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ON EXTRAPOLATION OF MOVING AVERAGE AND
AUTOREGRESSIVE PROCESSES

Pavle Mladenovié

1. Introduction

Let X (s) = (X1(s),...,Xn(s)), s € R,be amultidimensional wide sense sta-
tionary random process with the mean value zero, spectral density matrix || f5;, (A)]|
and spectral process Z%(\) = (Z¥(N),...,Z%()\)), A € R. Suppose we know the
values of the process X (s) on the finite interval [t — T,t]. The problem of linear
extrapolation of stationary random process X (s) at the point ¢t + 7, 7 > 0, can be
formulated as follows: Find the random variable

XitnT) =) / e, (N) dZi¥ (M) (1.1)
k=1

— 00

which is the linear least-squares estimator of X;(t + 7) given X (s),t — T < s <
t, k = 1,2,...,n. The function (®;(A),...,®,(A)) will be called the spectral
characteristic for extrapolation of the process X (s) at the pont ¢t + 7. Let H(X)
denote the Hilbert space generated by {X(s),—c0 < s < 400, k =1,2,...,n},
and H(X,t,T)-the smallest Hilbert space spanned by {Xy(s)t —T < s < ¢,
k=1,2...,n}. Then, X;(t,7,T) is the projection of X;(t + 7) into H(X,t,T).

For the class of stationary random processes X (s) = (X1(s),... , Xn(s)) hav-
ing the nonsingular spectral density matrix || f;x(A)||, where all f;x()) are rational
functions of A, this extrapolation problem was studied in [6].

Now, let X(s) = (X1(s),...,Xn(s)) and Y (s) = (Y1(s),... ,Yn(s)) be two
multidimensional stationary random processes satisfying the following equation

Za,, (s—vh), ap=1,a,€R, §>0 (1.2)
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and let the roots of the equation
MWaadWN 1+ vav i A+av=0 (1.3)

be smaller than one in absolute value. Then,
o0
ZZCka(S—VH), k=1,2,...,n, (1.4)

when the series on the right side of (1.4) converges in quadratic mean and the
coefficients ¢, satisfy the homogeneous difference equations

agCr + ai1cp_1 +---+anc,_n =0, k>N (1.5)
and the initial conditions
co=1, apcp +a1ck_1+---+arco =0, 0<k <N. (1.6)

If | ¢ (V)| and [| £}, (A)|] are the spectral matrices of the processes X (s) and Y (s),
then we have

e I RO (1.7)

In this paper we shall find:

I) the linear least-squares estimator Y (t,7,T) of Yi(t + 7) given the values
Yie(s),t —T < s <t, k=12,...,n, if X(s) is a nonsingular process with a
rational spectrum,

II) the linear least-squares estimator X (¢, 7,T) of X;(t+7) given the values
Xp(s), t—T<s<t, k=1,2,...,n,if Y(s) is a nonsingular stationary random
process with a rational spectrum.

For the single processes Y (s) = Y1(s) and X(s) = Xi(s) this problem was
studied in [3].
The following lemma will be used:

LeEmMA 1. (Yaglom, A. M., [6 275-277]): A function (B1(A),...,®n(N)) is
the spectral characteristic for extrapolation of a stationary random process X (s) at
the point t + 7, 7 > 0, given Xy(s), t —T <s<t, k=1,...,n, if and only if:

1°. / | ®,(\) 2 fEN)dr <00, k=1,2,...,n (1.8)
2°.The functions

UeN) = (€7 = 21 (N) fir () =D 25NN, k=1,2,.0om

can be represented in the form

br(A) = ) + e PP () (1.10)
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where: ay) the function 1/1%,6) (M) is analytic in the upper half-plane and

az) as | A |—= oo in the upper half-plane, w%k) (N falls off faster than
[A]71¢, >0,

b1) the function 1/1,(3) (N) is analytic in the lower half-plane and

b2) as | A |= oo in the lower galf-plane, ,(62) (A) falls off faster than |
A|717E e >0.

3° the functions ®(A), k = 1,2,...,n, are analytic functions represented
in the form
=> €™ R, (\) (1.11)

where Ry, () are rational functions and 7, € [-T,0].

For a stationary random process with the nonsingular spectral density matrix
|| fix(A)]l, where all f;x()) are rational functions of A, we shall use the following
notation

DO = detl f )] = der| 22 | = 2
PO =(MA=01)---(A=0)A—81)--- (A= p)

and we shall denote the degrees of polynomials P;;(A), @,;(A), P(A), Q()), by
2Nj;, 2(N;j; —m;y), 2K, 2L, respectively.
2. Exstrapolation of moving average processes

THEOREM 2.1. Let X(s) = (X1(s),...,Xn(s)) be a nonsingular stationary
random process with a rational spectrum, and let Y (s) be given by (1.2) where the
roots of the equations (1.3) are less than one in absolute value. Suppose we know
the values Yi(s), t—T <s<t, k=1,2,...,n, and suppose T /0 is not an integer.
Denote [T/0] =1 and [7/6] =

If S > N, then the spectral characteristic (®¥ (X),...,®Y (X)) for extrapo-
lation of a stationary random process Y (s) at the point t + 7 has the following
form:

i i

Y (A R(l) Z o—iAi0 +e—iATR(2) Z (2) gixjo Jk=1,2,...,n (21)
=0 -0
where @)
R(’)()\) wy (A) (2.2)

A=01)--A=0)A=61)—---(A=61)
and wl(ci)()‘)a i =1,2 are the polynomials of the degree 2L +my — 1.

Proof. The functions ®x()\), k = 1,2,...,n, given by (2.1) and (2.2) have
the form (1.11) and satisfy the condition 1°. of Lemma 1. We shall define the
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coeflicients ci ), ci )
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functions satlsfy the conditions 2° and 3°.

Using (1.7), we have

RO = (7 -

— {(ewx

flm +Z(}Y fkm }

Y ) + DB N e (V) =
k=2

Using the following equations

N

=0

l N

(1) —ixrjo ixjo
chje Z bje"™" =
7=0 j— N

l

>ae

7=0

the functions ¥Y (\), m =1,

_—iXjo
E aje

2 N o
= > bieN’ XeR

j=—N

N
§ okj ez)\JG

j=—N-1
N+l
iAjo § : b eM]G § : 5k ezAJG
j=—N
2,...,n can be represented in the form

Z b, eM(T-{-JG)fX Z¢k1 fkm )
j=—N
—z)\T Z¢k 2 fkm ZXk fkm
where
Yei(A) = RY (A Za M0 £ R () Y BN T+
i=0 j=l+1
—I-1 0 N
Ye2(\) = Ry (A Z g€ TH) L RO(N) 3 et
—N—1 j=—N
—1 o ' l N
Xk(/\) = Rl(cl)()‘) Z akjezAJO + e—z)\TRg) ()\) Zﬂkjez)\ﬂ
j=-1 j=l

The condition § > N implies the following inequalities

T+ j0

>0, j=-N, —-N+1,... ,N.

and the coefficients of the polynomials w,(:) (A) so that these

(2.3)

(2.4)

(2.5)

(2.9)

(2.10)
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If we define

ey Z bje NI T (A ZW 1N i ) (2.11)

=
DD (N Z Dr,2(N) it (A (2.12)

and if we put
xxk(A\) =0, k=1,2,...,n (2.13)
then, the functions 1Y () will have the form (1.10), and the conditions as) and bs)
of Lemma 1. will be satisfied.
The equations (2.13) imply the following equations
ap; =0, j=—I, =l+1,...,-1, k=1,2,...,n (2.14)
Bri=0, j=1,2,...,1, k=12...,n (2.15)

If we put cio) = céo) =1, k=1,2,...,n, then, from (2.14) and (2.15) we can
determine

=l = =d=d"), =121, (2.16)

2 2 2 2 .
ng)—cg]) = ”:c(nj)(: g-)),JZI,Q,... W, (2.17)
1,2, k=1,...,n (there are

The coefficients of the polynomials w( )()\), i=
4nL + 2(my + ma + --- + my) of such coefﬁmen ts) ca be found as in [6] so that
the conditions ay), ag) and 3° are satisfied.

Remark 1: If we consider the following equations
N
(s) = Za,(])X(s —vb), a((f) =1,j=1,2,...,n

instead of (1.2) and if the roots of the equations
/\N+a§j))\N_1+---+a%)_1)\+a%) =0,7=12,...,n

are less than one in absolute value, then the spectral characteristic has the form

(2.1). In this case the coefficients cg),cg), k=1,2,...,n; j =1,2,...,] may be

obtained from the equations (2.14) and (2.15) but the equalities (2.16) and (2.17)

do not hold.

THEOREM 2.2. Let the assumptions be as in Theorem 2.1. If S < N, the
spectral characteristic (®Y (A),...,®Y(N)) has the form:

l
CI)}/()\) — Rgl) ()\) Z cﬁ-)eﬂ')‘ja + e*iATR@) Z 0(2) iXj0 + Z (3)ezA(T+u6)
j=0 veA (2.18)

l
Y () =R D e 4 e T RPN () Zc,g‘j.)e“ﬂ’, k=2,...,n
7=0 §=0 (2.19)
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where A = {v | =T < 7+ v < 0} and the functions Réi) (A) are as in Theorem 2.1.

Proof . In this case we have

Z be iA( T+J(9)fX 26(3) iA(T41v0) Z Me z)\JHfX

j=—N veEA
—Zwkl )i (A *“TZw“ )i (A Zxk )fim(A)  (2:20)

where g 1(A), Yr2(A), xx(A), where given by (2.8)—(2.10). We determine the

coefficients c,(,3), v € A, from the condition that the functions eiM7+if) _T <
T+ jf < 0, are not included in the sum

N N
Z bjeik('r-l—jg)ff:n()\) _ Z 01(13)61'/\(7'-1—1/9) Z bjei)\jgfl)sn()\)_

j=—N veEA j=—N

Then, let us represent this sum as 3, + 3, where the functions e?A7+39) 74
j6 > 0, are included in Y, and the functions e*™+3%) 7 4+ j§ < —T are included
in ),. If we define

PN =D = k(N fi, (V) (2.21)
1 k=1
PN =TS =N "2 (V) firn (V) (2.22)
2 k=1

and if we put again xx(\) =0, k= 1,2,... ,n, the functions ¥,,(A) will have the
form (1.10), and the proof is completed as in the previous case.

Remark. The function ®Y (\) given by (2.1), is also given by (2.18), where
A={v|-T<7+v0<0}=02.

COROLLARY. If T =16, we have

Y (A ch e~ 4 Z ke +v0) (2.23)
veA
&Y (A ch e NlE =2 (2.24)

This form of the function () (\),... ,®Y ()\)) is obtained if T — 16 in (2.18)
and (2.19).

THEOREM 2.3. Let the assumptions be as in Theorem 2.1. Then:
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a) If T/8 is not an integer, we have

nmkll

Yi(t,7,T) Z{ S YAt - 60) + BYY (6 - T + j6)]+
k=1 7j=0 3=0
T

+/wk VYi(t — s) s} + ZC,(,S)Yi(t‘FT—{-VG) (2.25)
0 veA

b) If T =16, Yy(t,7,T) will have the form

nmkll

Yi(t, 7, T) Z{ S S v - o)+

k=1 " v=0 j=0

T
+/ k(8)Ye(t — 5) ds} + D kYi(t+ T+ vb) (2.26)
0

veA

Proof. a) After separating the polynomials from the rational functions
R,(:)()\), i=1,2, k=1,2,...,n, the functions ®} (\), k=1,... ,n, can be repre-
sented in the form

mk—l 1
®Y () = Z Z{Agrj{)ez,\(—ao) + Big)ezk(—T-Hﬂ)}(i)\)u + o) + Z c(3) giA(r+v0)
v=0 j=0 veA (2.27)
mk—l l
Y () = > Y (AN 4 BHACTHOYNY +pp(N), k=2,... ,n.
v=0 =0 (2.28)

+oo
Then, [ | ¢r(A) |? dX\ < oo, k=1,...,n, and as | A | oo in the lower
—o0

halfplane, the functions ¢ (A) fall off not slower than | A |~%, and as | A |—= oo in
the upper half-plane, they behave as | A |7% eT1™* k > 1. We can easily see that
the Fourier transform Wy (s) of ¢r(A) is equal to zero if s € (—oo, —=T] U [0, +00)
and consequently we have

T
/e Awp(s)ds, k=1,2,...,n (2.29)
0

where Wy (—s) = 27 - w(s). The formula (2.25) can be obtained from the equations
(1.1), (2.27), (2.28) and (2.29).

3. Extrapolation of autoregressive processes

THEOREM 3.1. Let Y(s) = (Yi(s),...,Y,(s)) be a nonsingular stationary
random process with a rational spectrum, and X (s) the process given by (1.2), where
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the roots of the equation (1.3) are less than one in absolute value. Suppose we know
the values Xy (s)t — T <s<t, k=1,2,...,n, and T/8 is not an integer. Denote
[T/6) =1, [t/6) = S. Then, the spectral characteristic (3% (X),...,®X(X)) for
extrapolation of the stationary random process X (s) at the point t + 1, 7 > 0 has
the following form:

a) If 0<I< N, then

2) z,\go+z (3)61)\(7' v0)
veA (3 ].)

2

MN

l
d¥(N) = R§1) \) ch_l)e—z’)\ja n e—z’)\TRg2)()\)
j=0

<.
Il
o

l l
X (N) = RPN Y Ve 4 e ATRP ()Y PN k=2,... 0

3=0 =0 (3.2)
b) If 1> N, then
N N
q){((/\) — Rgl)(/\) Zauefi)\lw + efi)\TR?) (\) Zal/eiz\ua + Z 01(13)60\(77”0)
v=0 v=0 veEB (33)
N
B (N (1) Z aye M0 4+ *"’\TRff) A Z a,eM? k=2 ... n.
v=0 (34)

The functions R,(:)()\) are rational functions as in Theorem 2.1 and
A={v|-T<7—-v8<0}, B{v|-T<7—-v8, v< N}

Theorem 3.1 can be proved in the same way as Theorems 2.1 and 2.2 and
then we have the following result:

THEOREM 3.2. Under the assumptions of the Theorem 3.1. we have:
a) If 0 <1< N, then the linear least-squares estimator X (t,7,T) of X
(t + 7) has the following form
n mrp—1 1
Xi(t,7,T) Z{ ST STAY Xt - 38) + B X (t - T + jO))+
k=1" v=0 j=0
T

+/wk(s)Xk(t—s)ds}+Zc,(,3)X1(t—|—7'—w9). (3.5)

> veEA

b) If 1> N, then

n mr—1 [
X\ (¢, 7,T) Z{ ST S AY Xt - 38) + B X (t - T + o))+

k=1 v=0 j=0

+ /wk(s)Xk(t —3) ds} + Z DX (t+7—v). (3.6)

° veEB
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Remark 2: If mq = ma = --- = m = 1 then the predictor formulae (2.25),
(2.26), (3.5) and (3.6) would not involve differentiation.

Ezample. Let x1(t) and z2(t) be two independent stationary random pro-
cesses with the rational spectral densities fi(A) = (A2 +1)71, fa(A) = (A2 +4)7!
and define X (t) = z1(¢) + 22(t), Xa2(t) = 21(¢) + 22(t). Then, (X1(¢), X2(t)) is a
stationary random process with the spectral density matrix

(/\2+1)—1+()\2 +4)—1 ()\2+1)—1_()\2+4)—1
(/\2+1)—1_()\2 +4)—1 ()\2+1)—1+()\2+4)—1
and D(A\) =4(A\2+1)"1 (A2 +4)"Y, 20 =0, 2k =4, m; =ma = 1.

Now, let Y(¢) be the process given by Y (t) = X(¢) - Xt -1), | 8 |< 1,
and suppose we know the values of the process Y (t) in the interval [—1.5,0]. If we
apply Theorem 2.1. we can find for 7 > 1:

N=1,n=21=18>1,2L+m—1=0

RPN =Ky, RP\) = Ky, RV(\) = ki, RPN = ky
()\) (1 -I—C( ) —z/\) +e—3z)\/2K (1 -I—C( ) zA)
(/\) (1 + C(l) ) 4 6731/\/2]‘:2(1 + Cg21)€l’\)
The equalities (2.5) and (2.6) become

(L+cf e P)(=fe ™ + (14 62) — Be) = —Be)e 2+
B+ (1+B)ef))e ™ + (1+ 82 — Befy)) — B
(1) e) (= Be~™ + 1+ f2 - fei*) = —pe
HA+ 57 = Be)) + (=B + (L B)e) ) = pel) .

From the equations (2.14) and (2.15) we can find

W _ o P 0 _ - B

i1 = Ca1 1+ﬂ2’ Ci1 1+ 32

and consequently

B 3 B
q)Y =K. l1 A 3iN/2 [N
1 (N 1(+1+ﬁ2e +e K, 1+1+626

Y\ =k (1 ;P e—“) + e 73N 2, (1 ;P e“)




146 Pavle Mladenovié¢

gl)()\) :{—/361:)\(7—71) + (1 _'_ﬂ?)ei)\‘r _1367;)\(7'-}-1)}{()‘2 + 1)72 + ()\2 +4)71}

—{K1(1+,32— ﬂQ — Bé ) K,—2 /32 e”‘/Q}{()\Q-I-l)_l+()\2+4)_1}

1+ﬂ2 1+ﬂ2
A1 2 ,32 —Be*) —k 52 ix/2 a2t
(148 = g =8 ) — k™ Y DT = (0 97T

;1)()\) z{_ﬁei)\('r—l) + (1 +ﬁ2)ei)\'r _Igei)\(-r+1)}{()\ + 1)—1 _ ()\2 + 4)—1}

—{K1(1+ﬂ2—1fﬂ2 — B! ) K2lfﬂze”‘/2}{()\2+1)_l—()\2+4)_1}
2 ﬂz PN /82 iA/2 2 1 2 1
—{k1<1+ﬂ ~ A ) kg™ }{(,\ FDT (447
@\ =d_K B i & (148 — B _ a—ix 1) (2 4+ 4)1
PN ={-Fa e (148 - £ - e O 00 4 07
B i B
+{_k11+ﬂ26’bk/2+k2<1+132_ /8 _/861)\>}{(A2+1 (A2+4)71}
é”(A):{—Kllfﬂge‘“/%IQ (1 +ﬂ2—1+ﬂ2 —ﬂe‘“)}{ DT -+ 47
2

If we define BY(A) = (A2 + 1)(A? + 4)¢, k;j = 1,2, then the constants
Ki,Ks, k1, ks can be found from the equations

B (i) = BV(i) =0, B"(2i)=-B{"(2i)=0
B{®(~i) = B (i) =0, B{®(~2i)=-By"(~2i)=0

Then,
1’1(0,3,7)=K1Y1(0) 1fﬂ2K1Y1( )+K2Y1<—g)+$1{2y1(_%>
3 1
#RG0) + 1 ) + k25 (3) + (g
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