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SIMPLE SEMIGROUP

( Communicated February 26, 1981)

S. Mili¢, V. Pavlovié

0. In this paper we consider semigroups without zero containing an ideal
which is a completely simple subsemigroup. The main result is the Theorem 1.1.
which gives a structural description for such semigroups. In 2. we give a gen-
eralization of the Theorem in [1], as well a structural description of semigroups
characterized by the Theorem 3.1. in [3].

1. At first let us construct a semigroup in which some ideal is a completely
simple semigroup.
Let m[I, G, J, P] be a Rees matrix semigroup (I, J are nonempty sets, G is
a group, P is a matrix J x I with entries p;; € G).
Let T be a partial semigroup so that (I x G x J)NT = &.
Let
E:T—>7(I) and n:T — 7(J)

be mappings, where 7(I) and 7(J) are semigroups of all mappings of I in I, J in
J, respectively, i.e. { : p+— &,, n: p+— 1y, such that for all p, g € T is fulfilled:

(a) If pg € T then &g = &6,
(b) If pg € T then &, is a constant mapping;
(c) If pg € T then nyy = npny
(d) If pg ¢ T then n,n, is a constant mapping.
Let
p:TxI—>G
be a mapping which satisfies

(e) If pg € T' then p(pg, i) = ¢(p, i&)p (g, 7)
(£) pjie, 0(p, i)pj_ni’i does not depend upon i € I.
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Let us denote the term in (f) by ¥(p, j), i.e.
(L.1) (D, 4) = j,ie, (0, D -
Let us define the multiplication in (I x G x J)UT by:
(1) (7’73"7.7) . (k7y7l) = (iaijkyal)
(11) p- (l,.’lf,J) = (lEp,cp(p,l):L',])
where p C T, (i,z,5), (k,y,l) € I x xJ, and 9(p, j) is given by (1.1);
(iv) Ifpg=rin T thenpg=rin (I x G x J)UT;
If pg € T then
pq = (i€4&p, (P, i€0)(q, DPjy . 35 T11p7a)-

Let us denote (I x G x J)UT with multiplication ”.” by n[I, G, J, P; T, ¢,

&, ie.
(IxGxJ)UT,")=n(I, G, J, P; T, ¢, & n).

LeEmMA 1.1. n[I, G, J, P; T, ¢, £, 1] is a semigroup.

Proof . First, the multiplication is well defined. For the cases (i), (ii) and
(iii), and (iv) if pg € T, this follows immediately. Let p,q € T and pg ¢ T. As in
this case 9§,&, =const and jn,n, =const, we have only to prove that the term

@0, i)9(¢,7) - Py
does not depend upon i € I. Indeed, using (1.1) we have

(D, 1) P(4: ©) * Pyng.i =
. . 1 . -1
=Pjic,e, " Piiats PPy 160) Py, ie, " Pinyice (0:0) * Pnym,,i =
= p;;§q§p¢(p; J)w(qﬂ .77711)

Since the right side of this equality does not depend upon i € I, it follows that the
left side does not depend upon i € I, too.

By direct verification we get that n[I,G, J, P,T,p,&, n] is a semigroup. For
instance, if p,¢g € T, pg ¢ T and X = (k,x,l), then

pa- X = (160, 0(0,€)9(a,%) - Py 1 35 F11p70) - (K, 751) =
= (i€4&p, (0, i€)P(a,5) - Py m i~ Pimpmask = 1)
Since 4 is arbitrary, j is arbitrary, then for ¢ = k, it follows
pg-X = (k& &, o0,k Ey)e(g, k) - ,1).
On the other side

p-qX =p-qlk,z,1)=p-(k&, (g, k) -z, 1) =
= (k :m:qua(p(pa qu)@(q, k) - T, l)
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So we get
pg-X =p-qX.

Similarly for other cases, which proves the lemma.

LEMMA 1.2 In a semigroup n = n[l, G, J, P; T, ¢, &, 1] there is an ideal
which is a completely simple subsemogroup (without zero).

Proof . Subsemigroup I x G x J ia an ideal in n, which follows immediately
from the definition of the multiplication in n, (i)-(iv). From (i) we have that
IxGxJ=m[l, G, J, P]is the Rees matrix semigroup over the group G, which
is completely simple (without zero) [4].

THEOREM 1.1. In a semigroup S there is an ideal which is a completely
simple subsemigroup (without zero) if and if a semigroup S is isomorphic to a
semigroup n[I, G, J, P; T, £, €, 1.

Proof. Let K be an ideal in a semigroup S which is a completely simple
semigroup without zero. Let T = S\ K (# &). Then T is a partial semigroup. Since
K can be represented by a Rees matrix semigroup, we have K = m][I, G, J, P],
so we get a isomrphism S = K UT = m[l, G, J, P]UT, and we identify K with
m[I, G, J, P]. Then, in K, left ideals are

Lj ={(i,g9,§):i €I, g€ G}, for j€J;

right ideals
Ri ={(i,9,j) : g€ G, je J}, foriel

and bi-ideals
Bi; ={(i,9,j) : g€ G} = R; N L.

For all left ideals L; in K we have KL; = L;. Indeed, let (i,g,j) € L; then
(iagaj) = (z,g,l) ’ (kapl?glaj) € KLJ

so L; € KL;. By this we have KL; = L;.
Using this we have

SL;=SKL; CKL; = L;

whence we have that L;(j € J) is a left ideal in S, too.

Similarly, every right ideal R; in K, as like as bi-ideal B;; in K, is also a
right ideal in S, and also bi-ideal in S, respectively.
Let p € T and (4,¢,j) € L;, where e is the identity of a of group G. Then

b (iaea.j) = (kagaj) € Lj
since L; is a left ideal in S and

k= i‘fp,jag = QO(p,Z,J)
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SO
(1.2) p- (i€, 5) = (i&,5, (P, 4, 5), J)-
On the other side
p-(ise,j) =p-(i,e,0) - (k' 5) =
(1.3) i1, 0(p,1,0),0) - (k" 5) =

= (
= (i§p,l7 (p(pa i; l)a.?)

From (1.2) and (1.3) it follows

ifp,j = ié-p,l;

@@717]’) = (p(p71:7l)7
whence &p ; depends only upon p and ¢(p,i,j) depends only upon p and i.

So we have

(14) b (7:767.7.) = (7’517790(1777')7.7)7

where ¢ is mapping which maps T'xI'in G and {;, maps I in [ ie.¢o:TxI =G
and &, : I — 1.

Similarly, for (i,e,j) € R;, which is a right ideal in S, and p € T' we get
(15) (ZJGJJ) p= (la¢(paj)ajnp)7
whereyp : T'x J =+ G andn,: J = J.

Since

(iaeaj)p(i>e7j) = (1767.7)(7'61)7@@72)7]) = (7:7pj7i£p(p(p7 7’)7.7)

and

(iaeaj)p(i>e7j) = (Z7¢(p7.7)>np)(7'>e7]) = (i7¢(p7j)pj"7pai7j)
we have
(1.6) Y(p, ) = piie, ¢ (P, 1) 'P;nlp,i

whence it follows that the term on the right side in (1.6) does not depend upon
1el.
Now, let p € T and g € G. Then

b (iag:J) =p- (iueal)(k;pl_kl g:]) = (lE,;,go(p,l) g;])
Similarly we have

(iagaj) P= (%9¢(P;J)a.7”p)
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Let p,q € T and pg € T. Then

pq - (iaeaj) = (lgpanO(Pq,l),J) = (igqua(p(pa qu)ﬂo(q,l)d)

whence
(L.7) (P, 4,1) = p(p,i&g) (g, 1)
€pg = &obp-
Similarly
(ie, J) - pq = (i psi(pg, 1), ipg) = (i, (D, 1)V (4, ), FpTg)
whence
(18) ¢(pq,j) = ¢(p J)¢(Q5an)

Npq = TpTq-

{Jet p.q € T and pqg ¢ i’l’ ie. pg = (i,9,5). Then pqg = (1i,g,j) = (4,9,]) -
(k,pji, > J) = p(k&q, 0(a k) - Dy, J) = (k&e&p, (D, k&) - 0(a, k)Djy, » J), s0 we have

(1.9) 9= ¢(p, k&) (g, k)pyy!
i= ké‘qu:

where k € I is arbitrary, so £,&, is a constant mapping for [¢ ¢ T'.
Similarly

pq = (i,9,5) = (i,p; ", V)i, 9,5) = (i,p3", )pg =
= (i,p5 " (p, 1), Inp)a = (i,p3 ", v (0, 1)p(g, Inp), Inpny),

whence

(1.10) 9=pu" P 0)Y(aInp)
J = lnpng,
where [ € J is arbitrary, so 7,7, is a constant mapping for pg ¢ T'.
Using (1.9) and (1.10) it follows that g does not depend upon k and [, but
only upon p and gq.
This proves that S is isomorphic with a semigroup n.
The converse follows from Lemma 1.1.

2. In this section we give two more theorems which are consequences of the

Theorem 1.1. Previously we give some lemmas which characterize some properties
of bi-ideals.

LEMMA 2.1. Let B be a bi-ideal of a semigroup S. Then uBv is a bi-ideal
in S for arbitrary u,v € S.
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Proof. uBvSuBv C uBSBv C uBuw.

LEMMA 2.2. Let M be a minimal bi-ideal in S and B an arbitrary bi-ideal
in S. Then M = uBv for every u, v € M.

Proof. Using Lemma 2.1. uBy is a bi-ideal in S. Even more
uBv C MBM C MSM C M.
Since M is a minimal bi-ideal then uBv = M.

LEMMA 2.3. Let M be a minimal bi-ideal in S. Then sMt is a minimal
bi-ideal in S for each s,t € S.

Proof. According to Lemma 2.1. sMt is a bi-ideal in S. Let us prove that
sMt is a minimal bi-ideal in S. Let the converse hold. Then there is a bi-ideal N
such that n C sMt and N # sMt,ie. N ={sht:he€ H H C M, H # M}. As
N is a bi-ideal, then for all z € S, hy, hy € H, we have

shit-x-shot € N

whence hy txshy € H, and so
hytSshy C H.

Since h1, ho € M and tS is a bi-ideal, M is a minimal bi-ideal, then according to

Lemma 2.2. we have
M = hltSshg

whence M C H. Contradiction.

LEMMA 2.4.Let M be a minimal bi-ideal in S. Then all minimal bi-ideals
in S are of the form sMt, where s, t € S.

Proof. By using both Lemma 2.2 and Lemma 2.3.
LeEMMA 2.5. The union of all minimal bi-ideals in S is an ideal in S.
Proof. Let M be any minimal bi-ideal in S. Then according to Lemma 2.4.
D=U{sMt:s,te S} =SMS
is the union of all minimal bi-ideals in S. Then

DS=SMSSCSMS=D,
SD=SSMSCSMS =D.
Accordingly, D is an ideal in S.

LEMMA 2.6. Let B be a bi-ideal in S. Then B 1is a minimal bi-ideal in S
if and only if B is a group.
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Proof. Let B be a minimal bi-ideal in S. For any by, bo € B we have
B = b; Bby (Lemma 2.2.). Let a € B, then there is € B such that a = byxb,, and
thus
a="by, a=zbs

where y = xby € B, z = byz € B. According, those equations are solvable upon y
and z for each a, by, bo € B. Thus, B is a group.

Conversely let B be a group and, at the same time let it not be a minimal bi-
ideal. Then there is such a bi-ideal in S that M C B and M # B. Let z € B\M.
Then for any u, v € M C B, there is y € B such that x = yuv, because B is a
group (y = u~lzv~!). Whence z € MBM C MSM C M. A contradiction.

THEOREM 2.1. A semigroup S has at least left ideal L such that L is a
union of groups which are right ideals in L if and only if S is isomorphic to a
semigroup n[l, G, J, P; T, ¢, &, ).

Proof. Let L be a left ideal in S ie. SL C L and L = LEJAGa, where
(o3

G, (a € A) are groups, such that G, L C G,, for all a € A. Then G, are bi-ideals
in S. In fact

GoSGy C GoSL C GLL C Gy, forall a € A.
As G, are groups, then G, are minimal bi-ideals in S (Lemma 2.6.). Let K be a
union of all minimal bi-ideals in S, i.e.

K= U H,
aEA

Then K is an ideal in S (Lemma 2.5.). According to Lemma 2.6. and The
Theorem in [1], K is a completely simple semigroup (without zero). Thus S is
semigroup having an ideal K which is a completely simple subsemigroups (without
zero) and by using Theorem 1.1 a semigroup S is isomorphic with a semigroup
n[I) G) J) P; T7 (P7 §’ n]'

The converse follows by a straight verification.

COROLLARY [2] A semigroup S has at least one left ideal which is a group if
and only if S is isomorphic to a semigroup n[I, G, J, P; T, ¢, £, 1], where I is a
singleton.

Proof. Let L = G be a left ideal in S which is a group. As GG = G we
have that G is a right ideal in L, and thus the reuirements of the Theorem 2.1 are
funlfiled.

Since
Lj = {(i7g7j) 1g€G, i€ I} = U{Gij 11 € I},

for monominial set I = {ig} we have

Lj EL:G,'OJ' :Gj.
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Since T x {ig} ~ T, then the mapping ¢ : T' — G is a homomorphism, because for
any p € T, §{io} — {io}, so & is any identity mapping.

Since each Rees matrix semigroup S = m[I, G, J, P] is isomorphic with some
Rees matrix semigroup S ~ m[l, G, J, Q] where @ is some normalized sendwich
matrix (i.e. such a matrix which has at least one row and at least one column with
all the entries equal to the identity of o group G) then in this case, as I = {ip}, we
have

e

where e is the identity of a group G [4]. Then pj; = e, for each j € J. Then
o(p) = ¥(p)

and the multiplication is the same as in the Theorem in [2].

The converse is proved by a verification.

THEOREM 2.3. A semigroup S contains at least one minimal left ideal and
at least one minimal right ideal if and only if S is isomorphic to a semigroup
n[I7 Ga Ja Pa T) @, §a 77]

Proof . 1t follows from Theorem 1.1 and Theorem 3.1 in [3].
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