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ON THE STABILITY OF THE FUNCTIONAL QUADRATIC
ON A-ORTHOGONAL VECTORS

Hamid Drljevié

Abstract. Let X be a complex Hilbert space (dim X is at least three) and A a bounded
selfadjoint operator on X (dim AX is neither 1 nor 2). In this paper we study a continuous
functional h on X which is approximately quadratic on A-orthogonal vectors (i.e. (1) is satisfied
provided that (Az,y) = 0). We find that there exists a unique continuous functional h1 (given by
(a2)) which is quadratic on A-orthogonal vectors (i.e. (a3) holds) and which is near h (i.e. (c4)
holds).

In [1] the ”approximately linear” mapping f : By — E2 was considered, where
E;, E; are Banach spaces and a linear mapping T : E; — E5 which is near the
mapping f was found. In [2] we consider the mapping ¢ : X — X, where X is a
complex Hilbert space which is ” approximately additive” on A-orthogonal vectors,
and we found the mapping 1 : X — X which is additive on A-orthogonal vectors
and near the mapping . In this paper we consider the analogous problem for
a functional which is ”approximately square” on A-orthogonal vectors. For this
functional the following theorem will be proved:

THEOREM. Let X be a complexr Hilbert space dimX > 3, A : X — X a
bounded selfadjoint operator, dim AX # 1,2, 60 > 0 and p € [0,2) real numbers and
h a continuous functional defined on X. If

|h(x +y) + h(z — y) — 2h(z) — 2h(y)| < O[|(Az, 2)[P/?] (a1)
whenever (Az,y) = 0, then by
hi(z) = nh_{r;() 272" (27g), (az2)

a continuous functional is defined on X such that

hi(z +y) + ha(z — y) = 2hi(z) + 2ha (y) (@3)

* Izrada ovog rada potpomognuta je od strane Republickog fonda za naucni rad SRBiH.
AMS Subject Classification (1980): Primary 65L 07.
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whenever (Az,y) = 0. Furthermore there exist a real number € > 0 such that

|h(2) = b (2)] < |(Az,2)P/? -e. (c)

PROOF. It is obvious that h(0) = 0.
1° Let (Az,z) = 0 for some z in X (z # 0). Then it follows that
|h(z + ) + h(z — ) — 2h(z) — 2h(z)| < 26|(Az,2)|P/? = 0, |h(2z) — 4h(z)| =0
respectively
h(2z)/2* = h(x) (1)

Therefore, for each natural number n, taking into consideration that (1) holds
h(2"z)/2?" = h(z) and it is obvious that lim,, . h(2"x)/2?" = h(z).

2° Let (Az,z) # 0 for some z € X. Let us show first that there exists a
y € X such that (Ay,y) # 0 and (Az,y) =0. Let Y = {y |y € X, (y,4z) = 0}
and let (Ay,y) = 0, for each y € Y. From this for y;,y2 € Y we have (A(y1 +
y2), y1+y2) =0, that is (Ay1,y2) + (Ays, y1) = 0. If we replace iy, with ys, we get
—i(Ay1,y2) +i(Ay2,y1) = 0, and with the above equality we have (Ays,y1) = 0 for
every y1,y2 € Y. Since for y € Y it follows that Ay L Y, Ay = a(y) Az, for each
y € Y. Since for each z in X can be written in the form z = Sz +y(z € Y, y € Y),
we have Az = Az + Ay = (B8 + a(y)) Az, which contradicts the hypothesis that
dim A(X) # 1. Therefore there exists a vector y € X, such that y L Az and
(Ay,y) # 0. Without loss of generality we can assume that (Ay,y) = £(Az, ).

a) Let (Az,z) # 0, (Az,y) = 0, and furthermore let (Ay,y) = (Az,z). From
this it follows that (A(xz + y),z —y) = 0. Then we have that

hz+y+z—y)+hz+y—z+y)—2h(z+y) —2h(z —y)|
<O[(Alz +y),z +y)I"* + |(Alz —y), 2 — y)I”"*]
or |h(2z) + h(2y) — 2h(z +y) — 2h(x — y)| < 2P/>+1 . |(Az, x)|P/?. Moreover
|[A(2z) — 4h(z)] + [P(2y) — 4h(y)]| = [[n(27) + h(2y) — 2h(z + y) — 2h(z — y)]

+ [2h(z + y) + 2h(z — y) — 4h(x) — 4h(y)]| < |h(22) + h(2y) — 2h(z + y)

—2h(z —y)| + 2|h(z +y) + h(z — y) — 2h(z) — 2h(y)|

< 02P/2F1 L |(Ax, z) [P/ + 2%0|(Az, 2)[P/? = 20|(Az, z)|P/?(2 + 2P/?).

From that dividing by 22 we obtain

|[1(22)/2* = h(2)] + [A(29)/2° = h(y)]| < O|(Az, 2)[P> (L +2P/>71).  (2)

We check that the following inequality
|[h(2"2)/2°" = h(z)] + [h(2"y)/2°" = h(y)]
< 0|(Az, z)|P/? - (14 27/271) . Z ok(p—2) *)

k=0
< |(Az,z)[P/? - (1420127122 /(2 — 27)
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holds for each natural number n. It is obvious that (*) holds for n = 0. Let (*)
hold for n =0,1,... ,k — 1. We prove that (*) holds for n = k.

[1(252)/2%* - h(@)] — h(a)]
+ [h(2%9) /2 — h(y)]| = [R5 - 20) 2205 DF2 — h(2) /2]
(A28 - 2y) /220604 h(29)/27] 4 [h(20)/2° — h(@)] + [h(2)/2° — h(y)]|
< 1/2 - |[h(25 - 20)/22071) — h(2a)] + (25" - 29)/2¢0) — h(2y)]]
+ [[h(22)/22 — h(z)] + [h(29)/2? — h(y)]| < 1/2% - 0](A(2a), 20) P/ (1 + 27/271)
-22/(2% — 2°) 4 0|(Az, z)[P/2 (1 4 2P/271) = 9|(Az, z)|P/? (1 + 2P~2 - 22 /(22 — 2P))
= 0|(Az,)[P/? - (1 4 2P/271)22 /(22 — 27).
Thus (*) holds for n = k; hence it holds also for each natural n. We prove that
the sequence {h(2"z)/2?" + h(2"y)/22"}°, converges for the z,y € X above. For
m >n > 0 we have
[(272)/2°™ + h(2™y) [2°™] - [R(2"2) /22" + h(2"y)/2°"]] = 1/2°"
[R@™" - 27 (2207 h(2na)] + A2 - 2y /220 — h(2ny))|
< 1/227-9|(A(2"x), 2"2)[P/2 (1 4 2P/271)22 /(2% — 2P) = 6|(Az, =) |/ (1+
21)/2—1) -22/(2% — 27) .on(p—2)
Therefore, the sequence {h(2"x) /22" + h(2"y)/2?"}22 , is a Cauchy sequence; so it
converges for the z,y € X above.

Let us show first that there exists a z € X such that (Az,2) =0, (Ay,2z) =0
and (Ay,y) = (Az,2) = £(Az,z). Let P be a projection of X onto Y parallel to Az.
Then Ay = a(y)Az + PAy, and therefore (PAy,y) = (Ay,y). (The last equality
holds if y is replaced by any other u € Y.) Let Z = {2 | zin Y, (PAy,z) = 0}. If
(PAz,2z) =0, for all z € Z, then (Az,z) =0, for all z € Z. Hence, (Az,21) =0, for
all z,z; € Z. This means that Az 1 Z, so that PAz = a(z) - PAy, forall z € Z. It
is easy to check that x is not in Y and y is not in Z and that x and y are linearly
independent. So every 4’ € Y can be written in the form y' = ax + By + z, and
moreover

PAy' = aPAz + fPAy + PAz
= fBPAy + PAz = BPAy + a(2)PAy = (8 + a(z)) PAy,

forally €Y.

Let u € X. Then
Au = a(u)Az + PAu ()
Since u = a;x + B1y + z, this amounts to PAu = a3 PAx + 81 PAy + PAz =
B1PAy + PAz. Taking into consideration what was already proved, i.e. that

PAz = B(z) - PAy, we have PAu = (B(u) - PAy. Thus the relation (§) becomes
Au = a(u) - Az + B(u) - PAy, for all u € X which contradicts the hypothesis
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dim A(X) # 1,2. Therefore, there exists a 2z’ € Z such that (PAz',2") # 0. But
z € Z can be chosen such that (PAz, z) = (PAy,y), i.e. (Az,z) = (Ay,y). Besides
(Ay,z) = 0 and (Az,2) = 0. If (Az,2) =0, (Ay,2) = 0 and (Ay,y) = (Az,2) =
(Az, ), then from what was proved earlier it follows that the sequences

{h(2"2)/22" + h(2"2) /2" }72, (A1)

{h(2"y)/2°" + h(2"2) /27" 172, (A2)

converge. If we subtract (Az) from (A;), we conclude that the sequence:
{h(2"z)/2%™ — h(2™y)/2?"}22, is convergent, which together with the fact the se-
quence {h(2"z)/22" + h(2"y)/2?"}°, is convergent, implies that the sequence
{h(2"z)/22m}52, is convergent for the z € X above.

b) Let (Az,z) # 0 and (Az,y) = 0, and furthermore let (Ay,y) = —(Az, ).
From this it follows that (A(z = y). x £y) = 0. Then using 1° we have h[2"(z +
¥)]/2?™ = h(z £ y) for each natural number n; hence, the sequences {h[2"(z +
y)]/2?" = h(z £ y)}2, are convergent for the z,y € X above.

Since for every z,y € X, for which (Az,y) = 0 and (Ay,y) = —(Az,z) and all
n=20,1,2,... we have

[h[2" (@ + y)]/2°" + B[2"(z — y)]/2°" — 2h(2"2) /2°" — 2h(2"y) /27"
< 2027P=2)|(Ag, z)|P/?

we conclude that the sequence {h(2"z)/2?" + h(2"y)/2?"}2°, converges for the
z, y € X above. Similarly we conclude that the sequence {h(2"z)/2*" +
h(2"z)/227}%  is convergent, for each x,z € X, for which (Az,z) = 0 and
(Az,z) = —(Az,z) (Before we showed that such a z exists). Also, using a), for
that z it holds that (Ay,z) = 0 and (Ay,y) = (Az,z), and we concluded that
the sequence {h(2"y)/2?" + h(27z)/2?"}22, is convergent. From the fact that the
sequences {h(2"x)/2"+h(272) /22" }° o and {h(2"y) /22" +h(2"2) /22" }22 , are con-
vergent, we conclude that the sequence {h(2"x)/2" — h(2™y)/2?"}52, is convergent,
which together with the fact that the sequence {h(2"z)/2?" 4+ h(2"y)/22"}2, is
convergent, implies that the sequence {h(2"z)/2?"}%° ; is convergent for the z € X
above. From that we conclude that for any z € X, lim,,_,, h(2"z)/2?" exists. Let
hi(z) = lim,_, h(2"x)/22", for all z € X. Let us prove that for the functional
h1 we have: hi(x +y) + hi(z —y) = 2h1(x) + 2h1(y), for all 2,y € X for which
is (Az,y) = 0. For every z,y € X for which (Az,y) =0 and all n = 0,1,2,... it
holds that

|h[2"(z +9)]/2°" + h[2"(z — y)]/2°" — 2h(2"2) /2°" — 2h(2"y) /2°"|
< 2P=26]| (Az, z)|P/? + |(Ay, y)|P/?]
Letting n — oo we have hy(z + y) + h1(z — y) = 2h1(z) + 2h1(y). Let z, y, z be

such that (Az,y) =0, (Az,2) =0, (Ay,z) = 0 and +(Az,z) = (Ay,y) = (Az, 2).
Then for all n =0,1,2,... using the relation (*) we have
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Ilimy, 00 h(272) /22" — h(z)] +[lim, 0 R(2™y) /22" —h(y)]| < |(Az, 2)|P/?-£; where
g1 =601 +2°/271).22/(22 — 27) or

|[h1(2) = h(@)] + [P (y) — h(»)]| < e1](Az, )P/

/2 (61)
|[h1(z) + h1(y)] — [A(z) + h(y)]| < e1|(Az, z)[P*.
By analogy we can prove that
|[71(2) + b1 (2)] = [h(@) + h(2)]| < 1](Az, z)[P/? (02)
I[P1(y) + i (2)] = [h(y) + h(2)]| < e1|(Az, )P (9s)

Taking into consideration the relations (d1), (d2) and (d3) it is easy to check that:
|h(z) — ha(z)| < e|(Az,z)AP/?, for all z in X where &; = 3/2 - 6(1 + 2P/~ 1.
22 /(22 —2P). Before proving a continuity functional, we introduce the following: for
z,y € X for which (Az,y) = 0 and (Ay,y) = £(Ax,2) let kX {z,y} = h(2"2)/2?"+
h(2"y(/2%". For m > n > 0 we have

b, 9} — B {z,y}| = [h(27) /2™ + h(27y) /2™ — h(2"2)[2°" — h(2"y) /2°"]
= |[h(2™2)/2°™ — h(2"2)/2°"] + [R(27y) /2™ — h(2"y)/2°"]| = 1/2°"

[[a(2m T - 27a) 2207 — h(2Ra)] + [W(27 T - 27y) /220 — h(27y))|

<6/ - [(A(2"2),2"2) P/ (1 + 27/271) - 22 /(2% — 27)

=22/(22 — 27) . |(Az, z)|P/? - (1 4 2P/271) . on(P=2),

It means that
Az, y} — hi{a,y}| < 220/(2% — 2°) - |(Aw,z)[P/2 (1 4 2¢/271)2n(e=2) (=)

A similar relation holds for the function ﬁ; . The domain functionals ﬁﬁm are set
as follows:

D* = {{z,y} | (Az,y) =0, (Ay,y) = £(Az,z),z,y € X} C X x X.

The functionals hE are continuous on D%, and from (**) it follows that h uniformly
converges on D+ N S, where S is any sphere in X x X, and the functionals

W {2y} = lim [h(2"2) /27" & h(2"y)/2*"] 3)

are continuous on D*.

We now prove the continuity of the functional h;. Let the sequence {z,}%2
(in X) converge to zg (in X).

A) Suppose that (Azg,xo) # 0.

1° Let yo € X (yo # 0) such that (Azg,yo) = 0 and (Ayo,yo) = (Axg, zo)-
Then {zg,y0} € DT. As before, we can find a zg, such that (Azg, z) = 0, (Ayo, 20) =
0 and (Ayo,yo0) = (Az0,20) = (Azg,z0). Therefore {zo,20} € D, and {yo, 20} €
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DT. Since (Azn,T,) — (Azg, z0) # 0 begins from any number n, (Az,,z,) # 0,
and we can begin from that n, we make a sequence

In = Yo — .'L'n/(A:L‘n,:L‘n) : (A?/Oaxn) (n =12,.. ) (4)

Obviously, 4, — yo (n = o0) and (Az,,7,) = 0 (n = 1,2,...). From that we
obtain

(Afn, Gn) = (AGn,y0) = (Fn> Ayo) = (Yo, AYo)—(Ayo, Trn)/ (A%, Tn)-(Tn, Ayo) (5)

For sufficiently large n, the difference on the right-hand side of this equality shall
be different from zero, and we can begin from this n and make the sequence

Yn = \/(Amnymn)/(Aﬂmgn “Un (TL =12,.. ) (Ot)

which has the following characteristics:

(Azn,yn) =0, (Azn,zn) = (Ayn,y) and y, = yo (n — 00).

Therefore, the pair {z,,y,} are in D*. Since (Ayo,yo) # 0 and (Ayn,yn) —
(Ayo,y0) # 0 (n — 00), we can make the sequence

Zn = 20 — Yn/(AUn,Un) - (A20,yn) — n/(AZn,Tp) - (A20,2,) (n=1,2,...). (6)
Hence z, = 2o (n = 00) and

(AYyn, Zn) = (Ayn, 20 — yn/(Aynayn) - (Azo,yn) — mn/(Awnawn) - (Az, xp))

= (AYn, 20) — (AYn, 20) (AYn, Yn)/ (AYn, Yn) — (ATn, 20)/ (ATp, Tr) - (AYn, Tn)
= (Ayn,Z()) - (Ayn,Z()) =0.

Therefore (Ayn, 2,) =0 (n =1,2,...). Besides that, we have
(Afn, gn) = (Agn; ZO) = (ZO) AZO) - (AZ(], yn)/(Aynayn) : (yna AZO)
- (.Z'n,AZO)/(A.’En),IL'n) ) (AZ(),.Z’n).

For a sufficiently large n the difference on the right hand side of this equality shall
be different from zero, and we can begin from this n, and make the sequence

Zn = \/(Aynayn)/(Agmgn) " Zn (n =12,.. ) (6)

which has the following characteristics: (Ayn,2,) = 0, (Ayn, yn) = (A2, 2,) and
2n = 2o (n = 00). Therefore, the pairs {yy,, z,} are in D*. We now show that the
pairs {z,, 2z, } are in Dt:

(ATn, 2n) = \/(Ayn,yn)/(Ain,Zn) (Azp, 2n) = \/(Ayn;yn)/(AZnazn) (Azn, 20
- yn/(Aynayn) . (Aan yn) - xn/(Axn; xn) . (Aan xn))

= v/ (AYnsYn) [ (AZn, 2n) (A1, 20) — (AYn, 20) (AZn, Yn) [ (AYn, Yn)
— (Azy, 20)(Azp, 2,) [ (Azp, x,)] = 0. (***)

(7)
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Therefore (Axy,,2,) = 0 and (Az,,z,) = (Ayn,yn) = (Az,, 2,). Hence the
pairs {Z,, z,} arein Dt (n =1,2,...) too.

From these considerations we obtain z, — Zg, Yn — Yo, Zn, 20, (N = 00).

Since the functional h* {z,y} = lim,_, [h(2"z)/2%" + h(2™y) /2%"] = hy(z) +
h(y) is continuous on D, we have

B {@n, yn} = B {20, 90} = hi(zo) + P1(%0); B {yn,2n} = B {y0, 20}
= h1(yo) + h1(20)h T {@n, 20} = K {20, 20} = b (o) + hi(20)-

Subtract the second equation from the first to obtain A*{zo,y0} — h"{y0, 20} =
hi1(zo) — h1(20). By adding this equation to the third we obtain ht{zg,yo} —
ht{yo, 20} + ht{mo,2} = 2h1(zo). Therefore from z,, — zo (n — o00) it follows
that

2h1(zn) = K {Zn,yn} — K {Yn, 20} + B {@n, 2} = B {z0, 90} — P {y0, 20}
+ h+{.’l)‘0,2’0} = 2h1($0)

i.e. hl(IL'n) — hl(l'o).

2° We proceed analogously and for the case (Azg,y0) = 0 and (Ayg,y0) =
—(Axzg,xo) from z,, — ¢ it follows that hi(z,) — hi(xo) (n = 00).

B) Suppose that (Azg,xo) = 0.

1° Let Az, =0 (n =1,2,...). Then we put y, =0 (n =1,2,...). Then
(Azp,yn) = 0, (Azp,zn) = (AYn,Yn) = 0 (n = 1,2,...). Therefore, the pairs
{Zn,yn} are in D* (n = 1,2,...), and we obtain h*{z,,yn} = hi(zn) + h1(yn),
h={Zn,yn} = h1(xn) — ha(yn) or 2h1(zs) = K {Zn,yn} + b~ {Zn,yn}. Since the
functionals At and h~ are continuous, we have

2hy(2n) = W {@n,yn} + W {@n, yn} = W {0, 90} + B~ {20, 90} = 2h1 (x0).

Therefore from x,, = xo it follows that hy(x,) = hi(zo) (n — 00).

2° Suppose now that Az, #0(n =1,2,...) and let hy(z) A hi(zo) (n = 00)
i.e. let there be an g9 > 0 and let for the subsequence {z,,}32; of the sequence
{zp}52, the following hold

|P1(zny) — ha(z0)| > €0 (8)

Put z,, = Z (k = 1,2,...); then |h1(Zr) — h1(xg)| > 0. We construct
the sequence {z;}32, = {AZk/||AZkl|}2, (l2xll = 1, £ = 1,2,...). Since the
sequence {2x}z2,; is bounded we can separate from it the subsequence {zx,}52;
which converges weakly to any z9. Let yo # 0, yo L 20 and (Ayo,yo) # 0. Then
(2k,,Y0) = (AZk, /||AZk, ||, 90) = 0 (p — 00). We construct the sequence {y,}52,,
Yp = Yo — (AZk,,y0)/||AZy,||* - AZy, (p = 1,2,...). Obviously y, — yo and
(AZy,,y0) = (Azo,y0) = 0(p = o0). We shall show that (A(zo £ o), 70 £yo) # 0.
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From (A(zk, £yp), Zr, T yp) = (AZy,, Tr,) £ (AZk,,yp) £ (Ayp,y,) letting p tend
to infinity we get

(A(Zr, T Yp)s Tk, T yp) = (A(zo £ y0), %0 £ yo) = (Ayo,y0) # 0.

Therefore we have (Azg % yo),zo = y0) = (Ayo, o) # 0. Then using A), the
functional h; is continuous at the points z¢ + yo and yo.

Since (A%, ,yp) =0 (p =1,2,...) and taking into consideration that h; is a
quadratic functional on A-orthogonal vectors, we have hy (Zx, +yp) +h1(Tr, —¥yp) =
2h1 (Zr, ) +2h1 (yp) or 2h1 (Zr,) = b1 (T, +yp) +h1 (Tr, —yp) —2h1 (yp). If p = 00, we
get 2h1 (.’fkp) — h (Z'() + yo) + hq (.Z'() - yo) —2h (y(]) =2h (."L'o) which contradict (8)
From 1° and 2° it now follows that in case (Azg, zo) = 0, , = o, h1(z,) — h1(xo)
(n = o0). This together with A) shows that h; is a continuous functional. Let us
prove that the functional h; is unique. For that proof we shall use the fact that
the quadratic functional is "square homogeneous” i.e. hi(ax) = |a|?hy(z), for all
z € X and a is a complex number. Suppose that there is a continuous functional
ha # hy for which hao(x + y) + he(z — y) = 2ha(x) + 2hs(y), for all z,y € X
for which (Az,y) = 0 and |h(z) — ha(z)| < & - |(Az,2)|P/2, for all z € X. Then
b () — e ()] < B (2) — h(@) |+ |h(x) — s (2)] < (e +8)|(Az, 2)|P/2, for all & € X,
or

|hi(z) — ha(x)| = [1/n* - hi(nz) — 1/n? - ho(nz)| = 1/n? - |h1 (nz) — ha(nz)|
<1/n*- (e + EnP|(Az,z) [P/ = (¢ + P *|(Az, z)|P/>.

From this lim,_,c |h1(2) —ha(z)| = 0, for all z € X. This proves the theorem.
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