};g%‘*‘
+ 95 (6558, + §56.7.)-
In the following we use the notation
(13) ”Fﬂa'y _n Fszkgftgls}f’l;

Applying (13) on (12) and making the contraction with metric tensor we get the
relation symmetric in vy, delta:

(14) "F'ydx +" Fé'yx =" F"y5% +” F5’Yx + gl] (5(51%5'17/ + g}sg'y];{)

In the following we suppose that

(15) "Trsse =" Thugy

Now we use the cyclic permutation of indices ~, delta, s in (14) and subtract one
of the equations from the sum of the other two. At the same time we use the
symmetry of " Fjik and &5 in the lower indices, and relation (15). So we get

(16) "Tsrey =" Torey + Efotta 'yfjrgij'

It is known that relation (2) dermines m tangent vectors of Sy,,. With the
equations

(17) & NF=0; gij(x)NIN} =6 (6"* is the Kronecker symbol)

we determine n — m mutally ortogonal unit vectors which are orthogonal to S,,.
In the case that m = n — 1 we have only one vector of this kind, but if m <n — 1,
there are many possibilities for choosing them. We suppose that by the tangent
vectors £, the normal vectors N} are given too. Now we have the relation

(18) gLe8 + NiNt = 5.

Applying the contraction with G** on (16), according to relations (13), (3),
(18) and (17) we get
(19) ”]-‘567 _n F(?E’y + §6ify£§ _n F(Ss'y _ gggzs'y
Hence from the above considerations it follows that

THEOREM 1: If relation (15) holds, then (19) is a necessary and sufficient
conditions for (8).

According to supposition (1) the coefficients " Fjik of R — O,, are Christoffel
symbols (see [1] (2.3)). From (8) it follows that the coefficients “I's*, defined by
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(19) are, with respect to the metric tensor Gog, Christoffel symbols too and so we
have

COROLLARY 1: The relation (19) is the relation between Christoffel symbols
of the second kind of R — Oy, and R — O, i.e.

{567}0 = Gsa{aoi,} = {567}9 + Eéi'ygggij2'

Proof: According to (6), from (8) it follows that
(20) 0,.Gyy =" T Gy =" 1.0 Gso = 0.

Obviously it holds that "T';;, = G* *{sav}¢ is a solution of (8) resp (20). Now we
prove the uniqueness of this solution. We suppose that

T = G{ar}a + Arar GO

*
is a solution too, where "I';7 | is symetric in s, v, and A, is a tensor which ac-

cording to (20) must be skew-symmetric in 3, a and by the supposition symmetric
in 7, . Now we can write

Axé'y = A'ydx = _A57x = _Ax’yé = Afyxd = Adz'y = _Axdfy-

From this it follows that
Axé'y =0,

ie. _

Ty =G xar}te ={2,}-
So we have proved that {;, }¢ is the unique solution of (20) resp (8). Since (19) is
the solution of (8) too the assertion of Corollary 1 follows.

*
Using the results above we can determine the relation between DT; and DT,,
if T; is a tensor of S,,,. We have

THEOREM 2: In case T; is a vector of Sy,, i.e.

(21) Ti = é-?Ta,
we have
(22) DT, = ¢ DT;.

Proof: Applying the Otsuki invariant differential analogous to (7) on T; and
using (21), (5) and (7) we get

E.DT; = & PF (0 Ts —" T, T5) ¢k duf =
= &P €] (05T =" T.5Ty) du” = P]T, 5 du’ = DT,

D{de}q 1= {ijk}q € & €
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where
(23) ”F'yéﬂgs’y _n ]_-\Sdglta _ aﬂsg
which is after one contraction with &* identical with (19).

*
Now we return to our (ii) property and determine the coefficients 'T' 5% of the
connection on m-dimensional subspace. It is known (se [2] (3.13)) that the relation

* *
between the tensor Pg and the coefficients 'T'f%, and Fﬁafyp " is relation (9). From

this relation using (6), (19), (5), (18), (17) and the fact that P}, ‘T, and "Tj,
are basic elements of R — O, i.e. satisfying a relation analogous to (9), we get:

(24) ‘T = QA& (EJEEPIT )\ — PRGNENY'TY £ — PREINE (9, N)) + Pjes ).
Now from the above considerations it follows that

THEOREM 3: If (5), (7), (15), (19) and (24) are satisfied, then the m-
dimensional subspace of R — O,, defined by x* = z*(ul,... ,u™) is an R — O,,.

Using definition (7) one can prove that the relation analogous to (22) for the
contravariant tensor

(25) T6i = ¢ T
of S, generally does not hold. Now we shall construct the conditions by which this
analogy holds. We can suppose that in place of relation (9) for tensor satisfying
(25) we have
9%) DT, = DT
Using Otsuki’s covariant differential, relations (25) and (2) we get

§ DT = & P}((8:T)EG + (8:65)T7 +' T)\ TPE3EL) du™
where i

E5TS, =" T WELEs + 0.}

One contraction by &; gives us

(26) T ='Treheed +Pey, ='TL +€5¢y,.

Now we have the question whether these coefficients with Pg and "T 5+ satisfy
property (9) of Otsuki space. The answer is obviously no, but it is possible to find
some special cases in them from (5), (7), (15), (19) and (26) follows that the m-
dimensional subspace of R — O,, is R — O,,. Substituting Pg, "T 4~ and T 4+, from
(5), (19) and (26) in the term on the left side of relation (9) we get

PJ'T R — PYTS +0,P = & N, QNI (PIT —

(27) .
- Pba”]'-‘a:l c) + N;Ng(Pfgggéagamma + P{;”&(I;&T‘O;{)
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Relation (9) will be satisfied if this expression vanishes.

I. If we suppose that P]?' = g&j-, 0 = o(x), then (27) vanishes and relation (9) is
satisfied, but it is known that then ‘T j, =" T/ and Otsuki space reduces to almost
simple affin space.

bf II. Now we suppose that m = n — 1 and the normal vectors N; are eigenvectors,
i.e. P{N; = 7N;. In this case

PIN" =pi(g9"/N;) = Plg"'N; = TN,g"* = TN’

according to the supposition Pjgia = Pj, = P,;. Substituting in (27) we get that
relation (9) is satisfied.

IIL In general for subspaces characterized with P} = Hbeta“fgff relation (9) is
satisfied.
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