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ON SUMS INVOLVING RECIPROCALS OF CERTAIN
LARGE ADDITIVE FUNCTIONS

Tizuo Xuan

Abstract. Let g(n) = Y p,B(n) = > ap,Bi(n) = > p*. Sums of reciprocal of these
pln p|In p*|ln
functions are evaluated asymptotically. Asymptotic formulas for some related sums, involving the
function Q(n) and w(n) (the number of distinct and total number of prime factors of n) are also
derived.

1. Introduction. Let p(n) denote the largest prime factor of an integer
n > 2, and let p(1) = 1. Let B(n), B(n) and By (n) denote the additive functions

B(n)=> p, B(n)= Y ap, Bi(n)= > p%
pln p*|In p*|In

where as usual p denotes primes and p®||n means that p® divides n but p**! does
not.

In 1981, Ivié [7] proved that
(1.1) Zl/p(n) = zexp{—(2log = - log, £)*/% + O((log « - logz )'/?)},
n<z
where log, x = loglog z, log; = logloglog . The formula above remains true if
p(n) is replaced by B(n) or B(n).
In 1984, Ivi¢ and Pomerence [9] proved that
> 1/p () = wexp{—(2r log wlogy 2)'/2(1 + gr1(x) + O(log} w/ log} 2))},
n<lz
where r > 0 is fixed and

logs « +log(1+r) — 2 —log 2 2 (logs = + log(1 + r) — log 2)?
gr(z) = 1+ - :
2log, x log,

8logs
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The proofs of results above depend on estimates for ¢)(x,y). the number of positive
integers not exceeding x all of whose prime factors do not exceed y.

Recently Hildebrand [4] and Maier (unpublished) obtained independently
much better results concerning (z,y) (see Lemma 2 below). With the help of
these results, Erdds, Ivi¢ and Pomerance [3] obtained a precise estimate for the
sum in (1.1), where it was shown that

gy (eo((E) )

n<z
 (log z\ dt
o(z) = —
) /2 p<log t) #
and the function p(u) is defined for 4 > 0 as the continuous solution of the equations

p(u) =1, (0<u<l),
up'(u) =—pu—1),  (u>1).

where

(1.3)

It is well-known that (see [6] or [2])

(1.4) p(u)=exp{—u(10gu+10g2u—1+10g2u+0< ! ))}

logu log u

In [3], it was shown that
8(z) = exp{—(2log zlog, 2)'*(1 + go(2) + O(log} z/ log} ))}

Very recently, Ivi¢ [8] proved that

o X () (o () ook

and
S (o () ) S

where w(n) and (n) denote the number of distinct prime factors of n and the total
number of prime factors of n, respectively, and u(n) is the Moebius function.

Moreover, it was shown in [10] that

oo (120(322)) S = sy < (o2 £

n<z 2<n<lz n<lz
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The following result occurs as a remark in [3]:
(1.9) Z 1/8(n) = (1 + exp{—C(log zlog, z)'/?}) Z 1/p(n),
2<n<z <z

From (1.8) we known that (1.9) is not true.
The purpose of this paper is to give estimates for the analogous sums in (1.2),
(1.5), (1.6) and (1.7) with p(n) replaced by B(n).

2. Statement of results.

log2 = 1
THEOREM 1. 2<Z ﬂ(n) (D + 0(@27)) 2 o
n<lzx nlz
where 1/2 < D < 1 denotes an absolute constant which will be described precisely
in section 4.

THEOREM 2.

1/2 2
w(n) 2log z log; :1:)) 1
§ 1 83 % § -
ﬂn (103235) ( +0<10g2$ <z p(n)

2<n<z

where D is as in Theorem 1.
The last formula remains true if w(n) is replaced by Q(n).

THEOREM 3.
Q(n) —w(n) _ (D( 1 ) O(log3 x)) 1
Z B(n) Z r—p) " \log,z)) 2 p(n)
THEOREM 4.

> - Bro(ins)) Saw

2<n<z

Moreover, it was shown in [11, 12] that

1 : 1/2
—— ——— | =zexpy —(2(r + 1) log xzlog, ) ' " —
2S,IZS$(IBT(") Br(n)) { ( ( ) ) )
rtllogz v log x 1/2
) ( 2 10g2 .’L') IOgBm +0 logg T )

(ﬁ%(n) - %) = mexp{—(Z(r + 1) log zlog, :1:)1/2—

2r+1logz 12 log x 12
- 1 fd=Tadk
( 4 log, m) 0837 +0 log, © ’

and

=

2<n<lz
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respectively, where r is any fixed positive number. From the two results above, we

known that Theorems 1, 2, 3, and 4 remain true if 3(n) is replaced by B(n) or
Bl (n)

3. Several Lemmas.

1/2
LEMMA 1. Let L, = exp{ (% log zlog, 37) (1 - 2%352;) }’

1/2
Ly =exp{ (%log a:log2a:> (1—2125—:2)},

1 1 1 T
Tém - <1+0<10g’4x)) ng:KLZF’D(;’p)’

for any fixed A > 0.

Then we have

Proof . See [8, formula (4.3)].

LEMMA 2. [4]. For any fized ¢ > 0 and x > 3, exp{(log, z)%/3*¢} <y <z,
we have uniformly

- log(u +1) _log x
w@w)—wmm<1+0<—ﬂgg_>), et

LEMMA 3.[1, 5]. Uniformly for u>1 and 0 <t <1 we have
(3.1) plu— 1) = p(u)e€) (14 O(1/u)),
where £ = £(u) denotes the positive solution of the equation
(3.2) et =ué +1,
and satisfies
(3.3) £(u) =log u+ O(log,(u +2)), u>2.
LeEMmMA 4. [5]. Uniformly for u > 1 and 0 <t < u we have
plu —t) < p(u)e™).

LEMMA 5. For any fitede > 0 and 1 < d <y, exp{(log,z)®/3t} <y <
, we have uniformly

(50) i1 50(2) o )
where

(3-4) B = B(z,y) =1 - ¢((log z)/(log y))/(log y),

/2
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and &(u) is defined as in Lemma 3.

Proof. Let t = log d/log y. In view of Lemmas 2 and 3 we have

(@)= () (o)

= Zp(u)e! (1 +0 (%) +0 (L(“ ha 1)>)

log y

 stean?(1+0(2) +o(HEEEDY)

log y
The Lemma is proved.

LEMMA 6. For any fized e > 0, and 1 < d < x/y, exp{(log, x)?/3t°} <y <
z, we have uniformly ¢ (z/d,y) < ¥(z,y)d™

B, where & = &(w,y) is given by (_3.4)f
Proof. Using Lemma 4 instead of Lemma 3, the proof of this result is analo-
gous to the proof of Lemma, 5

4. Proof of Theorem 1. By Lemma 1 we have

=y [, v Liom,
2<n<z

2<n<z,L1<p(n)<Lsa ﬂ(n)
10g z Z W’ for any fixed A > 0. Writing

3 1

2<n<arlep(ny<is P

(4.1)

where R =

=2+

p(n)lln  p3(n)|n
we then obtain

G(x)

-y Y

+Bmy)
Li<p1<Las mi<z m1)<p1 P !
Again, writing

/1P
+0< (“; )) O(R).
L1<IJ1<L2 b
Z 1

- - Z +
m1§$/p1p(m1)<1)1p1 + ﬂ(ml)

> + 2
Li<p(m1)<p1,pimi)|mi Li<pmi)<pi,p2(mi)|mi pm)<L;
we have

OEED DY )> :

+ p2 + 6(m2
L1<p1<L2 L1<p2<p1 ma<z/p1p2,p(ma2)<p2 P17 P2 /6( )

o ¥ o % w(En))ro( X oo(Gn)
L1<p1<L2 p L1<p2<p1 !

LGPl
o T 5 X (omm)) rom

p2 <L plp

45
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Proceeding as before, finally we have
(4.2)

1
=Yy ¥ - ¥ > A

Li1<p1<La L1<p2<p1 Li1<ps<ps—1 ms<z/p1i---ps,p(ms)<ps

+ O(i Glj) + O<i Gz,-) +O(R),
i=1 j=2

where 2 < s <log; z is a large number which will be chosen latter, and

43 G,= X Y % iw(ﬁ,m),

1 - Di_1D5
L1<p1<Ls L1<p2<p1 L1<pj<pj—1 p i pJ

(44) oy = Z Z Z Zpilzb( a_c_pj;pj).

.-
Li<p1<La L1<p2<p1 L1<pj-1<pj—2p; <L p

Further, from (4.2) we have

Gz)= > POEEDY p1+-%-+ps¢<p1-g-c-ps’ps>

L1<p1<La L1<p2<p1 L1<ps<ps—1

o XY % R

2
L1<p1<La L1<p2<p1 L1<ps<ps—1 m<z/p1-ps,p(ms)<ps P

+0 (Z Gl,j> +0 (Z sz) +O(R)

j=1 j=2

=Gs3+ (Gy) + O(i Gl,j) + 0<i GQJ-) + O(R), say.

j=1 j=2

(4.5)

Now we come to the estimation of G3. Changing the order of summation
gives

1 z
(46) G3= Z Z Z p1+---+ps¢(p1"‘Ps’ps>'

L1<ps<L2ps<ps-1<L2 p2<p1<L2
Nothing that p1 > p2 > --- > p,, we get
1 _ - (p1+ -+ ps—1 —ps)F _
pL+ -+ ps 2k1+1(p1 +...+ps_1)k1+1

k1=0

o0 1 k1 prl
— _1 ’rlc’f'l S

and

1 = 1
—_— Tl DI ——
(p1 4+ .- +ps_1)r1+1 - z : Ckz 9ka+1

ko=mr1

ko —11

3 (e Piy

ko — )
ro=0 2T (pl i psf2)T1+T2+1




On sums involving reciprocals of certain large additive functions 47

where we used the following two formulas:

(4.7)

1 o
=Zxk, (-l<z<1),
— T

(4.8) ZC" k=r (ml<z<1).

(1_1; r+1

Proceeding as before, finally we have

1
— 7‘1 T1 T1
pL+- Z 2k1+1 Z Ck1 Z Ck2 ka+1
k1=0 r1=0 ko=r1
kQ—Tl o0 1
T2 YT2 .. ritetrs—2
(4'9) Z ( ) Ck2 o1 Z Cks—l Qks—1+1
Y¥2=0 ks—1=r1+-+rs_2
ks—1—T1—"—Ts_2 ry Te_1
Z ( )rs 1CTs 1 i D' Dy _
ks—1—T1—"—Ts_2 rit-4re—1+1 T
re_1=0 b

rs—1, —(rit-4rs—1+1)
ZF(kl,... yks—1,T1, ..o s T—1)PEt - D" g , say.
k,r

From (4.6) and (4.9) we get

ZF kla .. s 1571y ,7'3_1) Z pgl Z p:2_1

L1<ps<L2 Ps<ps—1<La

1 T
@ Y T Y ()
1 D1-°"Ps

p3<p2<Lo p2<p1<Ls

Let

;= log(m/pz“l‘l 0T -ps), 6 — é‘(uz) , l — 1 2
log ps log ps

Note that s <logs x and L; < p; < Ly. We then get

(411) u= (21082 v 14008 log u; = = log, 7 + O(log z)
. u; = og, log, ) )’ og ui = 5 logy 0g3 ).

Thus from this and (3.3) we obtain
(4.12) &(u1) = (1/2) logy = + O(logs x), i=1,2,...,s—1

From (3.2), (4.11) and (4.12) we have exp(&(u;) — £(us—1)) = 14+ O(logs z/ log, ).
So &(u;) = &(us—1) + O(logs z/logex), and therefore §; = 6 + O(logs z/(log ps -
log, x)), where § = §;_1. Hence for L1 < p < Ly we have

(4.13) p% = PP (1 4 O(log, 2/ 1o, )
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By Lemma 5 and (4.13) we have

1 T
Z Y prpy

p2<p1<L2 b

_ T Z 1 1 140 log, = 1/2
_/('b P2 Ps 1Ps p;‘1+"'+7's—1+1 pi*(;l log T

p2<p1<L2

- log, z\ */?
o) [ o (o((2) )

T 1 1
g (p1 s ,ps> Mt + 1 p;1+---+rs_1+1—5M'

1 ri4-+rs_1+1-06
(reo(iogs) +o((%) )
log, Lo

where M = ((1/2)log = - log, )'/2, So (4.10) becomes

F(k‘l,... ,ks_l,rl,... ;Ts—l)
G = r
3 z 7-1+...+7-3_1+1 Z Ps Z

k,r L1<ps<Ls Ps<ps—1<L2
1 T
TZ .- .. rs 2 .
Ps—1 X B > n+---+rs_2+1—6M¢ pe--p,
pa<p3<Lz p3<p2<L2 F2

1 ri+-+rs_1+1-9
(140282 +O<(p—2> ))
log, Lo

Proceeding analogously, finally we have

F(kla"'aksflarla"'arsfl) 1 ('Z. )
Gy = L= )
3 Z(r1—|—---—|—r5_1+1)---(r1—|—1) > plp 2,'P

k,r L1<ps<Lso
pgr—l)é 10g3 T
e (1o () +o(Eew)
where

F(k]l,... ,ks_l,’f'l,... ,7’5_1)
4.14 = -
( ) G3J Z(7‘1+“‘+7's—1+1)“‘(7'1+“‘+7's—j+1)MJ

kyy
r Ts—i+1
PIRN DD SSED DR
L1<ps<L2 Ps<ps—1<La pj+3<pj+2<Lo
it rs—j+1—j0
¢ »Ps '(rj+1/L2) .
r1toFre—j_1+1— 3o p1+1...ps

pj+2<pj+1<L2 Djt1

From (3.2) and (3.3) we have p{*~"?

MG =1 4+ O(slogs z/log, x), so that

_ 1 T logs = = _

L1<ps<L2
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where
7‘1 T1 00 r1 ke—T1 (_ 1\ro 2
i) b= 3 A3t C C’“ > gk 3 o
s 2k1+1 1+ 2k rit+rz+l
k1=0 r1=0 ka=r1 r2=0
o Pidet s ko_1—T1——Ts_2 Ts—1(Ts=1
I
et riteetrsa 1l
ks—1=r1+-+rs_2 Ts-1=0 PR

Next we show

(4.17) Gs; <R, (j=1,2,...,5—1)

1/2
Let L), = exp{ (% log zlog, a:) (1 + 1. 9—3—}g§ i) }

D ={(psy--- ,pj+1) | L1 <ps < +++ < Pjp1 < Lo},

Dy ={(ps,--- ,pj+1) | L1 <ps <--- <pjy1 < Ly},

Dot ={(psy--- sPj+1) | L1 <ps < -+ < popy1 < L, L < pyy < -+
< Pjy1 < L},

Dy = {(ps;--- »pj+1) | Ly <ps <+ <pjy1 < Lo}

So we may put
s—j—1

YAy Ty

(D) (D1) t=1 (Ds;) (Dg3)

Now we come to the estimation of ), . Since p;j11/L2 < 1, by using Lemma 6
we obtain

k‘l, . ks 15715 ;Ts—l)
> <3 = X e
(Dae) P (ri+-drsg+1)(ri 44+ +1)M¢ Licpi<s

1 ¢< T
Tt tre—1+1—(s—t)0 P
Ps—t4+2<Ps—t+1<Lh Ps_i11 Ps—t+1 Ps

{(Patgr [ Ly)T =700,
From this we know that

kl, .. ,ks_l,’l‘l,... ,7‘8_1)
PIR DIy
T (ri+---+rs-1+1)---(ri +1)N¢

1 z Ps ri+1—(s—1)4
Z pif(sfl)éw p_s L’

Li<ps<L'2

1 [z Lo\ s 1 [z
<D, Goe)(7) v & Se(Gn) <n
Z " ps¢ DPs Ps le Z ps¢ Ds Ps

Li<p,<L} Ly <ps<L}
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1/2

By the same argument as before, we obtain that E( D) K R. Also, it is evident
that

1 2 I 14 trs—j+1—j5—68
Sen ¥ Lz (%) e

]
Ds

(D1) Li<p.<ry P
1 x
Y <D, > —¢(—,ps) <R.
(D Lipcr, Pr \Ps

Thus it follows that (4.17) is true. So (4.15) becomes
1 1
(4.18) Gy=D, > —w(ﬁ,ps) (1+0(slog—3$>>.
Li<ps<Ls Ds Ps 0ga T
Next we come to the estimation of G4 in (4.5). By the definition of 3(m), we have
1 T
Gi= ¥ Yr X - X ¥ (o)
L1<ps<L2p<pPs ps<ps—1<L2 p3<p2<La p2<p1<L2 P p Ps: P

Let

i log ps Tt log ps’

As for p% of (4.13) we similarly obtain p% = p? (1 + O(log z/ log, x)), for L; <
p < Ly. By this and Lemma 5 we have

1 T T )
> ) =) T )

p2<p1<L2 p2<p1<Lz P1

x 1
= ,Ds . 7 ]_+01 -
Zp(zzz---psp p) 2p§*5M( )

Proceeding as before, we have finally

1 1
(4.19) Ga= 2o 1 Z 2=G=1d 1 Z p¢<

L1<ps<La Ds p<ps

5 =5,

mp,ps) (1+ o(1))

8

Li<ps<L2 Ps p<p
1 1 T
<o Y —w(—,ps) (1+0(1))
Li<ps<Ls Ds Ds

Now we show

(4.20) G < R, (j=2,3,...,5).
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We have

1
Gn= > p—1¢<1%p27102)

Ly <pa<iy Lr<pi<Lo
1
£ XY (o )zz
pasL}/ 1 I1<pi<la
By Lemma 6 we get

x 1 Ly
S S o) B e E

p
L}/10<P2§L1 Li<p1<Ly*1 1/10<p <L,

where Ay = 2 §<1°g(z/”2)). From (3.2) and (3.3) we have

log p2 log p2
L2A1 1 logz 1 (log Lz)/(log p2) o
<=1 1 L
log L, < log L <log p2 2 082 a;> < (logy 7)

By Lemma 1 we have
c 1 z
d < (logym) Y —¢(—,p) <R
1 1/10 b2 b2
Ly <p2<La
Using Lemma 2 and (1.7) we obtain

1 T 1/10)
Z < Z Z p1¢(P1p2’L1

<L1/10 Li<p1<L»

1 1
< zexp{—4(log zlog, z)'/?} Z — Z — < R.
P2 <L1/10 P2 L1<p1<La

Hence, we have

(4.21) G2 <€ R.

Let A, log r 5(103(”“'/”2""’]')). By Lemma 6 we have

log p;

1
=Y ¥ o ¥ ()

Pj<L1pj<pj—1<L2 p2<p1<La

<Y ¥ - ¥ o) ¥ o=

(4-22) pj<L1pj<pj—1<La p3<p2<Lo pa<p1<Ls P1

1
< Z Z Z p—z'gb(ﬁ,pj)(lo&m)cl

p; <L1pj<pj—1<L2 p3<p2<Lo

< (10g2 w)cl G2,j,1 .
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From (4.21) and (4.22). we can derive (4.20).

Next we come the estimation of G1;. Changing the order of summation gives
1 T
Gu= > > ) o)
L1<pj<L2p;j<pj—1<L2 p2<p1<Lo ! ! J-15
Using Lemma, 6 repeatedly, we get
18 1 T
G < (logy 7) Z —| =5, p;

pj
L i <L
(423) 1<p 2

1 T 1
< (log, z)** Z fiﬁ(fapj) ap < R.
Li<p;<Ls Dj Pj p;

From (4.5), (4.18), (4.20) and (4.23), and noting that 1/2 < D, < 1 (see (4.30)
below), we obtain

1 T logs = 1
G(z) = D; Z —¢(—,ps>(1+0( >+O(—s>>.
L1<ps<Ls Ds Ds 10g2$ 2

Now if we put s = so = [log; 2/ log 2], we have

b ow=n. 5 e(5e)(10(RE7))

Li<p<La

where D is defined as in (4.16).

To finish the proof of the theorem is remains to simplify the expression for
D,,. We shall use the following three formulas:

k=h ghtrtl 3 b
4.25 -1H)"C;_ 7:/ 1—2)"""2"dz,
(4.25) Vg <, 09
k—h 1
4.26 N D o/ —— ) R D (O I
(4.26) SV gy = (+D7ED
o] 1 % r
x
4.2 — = dz.
(4.27) k;zkﬂ(kﬂ) /0 1-z"
By (4.26) and (4.27), we have
i ;z:---i-n_Q luq—ri--—m_z (_1)T5_1C’:::i—rl—"~—1‘5_2
ka_1+1
ks_1=r1+--+rs_2 2t rs—1=0 1+ +rso1+1
_ i 1 :/; x11~1+---+r3_2dx1
k11 (kg + 1) o -z, :

ks—1=r1++rs_2
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By (4.25) and (4.8) we further have

o rite+Ts—3 ks—o—T1— " —Ts—3
> e Y
Qks—2+1
ks—2=T1+-+Ts_3 rs—2=0

d.??l

Ts—2(YTs-2 1 7‘1+ +rs—2
( ) C —2—T1—"""—Ts_3 /2 1
T1+"'+7'S,2+]. 0 1—x

0o r1++Ts—3 1

Z ko2 /7 dz;
2ks—2+1 0o T1 (1 — .’El)

ks—2=r1+---+rs_3

z1
/ (1 _ xz)ks—Z_Tl_"'_Ts—3$;1+"'+7‘s—3dx2
0

1 r +"'+1‘5_
= ’ dwl " mzl i d.TL'2
0 IL'1(]. - IL'1) 0 (1 + .’L'Q)T1+"'+r“—3+1

Proceeding as before, finally we have

>

1 ®g—3 zg—2
2 dxq o1 dl‘2 1+“”2 d.fL'g Ttes—3 dLg_o THes—2 drg_q
D,= —_— cee —_— _1 8 2
o z1(l—=1)Jo 0 Zs—2 Jo + Zs—1

If we put
A | ! !
' ;o T1L2T3 Ty Ty 1
T1 =T1,%3 = XX, L3 = — ———, -+, Ls_1 =
e T R~ R
we then have
(4.28)
dzq drs_q
D, = dx dx s>3
8 /0 l—xl/ 2 / 32/ 1+zi20+---+21- 7=

From this, it is easy to see that

3 do
0< Dsy1 < Ds <Dy = = log 2, (5:3’4’...’)_
0o 1—=z
Hence
(4.29) D = lim D,

8§—00

exists. Obviously, we have

53

3.

1
Ds;—D,1q 3/2 da /d s - /divs 2/$1 “Lo_1dTs— 1—(10g2——> —(s=1)
0 ]._1'1

Hence
D, > D3 — (log 2 — (1/2)) - 27!
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1 1
2 log(1 + z1) /5 1 2?2 23zt 2b 28
D3= ————=dxy, > _ ——4———+4+———)dz = 0.6140
3 /0 n(l—z)™2) ma-ap\" 273 27575 ) ’

so that
(4.30) 0.5174 < D < Dy <log 2, (s> 3).

Also, it is evident that

0 e 1 1 s—1
0<Dg,—D= Z(Ds_Ds+1)§ Z(log2_§> . <§>

s=s0 s=s0
= (4log 2 —2)-27%,

Recalling that Sy = [logs 2/ log 2] we obtain

(4.31) Dy, = D+ 0(1/log, ).

From this and (4.24), the theorem follows.

5. Proofs of Theorems 2, 3 and 4. Proof of Theorem2. We shall only
sketch the proof of Theorem 2. As for G(z) in (4.5) we obtain similarly

1
W(m):=2%= X2 v X o

2<n<z L<pi1<Ls L1<p2<p1 Li<ps<ps—1

3 w(m)+0< Yy Oy % l%

m<x/p1-ps,p(M)<ps Li<p1<Ls L1<p2<p1 L1<ps<ps—1 p
w(m)ﬂ(m)) + O(SR =W + O(W2) + O(SR), say,
m<z/p1-ps,p(m)<ps

where R is defined in Section 4. By[8], Lemma 6, we have

1
R SR S D T

L<pi1<Ls Li<p2<p1 L1<ps<ps—1
1/2 1/2
¥ x s 2log x / 140 logs e 2log x / 140 logs ‘
P1-Ps log, logax log, logaz
By the definition of §(m) and by Lemma 6 of [8], we have

(5.3) me Y pigzp_

L1<p1<L2 L1<p2<p1 L1<ps<ps—1 P<Ps

log x 1/2
w(m')<<G4( ) .

log,

m/<z/p1--psp,p(m')<ps
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From (5.1), (5.2) and (5.3) the theorem follows.

Proofs of Theorems 3 and 4 are similar to the proof of Theorem 2, but they
use Theorem 1 of [8] and Lemma 5 of [8] instead of Lemma 6 of [8], recpectively.

T express my thanks to Professor A. Ivié¢ for his valuable help.
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