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ALL GENERAL SOLUTIONS OF FINITE EQUATIONS

Dragi¢ Bankovié

Abstract. Recently Presi¢ determined in [4] all reproductive solutions of the finite equa-
tion, where a finite equation is an equation the solution set of which is a subset of a given finite
set. In this paper we determine all general solutions of such equations. Especially we also get all
reproductive solutions.

Let E be a given non-empty set and ¢(z) be any z-equation (z is an unknown
element of E and ¢ is a given unary relation of E) supposing that ¢(x) has at least
one solution.

Definition 1. Let f : E — E be a given function. The formula z = f(¢)
represents a general solution of z-equation ¢(z) if and only if (Vt € E)q(f(t)) A
(Vz € E)(g(z) = (3t € E)x = f(t)).

Definition 2. Let ¢ : E — E be a given function. The formula z = g(¢)
represents a reproductive solution of z-equation ¢(z) if and only if (V¢ € E)q(g(t))A
(Vi € E)(q(t) = = = g(t)).

Let B = {bo,b1,... ,bm} be a given set of m + 1 elements and S = {0,1}.
Define the operation x¥ by

1, ifz=y
¥ = z,y € BUS).
{ 0, otherwise (@ )

The standard Boolean operations + and - (“or” and “and”) are described by the
following tables:

+]0 1 o 1
00 1 00 0
1)1 1 10 1

Extend these operations to the partial operations of the set BU S by
z+0=2, O+z=2z, 2-0=0, z-1=2, 0.2=0, l-xz=z (z€ BUS).

AMS Subject Classification (1985): Primary 03 G 50



6 Bankovié

We consider the z-equation
502 4+ 812% 4+ -+ 52 =0 (1)

where s; € {0,1} are given elements and x € B is unknown.
Obviously the equation (1) is consistent if and only if

8081+ Sm = 0. (2)
Definition 3. Let (ag,ay, ... ,a,) € S™T1. Then the set Z(ao, ... ,a,) (“the
zero-set of (ag,...,an)”) is defined by

biEZ(ao,...,am) < a; =0 (i:O,l,...,m). (3)

For instance, if m = 3 we have
Z(].,].,l,].):@, Z(I,O,I,O):{bl,bg}, Z(0,0,0,0):{bo,bl,bQ,bg}.

Let M = {0,1,2,... ,m}.
Definition 4. Let sg--- s, = 0. A function A : B — B of the form
A(x) = Ao(80,--- »8m)2% 4+ -+ A (0, - - -, 8m )™

is a repro-function if and only if each coefficient Ag(sg,--- ,Sm) is determined by
some equality of the form

_ 1 0 a m
Ak (s0,--- »8m) = bgsy, + E Fi(ag,... ,am)sg° ---som,
ar#0,a0---am=0
where

(Vk € M)(Vag, ... ,am € S)(ar Z0Aag - -amym =0
= Fi(ag,.-.,am) € Z(ag,-.. ,am))-

Definition 5. Let sg--- 8, = 0. A function A : B — B of the form
A(x) = Ao(80,- -+ »8m)x 4 + A (805 -+ - 5 S )2’

is a gener-function if and only if there is a function ) : M —— M such that each
coefficient Ag(sg, ... ,Sm,) is determined by some equality of the form
Ak(SO,... ,Sm) = b¢(k)810/)(k) + Z F¢(k)(a0,... ,am)sgo "-Sg’n’",
a¢(k)-750, ao---amzo
where
(Vk € M)(Vag,... ,am € S)(apm Z0Aag-am =0
- Fk(ao,... ,am) (S Z(ao,... ,am)).



All general solutions of finite equations 7

Let (1) be denoted by g(x) = 0.

LEMMA 1. Let A(z) = (so, o 8m)T 4+ A (80, ..., Sm)TP™ assuming
that Ao(So,--- ,8m), --+s Am(S0y--- ,8m) € B. Then the formula
(Vz € B)(g(z) =0 = (3t € B)z = A(t))

holds if and only if there is a function ¢ : M —> M such that each coeficient
Ar(s0,---,8m) is determined by the equality

Ak(So,... ,Sm) :bd;(k)s?/;(k) + Z F,d,(k)(ao,... ,am)SSO "'Sg‘nm,
a¢,(k);ﬁ0, aQy-.. y@m =0
where

(\V/ke M)(Vao,... ,Qm € S)(a¢(k) 750/\(10"'(17,1 =0
- F¢(k)(a0,... ,am) € B)

The proof follows from the following equivalences.

(Vz € B)(g(z) =0 = (3t € B)z = A(t))
< (Vz € B)(z € Z(50,... ,8m) => (3t € B)z = A(t))
< (Vz € Z(s0,--- ,5m)) (Tt € B)x = A(t)
< (3f : Z(s0,--- ,8m) = B)(Vx € Z(s0,--- ,58m))z = A(f(z))

(by the axiom of choice)
< (Af : Z(s0,... ,8m) — B)(Vz € Z(s0, ... ,5m))z = A(f()).

(Assuming b, € Z(S0,--- ,8m), br € Z(S0y--- ,8m), bp # by and f(by) = f(by) = by,
we get from z = Ag(f(x))% +--- + A, (f(z))’ the following implications:

r=b, = by=A4,, z=b = b =4, ie b,=0b,.
Thus f is —=).
<= (3f : B3 B)(Vz € Z(s0,.-- ,5m))x = A(f(x))
(f is an extension of f)

< (Af: B B)(Vz €
< (Af: B3 B)(Vz €

z € Z(s0,---,8m) = x = A(f(x)))
zb + - —}—smwb

m)(f (@)’
m (VkeM)Ak(sO, . »5m) € B)

B)(
B)(so
= x = Ao(so,.-- 5
+ A5 (805 -+ 5 8m)(f ( )’
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< (3f: B2 B)(Vk € M) (sbl® + -+ + s,,0bm =0
= b = Ao(s0,--- »5m) (F(Br)" + -
+Am(so,--- ,sm)(f(bk))b"‘ ANAk(s0y...,8m) € B)
= Fp: M = M)(Vke M)(sp =0
= by = A(p(k))(s0,--- ,8m) AN Ar(sg,--- ,8m) € B)

(¢ is defined by (Ve,d € M)(p(c) =d < f(b.) = bg))

= (p: M =3 M)(Vk € M) (Aw(k)(so, ey Sm)

0 a
= bysy, + E Fi(ag,... ,am)sg ---som
ap#0 agp: - am=0

AVag, ... ,am € S(ar Z0Aag---am =0 = Fy(ao,... ,am) GB))
= (I : M = M)(Vk € M) (Ak(so, ey Sm)

= bw(k)s?/)(k) + ;Fw(k) (agy ... ,am)80° -+~ som

A (Yao, ... ,am € S)(C = Fym)(ao,--- ,am) € B))

(¢ is ¢~ 1, C is the conjunction ayky # 0N ag---ay, =0 and ), means the sum
over all (ag, .. ,a,) € S™ such that C is satisfied).

THEOREM 1. Let A(x) = Ao(S0,.-. ,8m)2% + -+ Ap(s0,--. ,8m)2"™ and
Ao(SO,... ,Sm),... ,Am(So,... ,Sm) € B. If

50z + - + spatm = (1)

is a consistent equation then the formula x = A(t) (t is any element of B) repre-
sents a general solution of (1) and only if the function A is a gener-function.

Proof . Tt we denote (1) by g(z) = 0 we have
(Vz € B)g(A(z)) =0A (Vz € B)(g9(z) =0 = (3t € B)z = A(t))
< (V2 € B)so(Ao(50,--- ,8m)z" + -+ Ap(s0,. . ,sm)a:bm)b0 +---
+ Sm (Ao(so, ey 8m) T - A (s0, .. ,sm)a:b’")b” =0

A3 : M= M)(Vk € M)(Ak(so,... ) Sm)

= by(k)Syr) + Z Fyiy(@o, .. am)sq® - spm
c
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/\(Vao,... ,Qm € S)(C — Fd,(k)(ao,... ,am) S B))
(by Lemma 1)
< (Vi,k € M)s;A%(s0,... ,8m) =0
A G : M =5 M)(Vk € M) (Ak(so,... ,Sm)

= b¢(k)s?/)(k) + Z F¢v(k) (ag,- .- 7am)580 R
C

A (Vag, ... ,am € S)(C = Fyuy(ag,--. ,am) € B))

(This part of the proof is based on the following general facts:
If ag, ... ,an,b, are any elements of B then

1° (agzb +--- + ammbm)b =abz% +---a,z’ (for all z € B)

2° (Vz € B)agz® + --- + apaz’™ =0 = (Vi € M)a; =0.)
= (Fp: M = M)(Vi, k € M) (siAZ"(SO,... ,S$m) =0
A (V(lo,... ,Qm € S)(C - Fd,(k)(ag,... ,am))

/\Ak(SO; ... ,Sm) = b¢(k)5?/z(k) + ZFlﬁ(k)(aOa .. ,am)s(‘)‘O . _Sgnm>
C
= (I : M = M)(Vi, k € M) (Si (b,/,(k)s?p(k)
bi
+ZF¢(k)(ao,--. ,am)sgo ...S;znm> -0
C

A (Vao,... y Ay ES)(C — F¢(k)(a0,... ,am) GB)

A A (50, > 8m) = by(r) gy + ZF1/;(k)(507 cee»8m)Sg° "‘S?n’")
c

= (I : M = M)(Vi, k€ M) (si (Z Fi;k)(ao,... ) S2° _._sam> =0
C
A (Vao, ... ,am € S)(C = Fyu(ao, ... ,am) € B)

N Ak(So, N ,Sm) = b¢(k)8%(k) + ZF¢(k) (ao, N ,am)SSO .. 'S%")
C

(we have used the identity spsgbff =0)

m

4=>(3¢:ME>M)(W,I<;€M)< z a; - 880 - - - g0m

(ag;--- ,am)ES™H1
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'ZFw(k)(ao,... y Q)85 -+ 8% =0
C
A (VU/O;-.. ,am € S)(C — F¢(k)(a0,... ,am) = B)

/\Ak(S(), . ,Sm) = bw(k)S?/}(k) + Z F¢(k) (ao, . ,Clm)SgO s Sf;lm)
c
(because of the identity s; =}, . yegm+1 @isg° - Sp")

= (I : M = M) (Vi k€ M) (ZaiFgf(k)(ao, e Q)80 5% =0
C
A (\7’a0,... ,Qm € S)(C — F,/,(k)(ag,... ,am) € B)

/\Ak(S(], e ,Sm) = bw(k)S?p(k) + ZFw(k) (ag, N ,am)sgo e 8%”)
C

= (F: M =5 M)(Vi, ke M)((Vao,... ,am € S)

(C - aiFw(k)(ao,... ,am) :0)
A(va07"- » Gm ES)(C = F¢(k)(a07"' 7am) EB)

NA (S0, 1 8m) = bd,(k)s?p(k) + Z F¢(k) (ag, - - - ,am)sgo .- S%")
C

= (F: M =5 M)(Vi,k € M) ((Vao,... yam € 8)(C = abhiyy =0)
A (\7’a0,... ,Qm € S)(C - F¢(k)(ao,... ,am) € B)

AAg (50, y8m) = bd,(k)c%(k) + ZF¢(k) (@0, .- ,am)sg° s%")
C

(we have used the following facts:
(I) (Vk € M)F¢(k) € B < (Vk € M)(Elj € M)F¢(k) = bj;
by the axiom of choice)

= (I : M = M)(Vk € M) ((Vi € M)(Yag, ... ,am € S)(C = aibl;j(k) =0)
A (Vao,... ,Qmy € S)(C - F¢(k)(a0, ,am) € B)
AA(50, -+ 5 8m) = (k)5 (k) + ZEp(k)(%; e )80 "S?n’”)
c

— (El’ng:)M)(VkEM)((Vao, , Am ES)(C = On(k) :0)

A (Vag, ... ,am € S)(C = Fyw)(ao,--- ,am) € B)
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0 m
/\Ak(S(), e ,Sm) = bw(k)siﬁ(k) + Z Fz/;(k) (ao, e ,am)sg" T S[:n )
C

= (3¢:MS>M)(VkeM)((vao,... ,am € S)

(C - bh(k) € Z(ao,... ,am))
A (Vag, ... ,am € S)(C = Fyw)(ao,--. ,am) € B)

/\Ak(S(), e ,Sm) = bwk)s%(k) + Z F¢(k) (ao, ce ,CLm)SgO s Sg'nm)
C
(Definition 3)

= (3¢:M2>M)(VkeM)((va07... ,am € S)

(C - Fk(ag,... ,am) EZ(aO,...am))
/\(Vao,... , ES)(C — F¢(k)(a0,... ,am) EB)

/\Ak(SO; fen ,Sm) = b¢(k)82)(k) + ZF¢(’9)(a07 fen ,am)sgo t -anm)
C

= (3¢:M$M)(VkeM)((vao,... ,am € 9)( =

Fk(ao,... ,am) € Z(ao,... ,am)/\Fd,(k)(ao,... ,am) € B)

/\Ak(S(), ey Sm) = bdj(k)sg(k) + Z Fw(k) (ao, ey am)sgo T SZ,:”)
C
(because (p1 = p2) A (p1 = p3) < (p1 = p2 A p3) is a tautology)

= (Ip: M = M)(Vk € M)((Vao,... ,am € S)
(C — Fk(ao,... ,am) € Z(ao,... ,am))
/\Ak(S(), .. ,Sm) = bw(k)s?b(k) + ZFw(k)(ao, ... ,am)sg" .. 'Sgnm)
C

<> A is a gener-function.

The following Theorem 2 can be obtained from Theorem 1 if we assume that
1 : B — B is the identical mapping.

THEOREM 2. [4] If
502 4 -+ szt =0 (1)

is a consistent equation, then the formula

z = A(p) (p is any element of B)
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represents a reproductive solution of the equation (1) if and only if the function A
is a repro-function.

Example 1. Let sqz® + s12% + s02°2 = 0 be a consistent equation i.e.
505182 = 0. If ¢ = (g (1) f) then the formula z = Ay P% + A; P + A, P represents

a general solution of sgz® + s12% + sy2P? = 0 provided

Ag = bas + F»(0,0,1)s)sYsk + F5(0,1,1)s)s1 53 + F5(1,0,1)s550s3

Ay = bos) + Fy(1,0,0)s58989 + Fo(1,0,1)s589s3 + Fo(1,1,0)s55189

Ay = b1s? + F1(0,1,0)s9s189 + F1(0,1,1)s9s} s3 + Fy(1,1,0)s55189
ie.

1 1.1 1,01

Ay = bos) + (bo or by)s3s9s3 + boss]ss + bisys)ss
1 1,01 1.1

Ay = bos) + (b or by)systsd + bysystsy + baspstsy

1 1.1 1,11
Ay = b15Y + (b or by)s)stsd + bosystss + baspstss.

Remark 1. Let p = 2™ — 1 (n is a natural number), {0,1}" = {Dy,... ,Dp},
f:{0,1}" —» {0,1} be a Boolean function and

flx1,...,2) =0 (4)
be a consistent Boolean equation, i.e. [[}_, f(D;) = 0.

In accordance with Theorem 1 one can effectively find all general solutions of
(4) in the form

X = AO(f(D0)7 7f(DIJ))TDO UUAp(f(D0)7 Jf(‘Dp))TDpa
where X = (z1,... ,2,) and T = (t1,... ,t,)-
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ERRATUM

The reference [4] from above should have appeared as reference [7] in my paper All general
reproductive solutions of Boolean equations, Publ. Inst. Math. (Beograd) 46 (60) (1989), 13-19,
and the reference [7] should have been reference [8].



