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LINEAR COMBINATIONS OF REGULAR FUNCTIONS WITH
NEGATIVE COEFFICIENTS

G. Lakshma Reddy and K. S. Padmanabhan

Abstract. Let f(2) = ap2? — E anik2"TF, k> p > 1 with ap > 0, apyg > 0 be regular

in E={z:|z]<1}and F(z) =(1 f)\)f(z) +)\zf’( ), 2 € E where A > 0. The radius of p-valent
starlikeness of order a,0 < a < 1, of F' as f varies over a certain subclass of p-valent regular
functions in E is determined, and the mapping properties of F' in certain other situations also are
discussed.

1. Introduction. Let E = {z :| z |< 1} be the unit disc in C and H =

{w : w is regular in E such that w(0) =0, | w(z) |[< 1, z € E}. Let P(A,B)

denote the class of functions regular in E which are of the form (1 + Aw(z))/(1 +

Bw(z)), -1 < A < B <1, w € H. Let T, be the class of functions f(z) =
o0

apzP — 3 k2" E E>p>1, ap > 0 and ap4t > 0, regular in the unit disc E.

n=1

Let Si(A,B) = {f e izl ¢ P(A,B)} and K,(A, B) = {f €Ty: ;(1 +

sz;LS)) € P(A, B)} We note that S; (A, B) and K,(A, B) are subclasses of T,
consisting of p-valently starlike and p-valently convex functions respectively. f €

S, (A, B) implies that, Re{zf’( )/f(2)} > 0 for z € E. Further if f € S;(A,B)

2
and z = re??, r < 1,L f Rezf(g do = & {Reiiggg? df = p, since Re iigzgg

is a harmonic function in E with w(0) = 0. This argument shows the p-valence
of f in S;(A,B). Similarly f € K,(A,B) is p-valently convex in E. Define
P*(A,B) ={f € Th : f'(z) € P(A,B),a; = 1}. In this paper we consider the
function F in E defined by F(2) = (1 — A)f(2) + Azf'(2), A > 0 and study
some mapping properties of F', as f varies over the classes S, (A, B), K,(B,A)
and P*(A, B). We also consider the class of function f € T, for which f(»=1) is
univalent and discuss a mapping property of F. It is interesting to note that the
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necessary condition for univalence of f®=1 for f € Tp, turns out to be a necessary
and sufficient condition for f*=1 to be starlike univalent in E.

2. Coefficient inequalities and theorems on radius of starlikeness,
convexity and close-to-convexity. We use the following notations for the sake
of brevity

n+k=m, m(B+1)—pA+1)=Cp, pB—A)=D and » =3
m=k+1

We begin by proving the following

LemMMA 1. Let f € T,,. Then f € S;(A, B) if and only if

(1) YCmam < Da,.
Proof. Suppose f € S;(A,B). Then Z}fé’;) = piigzg;, -1< A< BX<
1, we H.
That is,
p—2f'(2)/f(2)
w(z) = , w(0) =0 and
© =B -4 O
2f'(z) —pf(2) E(m - p)am2z™
= = 1.
| wiz)| ‘ Bzf'(z) — Apf(2) DayzP — 3(Bm — Ap)a,,z™ <
Thus
Y(m — p)amz™
2 1.
@) Re{ DapzPYX(Bm — Ap)am 2™ } <

Take z = r with 0 < r < 1. Then, for sufficiently small r, the denominator of the
left hand member of (2) is positive and so it is positive for all » 0 < r < 1, since
w(z) is regular for | z |[< 1. Then (2) gives

Y(m — p)amr™ < Dapr? — X(Bm — Ap)anr™, that is,
E[m(B +1) — p(A+1)]anr™ < Da,r?, thatis, ZCramr™ < Dapr?,

and (1) follows on letting r — 1.

Conversely, for | z |=r, 0 < r < 1, and since r™ < rP, by (1) we have
YCmamr™ < rPYXCra, < Da,rP. Using this inequality we have

| Z(m — p)amz™ | < Z(m — p)ayr™ < Dayr? — X(Bm — Ap)amr™
<| Da,z? — £(Bm — Ap)amz™ | .

1+Aw(z)

1+ Buw(z) with w € H. Therefore

This proves that zf'(z)/f(2) is on the form p
f € S;(A, B) and the proof is complete.
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COROLLARY 1. f € Ty. Then f € S;(2a —1,1) if and only if X(m — a)a, <
(1 - a)al.

Remark. Note that S§(2a — 1, 1) = S*(a), the class of univalent starlike
functions of order a. This corollary reduces to Theorem 1 in [2].

THEOREM 1. Let f € Sy (A, B) and F(z) = (1-X\)f(2)+Azf'(2), A >0, z €
E. Then F is p-valently starlike of order a, 0 < a < 1, for
(P-a)1+(@-1) Cn]V™?

| z|< ry = inf m—a(tm-1) D and the bound is sharp.

Proof. Since F(2) = (1 —A)f(z) + Azf'(z), A >0
=14 (p—1Napz? — Z(1 + (m — 1)A)apz™,

2F'(z)  p(1+ (p—1)N)apzP — EZm(1l + (m — 1)A)ayz™
F(z)  (1+®=-1Napz? —X(1+ (m—1)N)ayzm

It suffices to show that | 2F'(2)/F(z) —p |< p—a for | z |< r1. Now

2F'(2) =X(m —p)(1+ (m—1)A)apz™
F@)_4:‘U+@—DM%ﬂ—HLHm—DM%ﬂ1
Em—-p) 1+ (m—=1Nap |z |™?
1A+ @E-DNap —Z1+ (m—1)Nan |z |™?|

3)

Consider the values of z for which | z |< 71, so that

|2 [mr< (55:3;8 I g’n __li;\))\) . olds. Then

1+ (m—1)A . (p—a) Cn
L % m-p &% T
xSy D

< Ec—mam < ap, which is true by (1).

D

Thus, the expression within the modulus sign in the denominator of the right hand
side of (3), for the considered values of z is positive and so we have

2F'(z) Em—-p) A+ (m—-1Nap |z |™? .
2) "" <0+ (- DNay — (1 + (m— DNay [ 277 =P~
Em—a)(l+(m—=1Nan |z ["7P< (p—a)(1+ (p—1)A)ap,
that is, if
) E(m—a)(1+(m—1))\)am | z |™—P <1

(p—a)(1+(p—1DN)ap -
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By Lemma 1 we have f € S;(A, B) if and only if % Cnam < 1 Hence (4) is true if

Day
—a)1 ~1 -
=o)L+ (m=1N) | 0y C
P—a)(1+(-1A) D
that is, if
2 1< (P-a)1+@=-1)N) Cn]Y™P
“lm—a) 1+ (m-1)A) D '
To see the p-valence of F in | z |< ry, we observe that zF'(z)/F(z) is regular in

2
| z |< r1 and hence Re(2F'(z)/F(2)) is harmonic in that disc. For r < r; and

2 ,
z=re, = “0[ Rezfj(g) df = p, showing that F is p-valent in | z |< 7.

Hence the proof follows. The extremal function is given by f(z) = ap2P —
(Dap/Cp)z™.

Remark. We obtain Theorem 2 in [1] as a particular case.

CoroLLARY 2. If f € S} (A, B), then f is p-valently starlike of order a,
0<a<l,in

_ 1/(m-p)
(g_zgfg]  m=k+LE+2,....

|z|<inf[

Proof. Put A =0 in Theorem 1.

CorOLLARY 3. If f € S;(A,B), then f is p-valently convex of order f3,
0<B<1,in

p (=B Cu)""P
[Ei(m_ﬂ)F] ,m=k+1,....

Proof. Put A =1 in Theorem 1 and note that zf'(z) is starlike of order § if
and only if f(z) is convex of order S.

Remark. For k=p=1, A=2a—1, B=1, 8 =0, Corollary 3 reduces to
Theorem 8 in [2].

COROLLARY 4. If f € S;(A,B) and F(z) = (zcﬁi))l, ¢c=12,...,z€ E,

then F' is p-valently starlike of order a, 0 < a <1, in
p-a)pt+c) Cw]’/"

<
|z|_1£1nf (m—a)im+p) D

Proof. Put A =1/(c+ 1) in Theorem 1.
THEOREM 2. Let f € K,(A,B) and F(z) = (1-X)f(2)+Azf'(2), A >0, z €

E. Then % € P(Ay,B), where A; = %, if A< H—%p(%l—l—l) and
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p< }i—ﬁ. In particular F is p-valently close-to-convex in E if A < %

and p < }i—’j. Also F is p-valently convex of order a, 0 < a <1, in| z |< r1.

This bound is sharp.

Proof . Since f € K (A, B). We have

F'(z) ( z ”(z)) 1+ Aw(z)
=(1-=-X+x(1 =1-A+Ap————=
File) ~ TN T TP Bu(e)
- 1+ -1+ (Ap+ B(A - /\))w(z), where w € H.
1+ Bw(z)
Therefore
1 F'(z) 14 Ajw(z) here A AN+p+B(1-))
= W =
A+@-1N f'(2) 1+ Bu(z) ! 1+A(p-1)
Evidently 4; < B since, A’ < B and Ay > —1, provided A < 5520y +B§;F(IA =y and
p< ﬁ_ﬁ_ Therefore, 1Srlzp/—f1;>\' € P(A;,B) with —1 < A; < B < 1. In particular

Re F'/f" > 0. Further since f is p-valently convex, it follows that F' is p-valent
by a theorem of Umezewa [3, Theorem 1]. It follows that F', if p-valently close-
to-convex in E if A < #JF(IAH) and p < ﬁ—i}. We now prove that F(z) is
convex of order a, 0 < @ < 1, in | z |< 71 where r; is as given in Theorem 1.

zF'(z) = (1 = Nzf'(2) + Az(2f'(2)) for z € E. f € K,(A,B) if and only if
zf' € S;(A, B). Applying Theorem 1 to zf' we conclude that 2F'(2) is p-valently
starlike of order a for | z |< 1. So, F' is p-valently convex of order « for | z |< 1.
The extremal function is given by f(z) = apz? — (Dpap/mCp,)z™.

Remark. We get Theorem 3 in [1] as a special case.
LEMMA 2. Let f € Ty, ay = 1. Then f € P*(A, B) if and only if

(5) Ym(B + 1)a,, < B — A.

Proof. Proof of Lemma 2 is similar to the proof of Lemma 1 and is hence
omitted.

THEOREM 3. Let f € P*(A,B) and F(z) = (1 = N f(2) + Az2f'(z) for z €
E, X>0. Then

. 1-8)  B+1]/
! < = (
ReF'(2) >3, 0< <1, for |z|<rs 1£1nf 1+ (m-1)N)B-A4

and the bound is sharp.

Proof. Tt suffices to show that | F'(2) — 1 |[< 1 - for | z |< rp. Since
f € P*(A, B), using Lemma 2, we see that (5) holds. Since F'(z) =1—Xm(1 +
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(m — D)AN)a,,z™"1, using (5), we see that | F'(2) — 1 |< Em(1 + (m — 1)\)a,,
| z|™~1< 1 — 3 provided

© m(1 +1(Tﬂ_ 1)A)

m—1 m(B+1)

< ——-.

=" <=3

(1-p  B+1]VmY
1+(m—1)A B-A4

Now (6) holds if |z |< , and the proof follows.

B-A
The extremal function is f(z) = z — mz

m

Remark. Theorem 4 in [1] arises as a special case.
LEMMA 3. Let f € T, and let fP=Y) be univalent in E. Then
(7 Emim—1)...(m —p+ 1)]an, < pla,.

Proof . Suppose Em(m—1)...(m —p+1)]am =plap+¢, € > 0. Then there
exists a positive integer N > p such that

N
(8) Z [m(m —1)...(m —p+ 1)]am > pla, +¢/2.
m=k+1
/(N ,
Let (pmpp.%/z < z < 1,sothat 2V P > ;;!;:%/2' Also 2™ 7P > NP

for m < N, since z < 1. Using these two inequalities and (8), we have

P (2) = pla, — S[m(m —1)...(m — p+ 1)]anpz"""
N

<pla, — Z [m(m—1)...(m—p+1)]apz"""
m=k+1

N
<pla, — NP Z [mim—1)...(m —p+ 1)]an
m=k+1
< pla, — (pla, + 5/2)zN_” <0,
and f®(0) = pla, > 0. Therefore, there exists a point zp with 0 < zy <
1/(N-p)
pmpp!%/z < 1 such that f(®)(z) = 0. This contradicts the univalence

of fP=1)(2) for z € E. Hence the lemma.

Remarks 1. Putting p = 1, ap = 1, this lemma reduces to Theorem 3 in [2].

2. Applying Corollary 1 with a = 0 to f®~1)(z) which belongs to the class
Ty, we see that condition (7) is necessary and sufficient for f®~1) to be starlike
univalent.



Linear combinations of regular functions with negative coefficients 115

THEOREM 4. Let f € T, and let fP=1) be univalent in E. Suppose F(z) =
I=XNf(z)+Azf'(2), A>0, z€ E. Then Re{zF'(2)/F(2)} < a, 0<a <1, for

p—a)[l+(p—1)A m(m—1)...(m—p+1)]"™"
(m —a)[L + (m — 1))] o

| z |< rg =inf
m

and the bound is sharp.

Proof. Let F(2) = (1 — A)f(2) + Azf'(2). Then inequality (3) holds. Now,
since f € T,, by Lemma 3 inequality (7) holds. Consider the values of z for which
| z |< r3 so that | z | P< (p—o)(it{p—1)a) m(mfl)"',(mfpﬂ).

(m=a) (T+(m=1)A) z
Then

14+ (m—1)A _ p—a) m(m—1)...(m—p+1)
i UL MRS .
T R By ey P!

<Em(m—l)...(m—p+1) N

p!
< ap, by(7).

Therefore as in the proof of Theorem 1, we can write | zF'(2)/F(2) —p |< p—«
provided (4) holds. Using (7), we see inequality (4) also holds provided

(m—a)(1+ (m—1)A) mim—1)...(m—p+1)
p-a)1+(-1H) p!
P-a)1+@-1N mm-1)...(m-p+1)]""?

(m—a)1+(m—1)A) p! '

[z [™P< , that is, if

|z |<

The proof follows. The extremal function is given by

p!ap zm
m—1)...(m—p+1)

= P _
f(z) apz m(
It is easy to verify the univalence of f»~1)(z) in E.
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