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ON WEAK CONVERGENCE TO THE FIXED POINT OF
A GENERALIZED ASYMPTOTICALLY NONEXPANSIVE MAP

R. N. Mukherjee, Tanmoy Som* and Vandana Verma

Abstract. Opial’s type of convergence theorem [3] is extended to the case of a general-
ized asymptotically nonexpansive map in uniformly convex Banach space having a weak duality
mapping. Bose’s result would follow as a corollary to Theorem 3.1 of present work.

1. Introduction. Bose [1] gave a result on asymptotically nonexpansive and
asymptotically regular map which in fact extended Opail’s convergence theorem
[3]. We give another generalization of Opail’s result by introducing a new type
of generalized asymptotically nonexpansive mapping. Suppose K is a nonempty
closed bounded subset of a Banach space X. A mapping T : K — K is called
asymptotically nonexpansive (see[1]) if for each z, y € K,

where {k;} is a fixed sequence of positive reals such that k; — 1 as i — oo.
Existence of fixed points of such a mapping, when X is uniformly convex has been
proved by Goebel and Kirk [2]. In Section 2 we recall some basic definitions and
introduce generalized asymptotically nonexpansive and generalized asymptotically
regular mapping. Also we recall the definition given by Kirk on asymptotically
central set of a sequence. Some results on such a sequence are stated without
proof. Our main results are given in Section 3.

2. Definition. A mapping T : K — K is called generalized asymptotically
nonezxpansive if,

(2.1) llzi — yill < killz -yl
for z, y € K, where z; is defined by Mann-type iterations, and

i =Apim1+ (1 —=NTzi—1, i=1,2,3,...0<A<1
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where zg = z, {k;} is a sequence of real numbers such that k; = 1 as i — oco. T is
generalized asymptotically regular if for any z = x¢ in k,

.’L’i—.’lj'i+1—)0 as t — oo.

The mapping T is said to be demiclosed if for any sequence z,, € K, =, — zg
(weakly), Tz, = yo = Twzo = zo. The modulus of convexity of X is a function
0 :[0,2] — [0, 1] defined by

d(e) = inf{l —[lz +yll/2: [lz]| < 1, [lz -yl > €}.

It is known that ¢ is a nondecreasing function and continuous on [0. 2]. It is also
known that

llzll < 6, [lyll <9,

(**) z—yl>e = llz+yll2< (1 -6(e/d)d

Opial [3] has shown that in an uniformly convex Banach space having weakly
continuous duality mapping (or in a Hilbert space) if a sequence {z,} converges
weakly to x¢ then

(2.2) liminf ||z, — zo|| < lim ||z, — z||, Vz # 0.
n n

Remark. Observe that the definitions (*) and (2.1) are independent of each
other.

3. Let K be a nonempty bounded closed convex subset of a reflexive Banach
space X and let {z,,} be any sequence in K. Following Kirk and Edelstein (see [1]
we define

r(z) = lirrbnsup lzn — ||, =€ X.

This r is acontinuous function of X into reals [1].

Let p = p({zn}) = inf{r(z) : z € K} and Cy = {z € K : r(z) = p}. pis
called the asymptotic radius of {z,} in K and Cj is the asymptotically central set
of {zn} in K. Cy is a singleton if X is uniformly convex. In that case it is called
the asymptotic center.

Let B, (r) denote the closed ball of radius r centered at z,, and define
Ce =Uj>1(Mn>;Bn(p +€))

PROPOSITION 3.1. Co = N.so(K N C.) and is a nonempty closed convex
subset of K.

PROPOSITION 3.2. If the space is uniformly convex then Cy is a singleton.

As a consequence of Proposition 3.2 we derive the following lemma.
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LEMMA 3.1. Let K be a nonempty bounded closed convex subset of a uniform-
ly conver Banach space having weakly continuous duality mapping. If o sequence
{z,} C K converges weakly to a point zo then xy is the asymptotic centre of {x,}
in K.

LeMMA 3.2. Let K and X be as in Lemma 3.1 and let T : K — K be
a generalized asymptotically nonexpansive mapping. Suppose o is the asymptotic
centre of the sequence {x,} for some x in K. If the weak limit €9 of the subsequence
{zn;} is a fized point of T, then it must coincide with xo.

Proof. Let p and p' be the asymptotic radii respectively of {z,} and {z,,}.
Clearly p' < p. Since {zp,} converges weakly to &, by lemma 1, { must ne the
asymptotic centre of {z,,} in K, so given £ > 0, we can choose an integer ig such
that [|& — {@nio}]| < p' + /2. Since & is a fixed point of T', we get &, = &,
and since T is generalized asymptotically nonexpansive, we can choose an integer
J such that,

160 ~ x"ioﬂ‘” = ”50:' o m"i0+j|| < kj”fO — Tngo|
<kj(p+e/2)<p +e<p+e foral j>J

It follows therefore that lim,, sup ||§o — z,|| = p and, o being the unique point with
this property, we have zo = &.

Our main convergence theorem goes as follows.

THEOREM 3.1. Let X be a uniformly conver Banach space having weakly
continuous duality mapping and K a nonempty closed bounded conver subset of
X. Suppose T is a continuous generalized asymptotically nonexpansive mapping,
and generalized asymptotically reqular. Then for any x € K, the sequence {zn}
converges wakly to a point of T.

Proof. We will show that the generalized asymptotic regularity of T' makes
every weak cluster point of {z,} a fixed point of T. In view of Lemma 3.1 this
would mean that all the weak cluster points of {z,} coincide with the asymptotic
centre zg of {z,} in K (which is fixed point) and would complete the proof.

Let us suppose that the subsequence {z,,} converges weakly to &. Then, by
Lemma 3.1, & is the asymptotic centre of {z,,} in K. Let the asymptotic radius
be p. By generalized asymptotic regularity of T'.

Tngpy — T, 0 as @ — oo.

Since {zn;} converges weakly to &, this implies {zn, ,} converges weakly to &.

It follows in the same way that for any integer 7, {z,,,, } converges weakly tp &.
Thus all these sequence have the same asymptotic centre & in K. We now claim
that all these sequences have the same asymptotic radius p.

We have

”50 - xni+1” - ”50 — Tp;

S”(&) - 'Z.n¢+1) - (&J — Tp,
—0as i —=> o

S||$'ﬂi+1 — Tn;
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by generalized asymptotic regularity of T. Thus

limsup [|§o — Zn.y, || = limsup [|§o — @, || = p
K3 K3

and our claim follows.

We now prove that & is a fixed point of T'. For this it sufficies to show that
§o; — &o as j — oo. Indeed

(1 = NIT&; — &oll =11 = XN)T&, — (1 = A&l
:||§0j+1 - )‘ng - (]- - )‘)60” =0

as j — oo, since §o; — § as j — oo. Thus T'§, — § as j — oo and since T is
continuous, it follows that & is a fixed point of T'.

Let us suppose now that &, does not converge to §,. Then there is a d > 0
and a sequence {jn,} of integers such that

lléo — éo, 1| > 0 for all m.

By uniform convexity of the space, we may choose an £ > 0 such that

(p+e)[1=d(d/(p+e))] <p

Since all the sequences {zn, ., };2,7 = 0,1,2,3,..., have the same asymptotic centre
&o and same asymptotic radius p, there exist integers I = I(r) such that

(1) 1o = Tnip, || < p+€ for all @ > I(r).

We have for any m
(2) 160, = Znitio | < i 160 — 2 || < Kj (0 +2/2) for i > 1(0),

We choose an integer M such that (as k; = 1 as j = 00)k;,, (p +¢/2) < p+¢ for
all m > M, so that we have

(3) 1€0,,, = Znitjm |l < p+e forall i > 1(0) and all m > M
and from (1) we have
(4) l€o = Znitjmll < p+e forall i > I(jn),
since [|§o — &o;,, || > d, (3) and (4) yield
160 = &0,,,)/2 = Tnipy, | S (P + )1 —d(d/p+e)] <p
for all 4 > max{I(0), I(jm)}. This contradicts the fact that the sequence
{Znitin i

has asymptotic radius p in K and so completes the proof.
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Remark 1. The existence proof for a fixed point of a continuous generalized
asymptotically nonexpansive mapping can be given in the same fashion as in the
case of an asymptotically nonexpansive mapping (see Joshi and Bose [2, Theorem
4.2.20, p. 111]).

Remark 2. Theorem 3.1 implies the corresponding result of Bose [1] by taking
A = 0 in the definition of generalized asymptotic nonexpansiveness given at the
beginning of Section 2.

REFERENCES

[1] S. C. Bose, Weak convergence to the fized point of an asymptotically nonezpansive map.,
Proc. Amer. Math. Soc. 68 (1978), 305-308.

[2] M. C. Joshi and R. K. Bose, Topics in Nonlinear Functional Analysis, Wiley Eastern, New
Delhi, 1985.

[3] Z. Opail, Weak convergence of the sequence of successive approzimations for nonezpansive
mapping, Bull. Amer. Math. Soc. 75 (1967), 391-397.

[4] Z. Opial, Lecture Notes on Nonezpansive and Monotone Mappings on Banach Space, Cen-
tre for Dynamical System, Brown University, Providence, R. 1., 1967.

Department of Applied Mathematics (Received 25 02 1988)
Institute of Technology

Banaras Hindu University

Varanasi, 221005, India



