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LINEAR COMBINATIONS OF REGULAR FUNCTIONS
OF ORDER ALPHA WITH NEGATIVE COEFFICIENTS

M. K. Aouf

Abstract. Let f(z) = apzP — Y} 1 antk2"tF, k> p > 1, with ap > 0, apyg > 0 be
regular in U = {2z : 2| < 1} and F(2) = (1 — M) f(2) + A~ 12f'(2), z € U, where A > 0.

The radius of p-valent starlikeness of order §, 0 < & < p, of F(2) as f(2)
varies over a certain subclass of p-valent regular functions of order «, 0 < a < p,
in U is determined. All the results are sharp.

1. Introduction. Let U = {z : |z| < 1} be the unit disc and H = {w : w
is regular in U such that w(0) =0, |w(z)| < 1, z € U}. Let P,(A, B,a) denote the
class of functions regular in U which are of the form

p+[pB+ (A - B)(p— a)]w(z)
1+ Bw(2) ’

—-1<A<B<1, 0<a<p, we€eH.

Let T}, be the class of functions f(2) = ap2? — Y oo | anik2™ ¥, k>p>1,a, >0
and apyp > 0, regular in U. Let

Sy(A,B,a) ={f €T, :2f'(2)/f(z) € Py(A,B,a)} and
Ky(4,B,a) = {f €T, : 1+ 2f"(2)/f'(2) € P(4, B,a)}.
We note that S;(A, B,a) and K,(A, B,a) are subclasses of T}, consisting of p-

valently starlike functions of order «, and p-valently convex functions of order «,
0 < a < p, respectively. Further if f(2) € S;(4, B,a) and z = re? r <1,

1 2" 2f'(2) _(p—a) ™1+ Aw(z) a [T _
% o Re f(z) df = o . Re]_—}—TU}(Z)dO-’-ZW o d9—p,
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1+ Aw(z)
1+ Bw(z)
shows the p-valence of f(z) in S;(A, B,a). Similarly f(2) € K,(4,B,a) is p-
valently convex of order @, 0 < @ < p in U. Define P*(A,B,a) = {f €T :
f'(z) € Pi(A,B,a), ay = 1}.

In this paper we determine the radius of p-valence of the function F(z) +
(1=XN)f(z)+Ap tzf'(z), A > 0, under the assumption that 0 < B < 1, when f(2)
isin Sy (A, B,a), Ky(A, B,a) and P*(4, B, a).

Throughout this paper we assume that 0 < B <1 and A > 0.

since Re is a harmonic function in U with w(0) = 0. This argument

2. Main Results. We use the following notations for the sake of brevity.
n+k=m,(m—-p)(B+1)+(B-A)(p—a)=Cpand ) °_ => . We begin
by proving the following;:

Lemva 1. Let f(z) € Ty. Then f(z) € Si(A, B,a) if and only if
> Cmam < (B — A)(p — a)ay. (2.1)
Proof . Suppose f(2) € Si(A, B,a). Then
2f'(z) _ p+[pB+ (A - B)(p—a)w(z)

f(2) 1+ Bw(z) ’
—-1<A<B<1l, 0<B<1l, 0<La<p, w(z)eH, zel.

That is,
_ p-2f1(2)/f(2) )
) = B — B+ A Be=a @ =0
and
(el = | 2'(2) ~ pi () |
Bzf'(z) — [pB + (A — B)(p — @) f(?)]
= E(m _p)amzm <1
a (B - A)(p - a)apzp - Z[(m —p)B + (B — A)(p — Oé)](lmzm :
Thus
Z(m _p)amzm
Re{ (B=A)p - a)ayz? — L[(m —p)B + (B — A)(p — a)]apmz™ } <l (22

Take z = r with 0 < r < 1. Then, for sufficiently small r, the denominator of
the left-hand member of (2.2) is positive and so it is positive for all r, 0 < r < 1,
since w(z) is regular for |z| < 1. Then (2.2) gives

Y (m=p)amr™ < (B—A)(p - a)ayr* =Y [(m—p)B+ (B —A)(p— )]amr™,



Linear combinations of regular functions of order alpha with negative coefficients 63
that is,

D lm=p)(B+1) + (B - A)p - )anr™ < (B - A)(p— a)ayr?,

that is ) Cpamr™ < (B — A)(p — a)a,r?, and (2.1) follows on letting r — 1.

Conversely, for |z| r, 0 < r < 1, since ™ < rP, by (2.1) we have
3 Cmamr™ <Py Cram < (B—A)(p— a)aprp Using this 1nequahty we have

|Zm Pamm|<2m P)amr™
<(B-A)(p-a)apr” =Y [(m—p)B+ (B —A)p— a)lamr™
<|(B-A)(p-a)apz? =Y [(m —p)B+ (B — A)(p— a)amz"]|-
This proves that zf'(z)/f(2) is of the form

p+[pB+ (A - B)(p—a)w(z)
1+ Bw(z) ’

Therefore f(2) € S;(A, B,a) and the proof is complete.

w € H.

Remark on Lemma 1. For @ = 0, Lemma 1 reduces to Lemma 1 in [3].

CoroLLARY 1. Let f(2) € Ty. Then f(2) € S;(—1,1,a) = S;(a), the class
of p-valent starlike functions of order o, 0 < a < p, if and only if Y (m — &)a,, <

(p— a)ay.

Remarks on Corollary 1. (1) For k = p = 1, Corollary 1 reduces to Corollary
1in [3]. (2) For k =p =1 and a; = 1, Corollary 1 reduces to Theorem 1 in [5].

TueoreM 1. Let f(z) € Si(A,B,a) and F(z) = (1 — ) f(2) + A~ '2f'(2),
z € U. Then F(z) is p-valently starlike of order 6,0 < § < p, for
p(p—9) Cim Hmw)

(m=38)(p+Am—p) (B—A)(p—a) ’
m=k+1,k+2,....

|z| <7y =inf
m

The result is sharp.
Proof. We have
F(z) = (1 =XNf(z) + " 2f'(2)
= ap2f — Zp (p+ AX(m — p))amz™,
2F'(2) _ payz? =Y mp ' (p+ Am — p))anz™
F(z) apzP — Y p~! (p + A(m — p))amzm
Now it sufficies to show that |zF'(z)/F(z) — p| < (p — 0) for |z| < r1. Now
iGN
F(z)

— 2 (m —p)p” (p+ Mm — p))amz™
apzP — 3 p~L(p+ A(m — p))amz™
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Y (m = p)p~' (p+ A(m = p))am|2|™ P
= ap =X p (p+AXm —p))an|z|mP|

Consider the values of z for which |z| < rq, so that

(2.3)

|Z|m—p < p(p — 6) i Cm
“(m=08)(p+Am-p) (B-A)p-a)
holds. Then
p+ A(m —p) o |plmp (p—9) Cm a
S (T ok < 0

«___GOn
~(B-A)p-a
which is true by (2.1). Thus, the expression within the modulus sign in the denom-

inator of the right hand side of (2.3) for the considered values of z is positive and
so we have

Om < Gp,

2F'(2) Y (m—pp~' (p+ Am — p))am|z|™ P
R E ap =57 (p + Am —p))amlzmr = P70
if
Z(m —8)pH(p+ A(m = p))am|z|" P < (p - b)ay,
that is, if B B
3 (m —d0)p (p(;i(ga; D)) aml|z|™ P <1 (2.4)
Cmam

B=A)p—a)a, = -

By Lemma 1, we have f(z) € S;(A, B, ) if and only if )

Hence (2.4) is true if

(m—=8)p~ ' (p+ A(m —p)) 2mp < Cm
(p—9) “(B-A4p-a)
that is, if
p(p— ) Cm Hm=p)

z| < .
< gy B
To see the p-valence of F(z) in |z| < r1, we observe that zF'(z)/F(z) is regular
in |z| < r, and hence Re(2F'(z)/F(z)) is harmonic in that disc. For r < ry and
z=re¥,
i 2w Re zF’(z)
27 Jo F(z)
showing that F'(z) is p-valent in |z| < r;. Hence the proof follows. The extremal
function is given by

f(z) =apz? — (B - A)(p— a)a,Cp;'z™, m=k+1,k+2,....
P P~m

df = p,
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Remarks on Theorem 1. (1) Fork=p=1, A= -1, B=1and &y = 1,
Theorem 1 reduces to Theorem 2 in [1]. (2) Fora=0,m=n+p,n=1,2,3,...,
ap =1 and § = pé’, Theorem 1 reduces to Theorem 2 in [2].

CoroLLARY 2. If f(z) € S;(A, B,a), then f(2) is p-valently starlike of order
6,0<d<p,in

‘ (p — 5) C, 1/(m—p) B
|z|<17rhf m—0) B-A)p—a) , m=k+1,k+2,....

The result is sharp.

Proof. Put A =0 in Theorem 1.

CoroLLAry 3. If f(z) € S; (A, B,a), then f(z) is p-valently convex of order
6,0<d<p, in

(p—9) . Con 1/(m-p)
(m=290) (B-A)(p—a) ’

The result is sharp.

|z| < inf Ly m=k+1,k+2,....
m | m

Proof. Put A = 1 in Theorem 1 and note that 2f'(z)/p € S; (4, B, ) if and
only if f(z) € Kp(A, B, a).

CorOLLARY 4. If f(2) € S3(A,B,a) and ¢ > —p, then F(z2) = (2¢f(2)) x
2=V /(p+c¢), for z € U, is p-valently starlike of order §, 0 < & < p, in

[ (p=8)+0 Crm H/mp) _
|z|<1yr}Lf m—0mto B-Ap-a) , m=k+L1Lk+2,....

The result is sharp.

Proof. Put A =p/(p+ ¢), ¢ > —p, in Theorem 1.

THEOREM 2. Let f(2) € Ky(A4,B,a) and F(2) = (1-A)f(2)+Ap '2f'(2) for
z € U. Then F(z) is p-valently close-to-convex of order zero and type o, 0 < a < p,

. . p(1+ B)

nU if A< 5———"—
(B-A)(p—a)
in |z| < 71, where ry is as in Theorem 1. The result is sharp.

and F(z) is p-valently convex of order 6, 0 < § < p,

Proof. We have F'(z) = (1 — \) f'(2) + Ap~{zf'(2)}'. Therefore
Fr)\_, (. A 2f"(2)
Re{ f’(z)}_l /\+pRe{1+ 0 } (2.5)
Since f(z) € K,(A, B, ), we can easily prove

10}, 24 pB+ (=B - 0)
1z | — 1+B '

Re{l + (2.6)
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By using (2.6) in (2.5) we have
Re{ B 5 1y AU Bl By

f1(2) 1+B p(1+ B)
Now,
F’(z)} . (B—A)(p—a) . p(1+ B)

Re >0 if 1-A———2>0 orif A<————"—.
{f’(z) p(1+ B) (B-A)(p-a)
Hence F(z) is p-valently close-to-convex of order zero and type o, 0 < a < p, in U

: p(1+ B)
fA< —————.
(B-A)p-a)

We now prove that F(z) is p-valently convex of order §, 0 < § < p, in 2| < 71,
where 71 is as given in Theorem 1. We have

)l i A i !
z—(z):(l_)\)z_(z)_’__z{L(z)} for zeU. (2.7)
p p p p

Since f(z) € Kp(A, B, a), it follows that 2 f'(z)/p € S;(A, B, ).

Applying Theorem 1 with z f'(2)/p in place of f(z), it follows from (2.7) that
zF'(2)/p is p-valently starlike of order 6, 0 < § < p, in |z| < 71, equivalently, F(z)
is p-valently convex of order §, 0 < § < p, in |z| < r;. The extremal function is
given by
(B-A)p-a)ay ,

mChp,

f(z)zapzp—p , m=k+1k+2,....

Remarks on Theorem 2. (1) For k=p=1, A=-1,B=1and a; =1,
Theorem 2 reduces to Theorem 3 in [1]. (2) Fora=0,m=n+p,n=1,2,3,...,
ap = 1 and taking § = pd’, 0 < ¢’ < 1, Theorem 2 reduces to theorem 3 in [2].

LEMMA 2. Let f(2) € Th, a1 = 1. Then f(z) € P*(4, B,a) if and only if

fyMB+D%ﬁ“B—MG—a) (2.8)

m=2

Proof. Proof of Lemma 2 is similar to the proof of Lemma 1 and is hence
omitted.

Remarks on Lemma 2. (1) For o = 0, Lemma 2 reduces to Lemma 2 in [3].
(2) For A= -1, B =1, Lemma 2 reduces to Theorem 1 (ii) in [4].

THEOREM 3. Let f(z) € P*(4,B,a) and F(z) = (1 — XN f(2) + Xzf'(2) for
z€U. ThenReF'(2) >6,0< 6 <1, for
(1-34) B+1 1/(m—1)

= inf : > 2.
|2 <o =in I+(m—Dx (B=—A)(1-a) M=

The result is sharp.
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Proof. Tt suffices to show that |F'(z) — 1] < 1 —§ for |z| < ra. Since
f(z) € P*(A,B,a), using Lemma 2, we see that (2.8) holds. Since F'(z) =
1= ,m(l + (m —1)A)anz™"!, using (2.8), we see that |[F'(z) — 1] <
Y om(l+ (m—=1)A)anm|z|™ ! <1— 4§ provided

M+ m—1)X ., m(B+1)
<. .
-5 " SE-Aa-o (29)
Now (2.9) holds if
_ 1/(m=1)
s [0 (B+Y oo

1+(m-1)A (B-—A)(1-0) ’
and the proof follows. The extremal function is

f(z):z—%zm, m=23,....

Remarks on Theorem 3. (1) For a = 0, Theorem 3 reduces to Theorem 3 in
[3]. (2) For A = -1, B =1, Theorem 3 reduces to Theorem 4 in [1].
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