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ASYMPTOTIC BEHAVIOR OF PARTIAL SUMS
OF FOURIER-LEGENDRE SERIES

R. Bojanié and Z. Divis

If f is defined and has a derivative of bounded variation on [—1,1] the main result of this
paper is the asymptotic formula for the partial sums of the Fourier-Legendre expansion of f:

Sn(fyz) = f(x) + (nm) "1 V/1 — 22(fi(z) — f1.(2)) + o(1/n).

Here fg(z) and f] (x) are the right and the left derivatives of f at z € (—1,1).

1. Let P,(z) be the Legendre polynomial of degree n normalized so that
P,(1) = 1. We shall study here the asymptotic behavior of the partial sums of the
Fourier-Legendre series of a function f whose derivative is of bounded variation on
[-1,1].

We shall assume here that

x
(1) @ =10+ [ pd ze (1)
-1

where ¢ is a function of bounded variation on [—1,1]. It is clear that the left and
right derivatives

fr(x) = ¢(z = 0) and fr(z) = p(z +0)
exists at every point z € (—1,1).
The Fourier-Legendre series of f is the series

1 1
S ar@E20 whee a()=(k+3) [ 0RO
-1
Since f is clearly a continuous function of bounded variation, the Fourier-

Legendre series of f converges to f(z) at every z € (—1,1) (see [1], [2], [3]). An
estimate for the rate of convergence of the partial sums

Sa(f2) =Y ar(f)Pe(x)
k=0
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to f(z) in this case is given by
z+(1— :c)/k
| (f: ) ZV (1+z)/k

(see [4]). Here V?(f) denotes the total variation of f on [a,b].

The main purpose of this paper is to show that for functions f satisfying
condition (1.1) it is possible to obtain the next term of the asymptotic expansion
of Sn(f,z) as n — oc.

Our result, in its simplest form, can be can be stated as follows:

(12) Sn(f>2) = f(z) + “‘%1/2
where R, (f,z) = o(1/n) (n = o0).

A more precise estimate of the remainder term R, (f,z) is the main result of
this paper.

(fr(x) = f1.()) + Rn(f, )

THEOREM 1. Suppose that the function f satisfies condition (1.1) for all
z € [-1,1]. We have then, for all z € (—1,1),

(1= V2R (£, < On 92 3"k VRV )

(1.3) 2 —(ta)/k
+Cn7?| fr(z) — fL(@)]-
If
1
(1.4) / (1= ) VAqyt (5,) < oo
1
then

(= )|Bn(f,2)] < C"”Z‘””?ﬁii?/f(so )
(1.5) 1 kl
+Cn~? (/_1(1 — ) TVAWV () + | F(e) — fi(g;)|)_

Here
pt) —px—0) if —1<t<ua;

pr(t) =4 0 ift =ux;
pt) —px+0) fz<t<1.
Note that @, (t) is a function of bounded variation on [—1, 1], continuous at
t = z, with ¢, (z) = 0. This clearly implies that R,(f,z) = o(1/n)(n — o).
If f' is a continuous function of bounded variation, we have the inequality

(1= 2 218,(1,) — F(a)] < On /2 Y kv L2/ ()

—(1+a)/k
k=1
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or

(1—22)|S,(f,2) — f(= |<Cn—2ZV””+(f+;?/k’“(f)

1
+Cn_2/ (1 —)"4qvt (f)

-1
if the last integral is finite.

More general results of this type for the asymptotic behavior of partial sums
of the Fourier series of a 2r-periodic function whose r-th derivative (r > 1) is of
bounded variation, were obtained recently by Z. Divis [5].

To see that the estimate (1.5) cannot be improved it is sufficient to consider
the function f(z) = |z| at the point z = 0. We have in this case

@b TLst<o
PUZL 1L, o<i<t

so that @o(t) = 0 for all t € [-1,1]. From (1.2) and (1.3), with n replaced by 2n,
we find that |Sa,(f,0) — 1/(n7)| < C/(2n?).

On the other hand, it is known that the Fourier-Legendre expansion of the
function f(z) = |z| is

1 1 4k +1
2| = = §Z—sz(0)P2k(x)-

2 = (2k 1)(k+1)
Thus, at x = 0,
& 4k + 1 5
SZn(fJO) - 5 Z (2k—1)(k‘+1)P2k(0)
k=n+1
Since

Pueost) = (=2 ) cos((k+ Do - T + ot 2
RCOSY) =\ 7k sind €08 2 4

we have, for § = /2,
P3(0) = (1/7k)"/? cos(km) + O(k~3/?).
Hence

1 4k +1 1 1
San(f,0) =3 2 (2k — k+1)<% ) Z k2 (7)

k= n+1 k n+1
or

San(f,0) = 1/(mn) + O(1/n?).

2. The proof of Theorem 1 it based on a transformation of the formula

Sulfy2) — f(x) = / () = F(@) Kn (e, £) dt

-1
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where
n

(2.1) Kn(z,t) =Y (k+1/2)Pe(2) P (t),

k=0
by means of partial integration. We have, for z € (—1,1)

wine-s= ([« | Joo-semiana

If Ay( f Ky (z,u) du and B,(z,t) = f K,(z,u) du we have, by (1.1) and
partlal 1ntegrat10n

T

/ i(f(t) — SN Kalat) = = [ (040 ,t)d

—1

=—oa-0) [ An(ede- [ " (0(t) — (@ — 0)) An(a, ) de

-1
and

1 1
/ (F() — f(@) Kl t) dt = / (1) By (z,1) di

= ¢(z +0) /1 By (z,t) dt + /1(<P(t) — ¢(z +0))Bn(z, t) dt.

Thus

Su(fo2) = £(2) = fa(@) / Ba(z, t) dt — f}(a) / An(z, ) dt

- / (P(8) = (o = 0) An(a 1) de + / ((t) = oz +0)) Ba(a, 1) dt.

T

This formula can be further simplified by observing that

/_zl An(z,t) dt = — /_zl(t — 2)K,(z,t) dt = /;(t — 2K, (z, 1) dt

/B (z,t)dt = /t—x) n(x,t) dt.

We have used here the fact that, for n > 1,

/_ ll(x — ) K (z,t) dt = /_ 11(Pn+1 () Pa(t) — P () Pay (£)) dt = 0.

Thus the starting point of our investigations is the formula

1
Sulfo) — F(2) = (fa(@) — 1)) / (t — 2)Kn(a, ) dt

and

n+2
2

(2.2) . .
- / ¢z (t)An(z,t) dt + / ¢z(t) By (z,t) dt.
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The proof of Theorem 1, in view of (2.2), is a consequence of the following
results.

THEOREM 2. If K, (z,t) is the Legendre kernel defined by (2.1) then for
—1 < z <1 we have
(2.3) <C(1—z?) V22

/ (t = @) Kon(o, ) dt — (1 — 22)/2/(nr)

In the following we will assume that g(t) is a function of bounded variation
on [—1,1], with g(z) = 0, for z fixed in (—1,1).

THEOREM 3A. Let Ay(z,t) = ffl K,(z,v)dv. We have then

(2.4A) (1 — z?)t/? / g(t)An(z,t) dt‘ <Cn Y RTVAVE Ly k(9)-

-1 k=1

If ‘/i(l—tz)l/“th‘”(g)‘ < oo then
—x2 ‘ A
-2/ g0 n<w,t)dt‘s

(2.5A) < Cn-? fj(Vf_(m)/k(g) + ‘ /””(1 —t2)1/4d1/;w(9)‘).

-1

Likewise we have

THEOREM 3B. Let B, (z,t) = ftl K, (z,v)dv. We have then

1 n
(2.4B) (1 — z?)t/? / g(t)Bp(z, 1) dt‘ < CnE2 YTt yEra=alk(g),

z k=1

1
If /(l—tz)_1/4de(g)<oo then

(1-2% /: g(t)Bp(z,t) dt‘ <

<Cn? (271: Vramalk(g) + /1(1 - t2)1/4dV$(g))-

k=1 z

(2.5B)

Theorems 3A and 3B are quite similar and it will be sufficient to prove only
one of them.

It Section 3 we shall establish properties of Legendre polynomials necessary
for the proofs of Theorems 2 and 3 and we shall prove Theorem 2. Finally, in
Section 4 we shall give a proof of Theorem 3B.
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3. The proofs of Theorems 2 and 3B are based on properties of the functions

(3.1) Bu(z,t) = /t K(z,v) dv
and
(3.2) Ly(z,t) :/t B, (z,v)dv :/t (v —t)K,(z,v)dv

where —1 <z <t<1and

n

Ko(z,t) =Y (k+ 1/2)Pi(x) Py (t)
k=0
is the Legendre kernel.

The functions By,(x,t) and L, (z,t) are clearly the n-th partial sums of the
Fourier-Legendre expansions of the functions

0 ifr<t .
0 if v<t
xt(v) =< 1/2 if v=t and Y(v)= L
. v—t if v>t.
1 ifv>t

evaluated at v = x. Clearly,
P (v) = / xt(u) du.
-1
We have . .
Bu(v,t) = / e () En(v,u) du = 3 a(xe) Pe(v)
1

- k=0
where ay(xs) = (k + 1/2) [, x¢(u) Pe(u) du or 2ax (xs) = (2k + 1) [, Py(u) du.
If £ = 0 we find that ao(x:) = (1 —t)/2. For k > 1, using formula

(3.3) 2k + 1) /t " Pu(w) du = Pes(t) — Pepr (t)

we find that ag(x¢) = (Pe—1(t) — Px+1(t))/2. Since the Fournier-Legendre series of
the function () converges to x:(z), we have

xe(@) = ap(xt) Pu(x)-
k=0

Now, if z < t we have x;(z) = 0. Consequently

o0

Xe(2) =0=Bu(z,0) + Y ar(xe)Pi(z)
k=n+1
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or
1 o
By(z,t) = 3 Z (Pe-1(t) = Prya(8)) Pe()
k=n+1
A partial summation gives
1 1
Bu(z,1) = = 5 Pus1(2) Pa(t) — 5 Prt2(2) Pt (1)
=5 2 (Pea(@) = Peoa(@) Pe(t):
k=n+2
Integrating this we find that for z < ¢
1 1 1
Ln(o,0) == 5Pass(@) [ Pa0)dv = 3Pria(o) / Pos (v) dv
t
1 oo
—3 (Pk+1( — P ( / Py (v
k=n+
Using relation (3.3) again, we find that
1 1 1 1
Ln(mat) = 5 n+1($)/ Pn(V) dv — Epn+2(m)/ Pn+1(V) dv
t t
(3.5)

1 i (Pi+1(2) = Pi—1 (2)) (Prr (t) — Po—1(t))

+ =
Pt 2k+1

Formulae (3.4) and (3.5) will be used to obtain inequalities for functions
B, (z,t) and Ly(z,t) (—1 < z < t < 1) needed in the proof of Theorem 3B.

If, in (3.5), we let t — z we find that

1
Ln(, ):—5 n+1 /P dV——Pn+2 /Pn+1

3.6 0
(3.6) 1§ (ioi(o) = Pea(o)’
k n+2 2k+1

This formula will be used in the proof of Theorem 2 for the evaluation of the
asymptotic behavior of the function

Ly(z,z) = / (v —2)K,(z,v)dv.

The following properties of Legendre polynomials will be used in the remain-
ing part of this section:

(3.7) |Pa(@)| < (2/m)' (1 = 2%) /4012
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(see [6, p. 163));

(38) [ B a <2 (0>2)

(see [7, p. T2));

(3.9) P, (cost) = (wn iinﬁ)lﬁ cos((n-i- %)0 — %) + O(W>

(see [6, p. 192]).
Another useful inequality, which is not a consequence of (3.9), is
(3.10) |P,,_1(cos6) — Poy1(cosf)| < A(n~'sin@)'/?

(see [8, p. 360])).

For the proof of Theorem 2 and 3B we need a more precise asymptotic formula
for P,_1(z) — Poy1(2).

LEMMA 1. For 0 <6 <7 we have
(3.11) P,_1(cos) — Pnyq(cosf) = 2(0 sin6)'/2J;((n+1/2)8) + O((n ' sin6)>/?)
and for 0 < 0 <,

9 1/2 1
P,_1(cos8) — Pp11(cosh) = 2( s1n0) sin((n + —)0 — E)
™ 2 4

1
0 ( (sin 0)1/2n3/2> '
Proof of Lemma 1. Since Legendre polynomials are either even or odd, it is
sufficient to consider only the case 0 < 8 < 7/2. We have
2n+1
nin + 1)

(3.12)

Pr1(2) = Poya(2) = (1—2?)P,(x)

see [8], p. 361). Since P!(z) =1/2-(n+1 ptb T), we have
n n—1

Pr_1(cosf) — Poyq(cosB) = (2n) + 1/(2n) - sin? 6P"Y (cos§).
But for @ > —1 and 0 < 8 < 7/2 we have

a B 1/2
(sin%) (cos%) Péa’ﬁ)(cosﬁ):N‘ar(n+a+1)( 4 ) Jo(NG)+

n! sin
+ O((sin §)'/2n=3/2),

where N =n + (a+ 4+ 1)/2 and J,(z) is the Bessel function of order a (see [6,
p. 195 and the remark after Theorem 8.21.12]). For @ = 1, 8 = 1 we obtain, in
particular

1/2
sin 8P (cos) = —20 (‘9) Jl((n+%)9)+0((Sin9)1/2/”3/2)

2n + 1 \sin@
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and (3.11) follows.

Relation (3.12) is a consequence of the asymptotic relation
Jo(z) = 2/72)'/? cos(z — an /2 — 7/4) + O(z3/?)  (z = o)
(see [6, p. 15]). We have

P, 1(cos) — P, 1(cosb)

=2(0 sin0)1/2<<m>1/2 sin((n-i— %)0— %) +O<m)
. 3/2 . 1/2
ro((5°) ) =2(50) sl 2)o- ) o mapimen)

and the proof of Lemma 1 is completed.

Proof of Theorem 2. From (3.6), (3.7) and (3.8) follows that

Ln(x,w) — %k:;Fl (Pkfl(x2)k_+P]l-C+1(x)) + O((]. _ .’E2)71/4TL72).

By Lemma 1 we have

(Pr._1(cos@) — P11 (cosh))?

_ 8sinf _ , 1\, = 1
R ((k+2)0 4>+0((sin0)k2)
4sinf 4 sind m 1

Hence, with £ = cos 8,

_ 2sinf 1 2sinf = sin((2k + 1))
Ln(@,2) = — k§1(2k+1)k - k:an 2k + 1)k

O(W) +O(W>

Ly(z,2) = (1—2*)/2/(an) + O((1 = #*)~/*n"?)

and Theorem 2 is proved.

or

We shall use now formulae (3.4) and (3.5) to obtain estimates for functions
B, (z,t) and L,(z,t) when z < t.

LEMMA 2. We have for -1 <z <1,

(3.13) /1 B2(x,v)dv < C/n.
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Proof of Lemma 2. From (3.4), which is valid for ¢ > z, and the orthogonality
relations for Legendre polynomials we find that

1
4/ B%(z,v)dv

< [ (Per@P0) + Pasol@Pu ) + 3 (Pea(@) = Pis @) Pe0) v

k=n+2
2 2 o~ (Pe—1(z) — Ppy1(z))?
< - _p? 2
S gt Pra(@) + sz 2k+1

and the lemma follows from inequality |P,(z)| <1 and (3.10).

LEMMA 3. For —1 <z <t <1 we have

K M 1
(3.14) |Ln(z,t)| < ((t EPSYVE + 1- 3;2)1/4) n3/2
and
K M 1
(3.15) |Ln(z,t)] < (t—a} + (1_$2)1/4(1_t2)1/4)ﬁ'

Proof of Lemma 3. To prove inequality (3.14) of Lemma 3 in view of (3.5)
and inequlities (3.7) and (3.8) it is sufficient to consider the function

W (z,t) = f: (Pg—1(z) — Pk+1(2x]3)ilik,1(t) — Pey1(t))

k=n-+1
and to show that
(3.16) [Wa(z,t)| < K(t —x)"2/2n=3/2,
Writing « = cosf, t = cost we have, by (3.11) and (3.12),
(Pi—1(cos ) — Pry1(cos8))(Pr—1(costp) — Pry1(cost)))
- 4(72‘[’ ny Sme) o ((k + %) ¢> sin((k + )0 - Z)
+ O((sin )~ /2=2).

Hence

2 sin sin0)1/2 el 1
Wz, t) =4 —— 7 -
(=8) ( m k:zn;A (2k + 1)VE

Ty ((k + %)«p) sin((k + %)0 - %) +0((1 —2*) V2.
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We shall next use the formula

2 w/2
Ji(z) = —/ sin(z cosv) cos v dv
T Jo
(see [9, p. 48]). We have then
. . 1/2 oo
Wn(m,t)=4<2w sin 4 sm0> Z 1
m W Ck+ 1)k

w/
%(/0 2sin((k+ %)d} cosu) cosydz/> sin(<k+ %)9_ %)

2.17) Wi, = 3 (20 500) ) s ) conva
where
kiﬂ (2k+1)fsm<('“+%)a>s“‘((’” )0_1)
7,2 rrer (e g)e)sn((+3)0
szn:ﬂ G VR sin( (k43 )a) cs( (k-4 3)9).
R”(a’o):%k_i; (2k+1 )\/EC°S<(“% (a_0)>
_2—\1/5,5: (2k+1 )\/EC°S<<’“+%>(“+0)>
~3,% v ((k+3)e o)
35,2 v ((+3)e-0)
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and 0 <9y <8 <7m/2(z <t<1),it follows that, for 0 < a < < 8 < 7/2,

1 1 1 1
Fnle6)| < 5 (Sin((ﬁ’ —a)/2) * sin((0 +a)/2)) n7?

< ( 1 + 1 > 1 < 207 < 2
“V2\0—a O6+a)n32 T /2002 —a2)nd/2 T /2(0 —a)n3/?
Using the inequality and (3.17) we find that

8 (21 sin) sind 12 on /7r/2 dv 1
1 S \—— 7 :
(3.18) (W (z,8)] < w( - ) v2\Jo 0 —1 cosv)n3/2

Since
/”/2 dv _2/1 dz
o O0—vcosv T Jy =1+ (0+1)22

o dz ™
| T S T

it follows that

Wz, )] < w_w(w sin ¢ sine)”“’ 1
n ’ — (

V2 o 92 — p2)1/2p3/2"
Now
(62— /4 = (0—1)/2-(0+1)/2 > sin((§—1)/2) sin((6+1)/2) > (cos)—cos6) /2.

So |[Wp(z,t)| < 8n/(t—x)~'/>n=3/? and inequality (3.16) is proved. This completes
the proof of inequality (3.14).
The proof of inequality (3.15) is similar. We have, by (3.12),

(Pr—1(cos ) — Py11(cos0))(Py—1(cos®)) — Pyy1(cost))

— 8 (ing sine) /2 Ny ™\ Ny 7
= 7Tk(smﬁ sin 1)) s1n<(k+2)0 4>sm<<k+2>d} 4> + R (¢,0)
where |Rg (1, 0)] < K(sin@ sint)~'/?k=2. Hence

Wiz, 1) = %(sinﬂ sin g5)1/2 kil m cos((k + %) - ¢))

>~

— Z(sin @ siny)!/? il m005<(k+ %) (0+¢)>

k=n+

3

Since, for 0 < z < m,

i mcos((k+%>w>‘fm

k=n+1
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we have

4 1 1 1 K
Wa(z, )] < (sm((@ 1) /2) + sin((6 + @b)/2)) n2 + (sin @ sin))1/2n?2
8 1 K
< (@ = D)/D (@ + )/ | (inf sing) Pn?

w1 \1, K
~ 7w \costh —cosf ) n?  (sinf sine))l/2n2

or
1 K

16 1
W(z,t — =
[Wh(z,t)] < . (t—a:)n2 + (1= 22)(1 — 2))1/4n2
and inequality (3.15) is proved. This completes the proof of Lemma 3.
4. Proof of Theorem 3B. We have

(4.1) /zlg(t)B"(”f’t) dt = ( / e, / 1(12)/n>g(t)3n(x,t) dt
=I,(9,2) + Ju(g, ).

We have first, since g(z) = 0,

e+(1—2)/n 1/2 ; pat(1-2)/n 1/2
neal< ([ wo-s@ra) ([T Bwya)
< Vzw+(1—w)/n(g)n—1/2 (C/n)1/2

or
(g, 2)] < On~tVH0=2)/n(g).

Since Y, \/_V’CJF(1 DE(g) > rVEFE=D/M () it follows that

(4.2) (g f}fj vk ().

Next we have
1

Lgw)==[ gL
z4+(l—z)/
where

1 1

Ly(z,t) = / B, (z,u)du = / (v —t)Kn(z,v)dv.

¢ t

Integrating by parts we find that
In(g,7) = (9(z + (1 —z)/n) — g(2)) Ln(z,x + (1 — 7)/n)

(4.3) 1
n(x,t) dg(t).
*éﬂk@mL(t)“ﬂ
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Using inequality (3.14) we find that

|Jn<g,x)|svﬁ(l—“/"(g)( Kvn M ) !

(1—22)1/2 + (1= z2)1/4 | n3/2

1t K M ;
ik /w+(1_w>/n((t —o - -'1:2)1/4)dvm @)

Integrating the last integral by parts again, we find that

1 K M 1
|Jn(g,7)] Sn3/2 <(1 —22)1/2 + = x2)1/4)Vw (9)
K [

— (t— w)*3/2th (g) dt.
2n3/2 z+(l1—z)/n

Change of variable t — x = (1 — z) /v reduces the last integral to

1 n
[ =g = =) [ e ea g ay
z+(1-z)/n 1
S (1 _ $2)—1/2 Z k_1/2Vw$+(1_$)/k(g)-
k=1
Consequently,
(4.4) (1 — 22| T (g, 2)] < Cn~3/2 Zkfl/Zsz+(1fz)/k(g)

k=1

and the proof of inequality (2.4B) of Theorem 3B follows from (4.1), (4.2) and (4.4).

The proof of second inequality (2.5B) of Theorem 3B is similar. The only
difference is that when estimating I,,(g, ) we conclude from

[T (9, z)| < Cn_IVz‘”"‘(l—w)/n(g)

and
D VA k(g) > Vo) (g)
k=1

(4.5) |I.(g,2)| < Cn~2 Z yEri=a)/k(g).

k=1

Also, when estimating the integral

/ Loz, 1) dg(t)

+(1—z)/n
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on the right-hand side of (4.3) we use inequality (3.15) for L, (z,t) instead of (3.14).
We obtain thus the inequality

1 Kn 2M
< z+(l—z)/n
[ Tn(g, )] < nsz (g)(l—x+ (1—m2)1/2)
K 1 1 M 1
Ll i)+ —2L [ eyavi),
n? z+(1—2)/n t—zx Ve (9) + (1- _7;2)1/4”2 /z ( ) Ve (9)

Integrating the first integral by parts we find that

/1 1 th( ) _LVI( )_ va+(l—w)/n( )
$+(1_$)/nt T $g_1_$zg 1_$z g
1
N AL
s+(1—2)/n
So
|Jn(g, )| <Kn~2(1 — 2)"WVi(g) + 2M (1 — 22) "1 /2p 2y 2+ (1=2)/n(g)
1
+Mn7*(1 - wz)_M/ (1—t*)"*dVi(g)
s+(1-2)/n
1
srn? [ (e Wi
z+(1-z)/n

and we find, as before, that

(1= 2?)|Jn(g, )| < Cn =2 VEHI=2)/k(g)
(4.6) k=1

1
+Mn_2/ (1= )"Vt (g).
z+(1—z)/n

Finally, using (4.1), (4.5) and (4.6) we obtain the second inequality of Theorem 3B.
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