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ON THE DEGRE OF L;-APROXIMATION BY MODIFIED
BERNSTEIN POLYNOMIALS

S. P. Singh*, O. P. Varshney, G. Prasad

Abstract. Recently many researchers like Bojanié¢ & Shisha, and A. Grundmann have ob-
tained the degree of L1 approximation to integrable functions by modified Bernstein polynomials.
The object of the present note is to improve their results.

1. Introduction. The modified Bernstein polynomials
(1.0) (PH@) = (41 Y paao) [ 10
k=0 I

Where pp i (z) = (})2*(1—z)" %, I = [k/(n+1), (k+1)/(n+1)] were introduced
by Kantorovi¢ to approximate Lebesque integrable functions in L; norm. Using a
weight function W(z) = \/z(1 — ), Bojani¢ and Shisha have recently obtained the
following rate of convergence in terms of integral modulus of continuity,

1

w(f,6)11 = sup / | f@+h) - f(@) | de
|h|<é8 5

by operators (1.1).

THEOREM 1. Let f be a Lebesque integrable function in [0,1]. Then for

2

(1.2) /W(w) | (Pa—1f)(2) — f(2) | dw < 2m/3-w(f;1/v/n)L1-
0
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Later on, A. Grundmann [2] has given the following result.

THEOREM 2. Let f be a Lebesgue integrable function in [0,1]. Then for
n>2

(1.3) / | (Pat)f(@) — £(2) | d < 4w(f;1/vA),.
0

The object of the present note [4] is to improve the results (1.2) and (1.3)
because not much is known about the degree of L; approximation to integrable
functions by modified Bernstein polynomials.

2. We need the following lemmas to prove our theorem.

LeEMMA 2.1. Let fs(y) = 1/5-f6f(y+t) dt (6 >0), then
0

1AV @)lley < 1/8-w(f;8)n, and ||f = fsll, < w(f50)r,.
Proof . The proof follows from [2].
LEMMA 2.2. For0<y<land0<r<mn-1, one has

(1 =r/n)pnr(y) < V3/8V/n.
Proof. We know that
(n—=r)/Vn - pudy) < (n ; 1)(7‘ + )™ —r)""/nn +1)""" (0<r <n-1)

: (7[;2?) (/2 + DI+ (0 — [n/2)" 2 /a(n + 1) = U, (Say)

where [n/2] denotes the largest integer not exceeding n/2.

Case 1. When n =2m+1, (m >1). Then

U = (2’7;”) (m+ 17y /3m 5 1 (2m 4 27 = (Z”) VI 1/2m
1-3-5-----2m—1) V2m+1

2.4.6----- 2m 4
=1/4y/(1 - 1/4)(1—1/4-22)(1 — 1/4-m?) < 1/4-/3/4=/3/8 (m > 1).

Case 2. When n =2m, (m >1). Then
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U, = (2m — D)W2mm™(m + 1) /(m — 1)Im!(1 + 2m)*™+!

1-3..... (2m —1) V2m+1 m™tY2(m 4 1)m+!
PR 2m 4 (1/2 + m)2m+3/2

Since m?™*+1 (14m)?™+2 < (m+1/2)*™*3 for m > 1, we have U, = Uzpni1 < /3/8
by case 1.

LEMMA 2.3. Let I; = f | (Pr-1fy)(@) — fy(z) | dz. Then for n > 2, 0 <
y <1, I <23/20/n, where

1 when z <y
(@) = {0 otherwise

Proof. We get clearly Iy = I + I3 (say), where

I :/ | Po_s /(@) (@) - f,(2) | dz

0
Y1 1 k+1/n
= [ | @ =Y purs@) [ gy(aw
o | k=0 k=0 K/n
Yy ny] n—1 Yy
=/ an 1k(@ an 1k(z) | dz = Z /pn—l,k(w)dma
0 k=[ny]+1
1

[ny]
I = / | Pacs (o)) = ola) | e = 3 / Dot (@) da

1

[ny] Y
—Z{O/pn e dw—/pn_l,m)dx}

0

/y{l—nzy]pnu )| da+ () + 1= )

0

_ y
Z /pnlk Ydz +1/n
k=[ny]+1

Yy n
Using [ pn_1,k(z)dz =1/n- > pnu(y) we get easily that
0 =
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I <2/n- Z anz )+ 1/n

k=[ny]+11=k—1

=2/n- Y {k—[ny] = Dpasly) +1/n <2 Z (k/n = y)pnk(y) +1/n

k=lnyl+1 k=[ny]+1
2( [ny]1> y[ny]+1(1 - y)n—[ny] +1/n< \/3/4\/5 + 1/n (Using Lemma 2.2)
<1/vn- (V3/4+2/2) < 23/20V/n, (n>2)

This completes the proof
We prove the following result.

THEOREM 3. If is a Lebesque integrable function in [0, 1] then for z > 2,
1
(2.4) J 1 Pacsf)@) = @) | do < 63/20-w(s51/ V),
0

Proof . Using ||Py—1||z, = 1, it can be obtained that

(Pr1(f) = ey S NPra(f = Fo)llzy + [1Paa(f5) = (f))llzy + [1(f5 — £l
(2.5) < 20(fs = Nllzy + [[(Pa-1(fs) = (f6))ll L. -

We can show similarly to what is done in [3] that

1Pacs(F5) — () |L1_/|f“> R, | () dy

1
where  Ra(w) = [ | (Pacs fs0)(@) ~ f2(0) | da.
0
Clearly  Rn( f | (Pr—1fy(@)(z) — fy(2) | daz, [because fo(y) = 1 — fy(z)
everywhere, except for the point z =y and (P,_11)(z) = 1]. So
(2.6) R,(y) =1 <23/20v/n, n>2, 0<y <1, (Using Lemma 2.3).

Again using Lemma 2.1 and the result (2.6) in (2.5), we get

(Pacs () — Fllon < 20(f;6)1, + 23/20v/m - / 11D | dy

< 2w(f,8)1, +23/20v/n - / | 1§y | dy < (2 +23/200v/m)w(f,0)1,
0
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Finaly choosing § = 1/4/n, we get the required result (2.4). This completes the
proof.
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