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OB YKBMBAJIEHTHOCTHM OJIHOTI'O IIPOIIECCA TN$$Y3MOHHOI'O
THUIIA B TNJILBETPOBOM ITPOCTPAHCTBE
M BMHEPOBCERKOTI'O IITPOIECCA

JInnaua IlerpymeBcknu

Pezrome. B sroit pabore nokasaHo, uro ciaydabHeii nponecc £(t) co 3aueHMAMM
B cenapabeJIbHOM T'MJIbOePTOBOM MPOCTPAHCTBE, DKBUBAJIEHTEH BUHEPOBCKOMBI IIPONLECCY
W (t), ma komeunom mnutepsase [0,7] B cnyuae xorma

ew=[ CA@)e(s)ds + W(), 0<i<T

rae A(s) u3aMepuMasi oepaTOpHas GyHKIUA I UHTEPUPYEMOI B KBaAPaTe CJIEXOBOM HOPMOi
Ha [0, 7.

1. Beemenme. Ilycte W = W(t), ¢ > 0 cTaggapTHEI BUHODPOBCKUR
nporece B cenapabernHoM ruanLbepTosom npoctpancTee H u £ = £(t) pemenue
CTOXACTUYECKOTO MHTErPAJLHOTO YPABHEHUA

t
(1) £(t) = / A(s)E(s)ds +W(t), 0<t<T

rae A(s) uaMepumas onepaTopHas QYHKINS C MHTETPUPYEMOR B KBaAPATe Cle-
JIOBO HOpMO#

T
(2) /0 | A(s) |? ds < o0

Omneparopyio ¢yuxmuio A = A(t) paccMarpuBaeM Kak (YHKIMIO HA WHTED-
BaJie [0,T], co sHauenusMu B runbbepToBOM npoctpancrse Sa(H) oneparopos
TunsGepra-IIMuara co ckansapabiM npoussenenuem (Ap, Ay) = SpA5A, a un-
Terpan B paseHcTBe (1) KAk mMHTErpas (YHKIMM CO 3HAUEHUSAMHU B TUibbep-
TOBOM IIPOCTPAHCTBE BCEX cayuaitHmx Beauwuns 17 : E||n||? < co co cranapamM
npousBegerueM < 11, 172 >= E(n1,m2).(|| |, (, )—oT0 HOpMa 1 CRamAPHOE TPO-
u3Benenue B runnbeprosom npocrpanctse H.) Hac Oyne turTepecoBaTh BO-
npoc 00 ®KBUBAJEHTHOCTU CiydaiHweix npoueccos & = £(t) u W = W(t) na
koneunoM unrepsaie [0,T].
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2. PemeHue DaHHOTO CTOXaCTUYECKOTO WHTETPAJLHOrO ypaBHEHMA.
CornacsHo oOmeil Teopuy 9BOJYLMOHHLIX ypaBHeHui [5], pemenwe croxac-
TUYECKOrO UHTErPAJLHOrO ypasHenus (1) Mmoxer ObITh IPEeCTaBIEHO B BUAE

t
3) swzlvme@+Ww

rae V(t,s) = R(t,s) — I onepatopras GpyHKIMA C MHTErPUPYEMON B KBAADATE
cienoBoil HOpMOU Ha kKomeunom wuHTepBate [0,7]. Onepartopras (yHKUWA
R(t,s) pemenre 0OBIKHOBEHHOTO AU()(PEPEHIMAIBLHOTO Yy PABHEHUS

(4) dR(t,s)/dt = A()R(t,s), t>s

¢ HavaJubHEIM ycaoBueM R(s,s) = I, a nHTerpaa B 8TOM DEIIEHUN — 9TO CTO-
xacTuyeckuil narerpas. VIto KOTOpEIi onpenesnsercs CTaH apTHLIM CIOCOOOM
([5]): cmauama mns KyCOUHO-HOCTOSHHBIX ONEPATOPHBIX (YHKIWHA, & TOTOM IJIs
IPOM3BOJLHLIX OINEPATOPHBIX (YHKIMII C MHTErPUPYEMOIl B KBaApaTe CIenO-
BO HOPMO#. JlOKa3aTeNnbCTBO STOrO (PaKTa MOMKHO IPOBECTH IOXOXKE TOMY
KakK TO chenan Po3aHoB [2] mis KOHEYHOMEDHBIX CIydYaiHBIX mporeccos. B
camoMm gnene, u3 papeHcTBa (4) cnemyer

t
V(t,s) = / A@)(V (z, ) + I)do
t : t
/ V(t,s)dW(s) + W(t) = / / A(x)(V (z,s) + DdzdW (s) + W(t) =
0 0 s
t x t T
- /0 Az) /0 V(, $)dW (s)dz + /0 /0 A(z)dW (s)dz + W =
- / Az) [/ V(z, 5)dW (s) + W(t)] dz + W (1)
0 0

Ha women, mamommmM eme uTO omepartopmas ¢ymkmus R(t,s) = U(t)U~!(s)
rue oneparopHaa pysknus U(t) pemenue 0OLIKHOBEHHOTO MU () (e pEeHIaILHOTO
ypasrenus dU(t)/dt = A(t) = A#)U(t) ¢ saunbaeM ycmosuem U(0) = I.

3. ExBuBa/IeHTHOCTH BUHEPOBCKOMY mpomneccy. Vcmiab3ys TOT ¢axT

YTO PEmeHue CTOXACTUYIECKOrO MHTErpanHOro ypasmenus (1) mmeer supg (3),
serko Bugeps uro EE(t)) =0 (BE(u,&(t) =0) nn

« t «
B (w0) = [ IRt s)ullds < oo,

Bygewm rosopurs (no Posanosy, [2]) uro nponecc £(t) sxkBrBasIenTEH IPO-
neccy W (t) ma uarepsaue [0, T] eciu oroGpakenune B : (u, W(t)) — (u,&(t)) u €
H, 0 <t <T npomomkaensa 00 JUHEHAHOrO OrpaHMYEHHOrO 00pPaTMMOro omep-
aTopa B u3 ruanbeprosa npocrpancrsa H (W) B runnGepTOBO IpOCTPAHCTBO
H () u, kpome Toro, ecau pasuocts I — B*B Gyner oneparopoM ['mnnbepra-
Mvugara. (H(W) u H({)—3aMKHyTHE, B CpeIHEM KBaADATUUYHOM JUHEHHbIE
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0BOJIOUKN COOTBENTBYIOMUX CKAJNAPHBIX Ciaydaiubix sennuwms (u, W(t)) n
(u,€(t)), u€ H, 0<t<T)
W3 pasenctBa (3) momyuaercs

(5) /A R(t, s)dW (s)

1 COINIaCHO OmNpPEene€HNI0 CTOXaCTUYECKOr'O MHTerpaJa

(6) Z/ A(t)R(t, s)erd(ex, W (s));
oTryma cremyer FEAE(t) =

) Bl A®ED? = / ZHA R(t, s)exlPd(er, W (5))-
CnemoBaTeanHo,

T
E|ABED) = / | A(t)R(t,5) |* ds <| A(t) |7 exp<2/ IIA(m)IId-’B)T
0
OTKyza ecnu 0003HAUUM

(8) a(s) = A(s)€(s)

nonyuaem Fa(s) =0,

(9) / Blla(s)|ds < oo

u coriacHo ypasHenuo (1)

(10) &) = /t a(s)ds +W(t), 0<t<T.
0

B cuny nevMMbl u3 [8], pa3sHOCTH KOPPENAUMOHHBIX (YHKINR

Bulst) = Be(s.0) = [ [ K(oy)dady

rae K (x,y) nmeer unTerpupyeMyio B KBaApaTe CIEIOBYIO HOPMY. DTO 3HAUUT
uto oroGpaxkenne B : (u, W (t)) = (u,&(t)), v € H, 0 <t < T nponomxaercs
IO JMHEWHOrO OTPAaHUYEHHOTO omeparopa B u3 ruabbepToBa MPOCTPAHCTBA
H(W) B runnbeproso npocrpanctso H(§) u pasuocts I—B* B onepatop ['unb-
6epra-IlIvMuara. Jlas sKBUBAJEHTHOCTH CiaydaiHbix mporeccos &(t) u W(¢)
HY:KHO eme yToOnl B Onin 06paTuMbIM.

Paccmorpum ycnosue obparumoctu (36) u3 pabors [8] IIpennonoxum
npotuBHOe. Jlns KakoW-TO MHTErpupyeMoll B kBanpate (pyHkmmu b = b(x) co
3HAYEHUSMU B TUIL0EPTOBOM mpocTpancTse H.

T
/0 Ib(z) 2z # 0
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MeeM C BEpPOSATHOCTLIO OOUH

T
(11) / (b(), A)E(@))dz +1(b) = 0
0
rme, HallOMHUM,
© LT
(12) w0 =3 [ 0, eader, W)
k=170
T
(13) E|0) P= [ Ib)IPdy
0

Coraacuo pasencrty (6)

(14) (b(x), A(2)¢(x)) = Z/w(R*(w,y)A*(w)b(w),ek)d(ek,W(y))

(15) / (b= ))dz = / > / (R (z,9) A" (2)b(a), ex)d(ex, W (3))de
Hanbue,

T
16) [ (). A dz—z / / (R (2, 4) A* (2)b(z), ex) dad(ex, W (1))

Cornacuo paserncteam (11), (12) u (16), mmeem utO

(17 Z / K / (5,4 @)0(a), ) +b(y), 1) dlews ) =0
U CIeROBATENbHO A Beex k u moury Beex y € [0,7

( /yT(R*(-Z',Z/)A*(w)b(x))dx n b(y),ek> —0

T. e. pus nourn Beex y € [0,T]

T
(18) / (R (2, y) A" (2)b())dz + b(y) =

Ucnoabzys tor dakt uto R*(z,y) = (U~ (y))*U*(x) u uro (U~ (y))* numneit-
HEIl OrPDAHUYEHHLIA OnepaTop, u3 paBeHCTBa, (18) Mul moayuaem

(19) / U* () A* (2)b(z) + b(z) =
N3 sroro pasencrsa BumHO uTo b(y) mupdepeHnmpyemMas QYHKIUI U

db(y)

=0
dy

/U* )A* (2)b(x)dz — (U (y))*U* (y) A*()b(y) +
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Ncnoawn3ysa ToT $pakrt 4o

dU™ ()" /dy = ~A*(y)(U ()", UT'(0) =1
IoJIydaeM

T
—A* ()T )" / U™ (2)A*(2)b(x)dz — A*(y)b(y) + db(y)/dy = 0

Yy

OTKyZa BUIHO COTJIACHO paseHCTBY (19), uro

—A%(y)(=b(y)) — A*(y)b(y) + db(y)/dy = 0

T. e. mus nmourn Beex y € [0,7]

(20) db(y)/dy = 0.

W3 pasenctsa (18) Buauo, uro ¢pyurnus (b(y),u) abCOMIOTHO HENPEPHIBHA LIS
Bcex u € H u, cornacuo obmum teopemam ([6]), uz (20) cnexmyer, uro mis
Y€ [07T] : b(y) = U, Up € H.

Paccmorpum croBa pasencTso (19)
T
(21) (U= (z))* / U* (2) A* (2)uodz + uo = 0
y
Ucnonssys Tor ¢paxt uro U*(x)A*(z) = dU*(x)/dz cornacso obmum Teopemam
([6, 7]), noxyuaem
U () (U*(T)uo — U*(y)uo = 0

n cnemosarensno R*(T,s)ug = 0 mus nmeeiHOro o6paTMMOro OmepaTopa
R*(T, s), orxyma ug = 0, b(y) = 0 must moutu Becex y € [0,T] n

T
/ lb(y)|dy = 0
0

UTO HEBO3MOMKHO U 3HAYUT, yCIOBUE OOPATUMOCTHY AJISI HAIIKX CJLYyYARHLIX IIPO-
meccoB BumOJHsend. CopMyIupyeM HNOJYUEHHLIE PEe3yIbTAThHl B BUIE Cle-
OYIOWEro MPeNJIOKEHUs.

Teopema 1. IIycms W = W(t),0 < ¢t < T cmandapmund suneposcrui
npouyecc & cenapabenvnom zunvbepmosom npocmpancmee u & = £(t) pewenue
CMOTACMUNECKO20 UNMELPAALHOZO YPABHENUT

£(t) = /OtA(S)E(S)dS +W(t), 0<t<T

20e A(s) usmepumas onepamopnad PyNKYuT ¢ unmeepupymol e Keadpame cae-
00801 nopmoli. Cayuaiinse npoueccer & = £(t) u W = W (t) sxeusasenmns na
xonewnom unmepsane [0,T].
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Ceituac, paccMOTpUM OfHO ciencTBre 3Toit Teopembl. OGo3HAUMH Uepes
H,(§) zamakayTyio (B CpeAHEM KBaAPATUYHOM ) JMHENHYI0 O0ONIOUYKY BCEX CKa-
JAPHBIX Ciydabiubix Beaudud (u,£(s)), 0 < s <t, u € H u yepe3 P,—onepatop
OPTOrOHAJNLHOrO npoekTupoBanusa Ha Hi(£). Onpegenum CHEKTPaJbHBIA THAT
cayuabiroro mponecca & = £(f) KaK CHEeKTPAJBHLIA TUII CAMOCONPIKEHHOTO

oneparopa
T

F:/ tdP;
0

OeficTByIomero B ruianbepToBoM npoctpanctse H(£). B cayuae ctanmapTHOrO
BUHEPOBCKOro nponecca W (t), cenapabenbHoe ruib0epTOBO IPOCTPAHCTBO

H,(W) = &3 Hy(wy)

rae wi(t) = (ex, W(t)), k = 1,2,... craaspHbe OPTOrOHAJLHEIE MEKIY COBOM
BUHEPOBCKUE HpoueccH 1 {ey}7°,; OPTOHOPMUPOBAHHLIA 6asuc B ruinbepTo-
BOM mpocTpancTse H. B cuny xopomo n3secTHnx gpaxkropos ([1, 2]), cnekrpa-
JLHBIM TUIIOM BUHEPOBCKOro mponecca W = W (t) ssaserca dt < dt < ... B
CHIy XOpomo m3BecTHOUM Teopemsl ([1,2]), u3 mOKa3aHOW TEOPEMHI CIenyeT
CIELyIOIEee yTBEPK ICHUE.

Teopema 2. IIyems W = W(t), 0 < t < T cmandapmuni euneposcrud
npoyecc & cenapabesvnom zuavbepmosom npocmpancmee u & = £(t) pewenue
CMOTACNUNECKOZ0 UNMEZPANLHOZO YPABHENUT

(0= [ CA()E(s)ds + (D), 0<t<T

20e A(s) uamepmas onepamoprad Pywkyus ¢ unwmepupymol e xeadpame cae-

doeoti. Tozda caywaiinue npoyeccw, € = £(t) u W = W(t) umeom mom-axce
cnexmpanvnvili mun. Cnexmpasvnsim munom npouecca & = £(t), aeagemes
dt <dt<...

Bonee Toro, uz pasencts (1) u (3) cnemyer uro Hy(§) = Hy(W), nns
Bcex t € [0,T]. HeiicTBuTtensHo, M3 paBeHCTBa (3) cienyeT

(w.6@) = Y [ (@t 5)u,en)dlen W)
k=1"0
oTryna BunHo uto H(§) C Hy(W). U3 pasenctsa (1) caexyer
0t
(w.60) = 3 [ (4" (6)us6(6))ds + (W 0)
k=170

oTryna BumHO uto Hy(Wy) C Hy(€).
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