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ON ¢-PERMUTABLE n-GROUPS

Zoran Stojakovi¢ and Wieslav A. Dudek

Abstract. In this paper o-permutable n-groups are defined and considered. An n-group

(G, f) is called o-permutable, where ¢ is a permutation of the set {1,...,n + 1}, iff
f(xo'ly .. aman) = J“g’(n+1) =4 f(xla .. 51'174) = Tn+1
forall z1,... ,zp4+1 € G. Such n-groups are a special case of o-permutable n-groupoids considered

in [7] and also they represent a generalization of i-permutable n-groups from [6] and some other
classes of n-groups. Examples of o-permutable n-groups are given and some of their properties
described. Necessary and sufficient conditions for an n-group to be o-permutable are determined.
Several conditions under which such n-groups are derived from a binary group are given.

1. Introduction. In [7] o-permutable n-groupoids which represent a general-
ization of several classes of n-groupoids were considered. Some well known classes of
n-groupoids are special cases of o-permutable n-groupoids. Among them are (i, j)-
commutative and commutative n-groupoids, totally symmetric n-quasigroups, me-
dial n-groups [2], cyclic n-quasigroups from [12], [13] and [18], i-permutable n-
groupoids from [15], alternating symmetric n-quasigroups ([14], [16]), parastrophy
invariant n-quasigroups ([9], [8]) and some others. Binary groupoids which are
o-permutable for different values of ¢ are commutative groupoids, semisymmet-
ric groupoids (satisfying the identity (zy)r = y), totally symmetric quasigroups,
groupoids satisfying Sade’s left "key’s” law (z(xy) = y) and Sade’s right "key’s”
law ((zy)y = ), [1]. In this paper we shall consider o-permutable n-groups, but
first we give some necessary definitions and notations.

2. Notation and Definitions. We shall use the following abreviated nota-
. (s)
tion: f(%1,..., Tk, That,--- s Thetss Thtstly - - ,Tp) = f(a¥, @2}, . ), whenever
Tgt1 = Thyo = -+ = Tpps = 2 (2] is the empty symbol for ¢ > j and for i > n,
0
also (x) is the empty symbol).

To avoid repetitions we assume throughout the whole text that n > 2.
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An n-groupoid (G, f) is k-solvable, where k € {1,... ,n} = N, is fixed, iff the
equation f(affl,x, ap,1) = bhasasolution z € G for all af, b € G. If this equation
has a unique solution for every k € N, then (G, f) is called an n-quasigroup.

An n-groupoid (G, f) is (4, j)-associative, where 1 <1 < j < m, iff

G (G R v Ll (G R [CA A vy

for all 23"~ € G. An n-groupoid is associative (i.e. it is an n-semigroup) iff it is

(i, j)-associative for every pair (i,j), i, j € Np.

An associative n-quasigroup is an n-group. One can prove [10, p. 213] that
an n-semigroup is an n-group iff it is k-solvable for £ = 1 and ¥ = n or for some &
other than 1 and n. On the other hand Sokolov proved (in [11], but this proof is not
complete, cf. [4]) that an n-quasigroup is an n-group iff it is (4,4 + 1)-associative
for some ¢ € N,,_;. A similar characterization of n-groups is given in [2] and [4].

An n-group is called medial (or abelian) iff it is (1, n)-commutative ([2], [3]).

By S,, we denote the symmetric group of degree n.

If 0 € Sy, then x4;,Z5(i41),--- ,Ts; We denote by xﬂ If 4 > j, then mgf is
considered empty.

By w we shall always denote the automorphism z — z~! of a commutative
group.

If G is a set, by it we denote the identity mapping of G. If A is a set of
integers, by gcd A we denote the greatest common divisor of all elements of A.

If an n-group (G, f) has the form

f(.TIL) = .’1110(1,'202.’1:3 .. .an_l:l:nb7

where (G,---) is a binary group, b € G, 6 an automorphism of (G,-), such that
6b = b, 0"~1zb = bx for all x € G, then this n-group is called (6, b)-derived from
(G,-) and it is denoted by derg; (G,-). If 6 is the identity mapping, then this
n-group is called b-derived from (G,-). If € is the identity mapping and b is the
neutral element of (G, -), then an n-group derg; (G, -) is called derived from (G, -).
In this case we say also that an n-group operation is a long product of the group
operation (see [2] or [5]). By Hosszi theorem every m-group is (6, b)-derived from
some binary group.

Let (G, f) be an n-group, ay™' € G be fixed and let = -y = f(z,a3" ", y).
Then the groupoid (G, -) is a group and it is called a (binary) retract of the n-group
(G, f). As it is well known [19], if an n-group (G, f) is (¢, b)-derived from a group
(G,-), then (G,-) is isomorphic to some retract of (G, f) and (since all retracts of
a given n-group are isomorphic, [5]) it is isomorphic to every retract of (G, f).

3. o-permutable n-groupoids. o-permutable n-groupoids were intro-
duced and investigated in [7]. Here we shall give some of the basic definitions and
propositions from [7].

Definition 1. Let o € Sp4+1. An n-groupoid (G, f) is called o-permutable iff
for all 7! € G

f(.’L'?) = Tnt1 & f(x?ll) = To(n+1)-
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An equivalent form of the preceding definition is the following.

Definition 2. Let 0 € Spy1. If 0 = n+1 for some ¢ € N,, then an n-groupoid
(G, f) is o-permutable iff for all z7 € G

F@ £, 270511)) = To(nt1)-
If o(n +1) =n + 1, then (G, f) is o-permutable iff for all 27! € G

f(@gy) = f(ah).

Let o € Sp4+1 and H be the subgroup of Sy, 11, generated by o. An n-groupoid (G, f)
is o-permutable iff it is 7-permutable for every 7 € H. The set of all permutations
0 € Sp+1 such that

f(fﬂg?) = To(nt1) & f(m?) = Tn+1
for all 7! € G is a subgroup of Sy, 1.

Let H be a subgroup of S,4+1. If an n-groupoid (G, f) is o-permutable for
every o € H, then (G, f) is called a H-permutable n-groupoid.

4. o-permutable n-groups. A o-permutable n-groupoid which is an n-
group is called a o-permutable n-group. Now we shall consider such n-groups, but

first we give some examples.

1. n-groups satisfying the cyclic identity (f(f(z})z} ")

o-permutable n-groups where o = (12...n + 1).

= 2,) from [17] are

2. Commutative n-groups are H permutable where H ~ S,, and o(n + 1) =
n + 1 for every o € H.

3. Medial n-groups ([2], [3]) are o-permutable, where o = (1n).

4. Let (G, +) be an abelian group and let f(z,y,2) = t—y+2z. Then (G, f) is
a ternary group which is H-permutable, where H is the Klein’s four group generated
by the permutations (1 2) (3 4) and (1 3) (2 4), and which is not reducible to a
binary group.

5. Let G = Zy X -+ X Zy (k times), where k > 3 and Z,, is a cyclic group
of order 2. Then the mapping 8(z¥) = (23,2, z1,2¥) is an automorphism of the
group G such that 62 = id, and by Hosszu theorem the set G with the operation

F@1%) = 910y26%y340y56°ysyr0ys6°yoy10

is a non-commutative 10-group. It is non-reducible and it is H-permutable, where
H is a subgroup of Si; generated by the transpositions (1 11), (4 11), (7 11) and
(10 11).

In the sequel we shall consistently use the following abreviations: if 0 € Sp41,
then always i =0 !(n+1) and j = o(n + 1).

THEOREM 1. If (G, f) = derg; (G, ) is a o-permutable n-group, then (G,-)
is commutative, 6”1 = id and (G, f) is medial (abelian). Moreover, if o(n +

1) #n+1, then b = b~ and if z -y = f(z, (nc_zz),y) for some a € G, then
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0x = f(a,z,e, (nc_zs)) and when n is odd b = a, or when n is even b = e, where e is
the unit of (G, ).

Proof. Let (G, f) be a o-permutable n-group. By Hosszi theorem there exist
a group (G, -), and an element b||G|| such that

f(-'UTf) = 1’101‘2021'3 .. .0”*1a;nb,

where 0b = b and 6"~z = bzb~! for all z € G.
We shall consider two cases: 1. o(n+1)#n+1and 2. o(n+1)=n+1.
1. Since (G, f) is o-permutable, from Definition 2 we get the following identity

(1) Te10Tq9 ... Hi_2$,(i_1)0i_1(a:10x2 .. .Hn_lmnb)ﬁima(i_,_l) e

... 0"71x0nb = To(n+1)-

If we take r € N, \ o(n + 1), then fixing by e all variables in (1) except z,
we get %2,.0mx,b> = e or 0"z, b0, b =€, wherek=0"'r —1,m=i+r—2. In
either case, by letting z, = e we get b> = e and so 6*z,.6™z, = e or

0™ (x,0)0% (z,b) = e, ie. OF ™p =g L.

Hence the mapping z — z~! is an automorphism of (G, -) which means that (G, -)
is commutative.

2. The o-permutability of (G, f) implies the identity
(2) 210220%25 ... 0" 'z, = £,102520% %55 ... 0" Lz,

Fixing in (2) all variables by e, except one, we get that the identity 6* 'z =
97~ "k—1g ig valid for every k € N,,. o is not the identity permutation, hence there
exist k, m € N, such that fixing in (2) all variables by e, except g, Tm, we get
Ok 1z mlg,, =07 mlg 0o h—ly e (G,-) is commutative.

So we have proved that in both cases (G, -) is commutative, which means that
6™~ is the identity mapping. Thus f(z}) = f(zn, 25 1, z1), i.e. (G, f) is medial.

-2

From zy = f(z, " ),y) = zhaba...0" 2ayb it follows that

6ab?...0" 2a =b.

Applying 8 to the preceding equality and multiplying by fa, we get a = fa.
Henee b = a”~2 and
-3
fla,z,e, (na )) = 0zx.

Putting in (1) 2,1 = a and z,, = e for all m € N, \ {01} is follows a® = e.
So, if n is odd then b = a, if n is even then b = e.

In the sequel only o-permutable n-groups such that o(n + 1) # n + 1 will
be considered and we shall assume that this condition is always satisfied without
stating it explicitely.
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THEOREM 2. An n-group (G, f) = dergp(G,-) is o-permutable iff (G,-)
is a commutative group, b = b~ and 0 is such that "' = §+i~2 = w for all
ke N\ {i}.

Proof. Let (G, f) = derg (G, ) be a o-permutable n-group. From Theorem
1 it follows that (G, -) is commutative, b> = e, "~ = id and the o-permutability of
(G, f) implies (1). If in (1) we fix by e all variables except z;, we get §77=2 = id.
Fixing in (1) all variables by e except zx, k € N, \{j}, we get 0~ k= 1g, gith—25, —
e,ie. §° k=k=i+1 =, But every o-permutable n-group is also o—1-permutable,
applying the preceding to 0! we get that §7%—*—i+1 = for all k € N, \ {i}.

The converse part of the theorem follows by a straightforward computation.

CorOLLARY 1. If (G, f) = derigs(G,-) is o-permutable, then (G,-) is
boolean.

COROLLARY 2. Ifn is even and (G, f) = derg(G,-) is a o permutable

n-group, then (G, -) is boolean and there exists a boolean group (G, *) such that b is
the unit of (G, *) and (G, f) = derg (G, *).

Proof. By Theorem 2 w is a power of 6 and since 67! = id it follows

n=1 —id. Since n is even we get w = id.

w

If we define a new operation by z xy = zyb, then (G, ) is a boolean group
and b is the unit of this group. Since b*> = e and n is even we have

F(z?) = 210220%x3 .. . 0" %2, 13,0 = 31022007 23b. .. 0" 2z, 1 bayb
=21 %020 % 0223 % - - % 0" 20,1 % Tp.
It is not difficult to see that # is an automorphism of the group (G, ) and the

corollary is proved.

Remark. If (G,-) is a boolean group, b fixed element from G, f(z}) =
ZT1Ta .. .Tnub, then (G, f) is a o-permutable n-group for every o. Since every finite
boolean group is of order 2¥, k nonegative integer, and for every such k there exists
a boolean group of order 2%, we get that for every even n there exists a nontrivial
o-permutable n-group of order g iff g = 28, k € N. (An n-group (G, f) is called
nontrivial iff |G| > 1.)

Definition 3. If o € S,41, then
d(o) = ged{n — 1,i+j —2,2(ck —k — j+ 1) }ren,\{i}s
d'(0) =ged{n —1L,i+j —2,0k —k — j + 1}ren,\{i}-
LEMMA. If (G, f) = derg 4(G,-) is a o-permutable n-group, then 2(°) = id,
g4 (@) = .

Proof. If we express d(o) and d'(o) as linear combinations of elements of the
corresponding sets, by Theorem 2 we get that #%(?) = id and g4 (@) = .

THEOREM 3. Let (G, f) be a o-permutable n-group.
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(i) If d(o) =1, then (G, f) is b-derived from a commutative group.
(i) If d'(0) = 1, then (G, f) is (0,b)-derived from a commutative group, where
0=w.
(#1) If d(o) = d'(0), then (G, f) is (6, b)-derived from a boolean group.
(i) If d(o) =1 and n is even, then (G, f) is a long product of a boolean group.
Proof. Folows from Theorem 2, Corollary 2 and the Lemma.

COROLLARY 3. Let (G, f) be a o-prrmutable n-semigroup. If i + j — 2 and
n — 1 are relatively prime, then (G, f) is an n-group which is b-derived from a
boolean group.

Proof. Since i+ j — 2 and n — 1 are relatively prime, then at least one of the
integers i, j belongs to the set {2,...,n—1}. Hence by Proposition 5 from [7], this
n-semigroup is an n-group, which is by Theorem 3 b-derived from a boolean group.

The following theorem gives a more convenient expression for d(o) and d' (o).

THEOREM 4. If 0 € Spy1, then

dl(a) = ng{n - 172 - ]-7.7 - 170k - k}kENn\{i}a
(o) = ged{n — 1,6 + j — 2,2d (o)}

Proof. To prove the first equality it suffices to prove that j = 1 (mod d'(a)).
Let ¢, = md'(6) +1, m = 0,1,...,s, where s = (n — 1)/d'(0). Then ¢,, < n
for all m. If for some m ¢, = i, then md'(c) =i -1, i.e. i =1 (mod d'(0)),
which implies that j = 1 (mod d'(s)). If for every m = 0,1,...,s ¢, # 1, then
since ok —k —j+ 1 = 0 (mod d'(0)) for every k # i, n + 1, we get that for all
m=0,1,...,s0¢, = J (mod d'(¢)). If a = min,, o¢,,, then for all m a < o¢,, < m,
hence for all moc,, — a < n —a. We have obtained that each of s + 1 different
nonegative integers oc,, — a,, which are all congruent modulo d'(o), is not greater
then n — a, hence n — a > sd'(¢) =n — 1. So a = 1, i.e. there exists m such that
o¢ym = 1. Hence j = 1 (mod d'(0)).
The second equality follows directly from the definition of d'(o) and d(o).
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