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TIGHT SEMIGROUPS

Stojan Bogdanovi¢ and Miroslav Cirié

Abstract. We give a description of tight semigroups, i.e. semigroups in which for every
subset M, |M| < 2 implies that |M?| < 2.

Introduction

Freiman and Schein studied in [3] tight semigroups, i.e. semigroups in which,
for every subset M, |M| < 2 implies [M?| < 2. In this paper these semigroups will
be completely described in two different ways.

A subset M of a semigroup S is n-closed if M™ C M, where n is an integer
such that n > 2. A semigroup S is n-closed if every subset of S is n-closed [4].
Lyapin, [4] considered 3-closed semigroups. A semigroup S is a Rédei’s band if
zy € {z,y} for every z,y € S. A semigroup S is 2-closed if and only if S is a
Rédei’s band [8]. Here will be considered semigroups in which for every subset M
there exists n such that M is n-closed and semigroups in which for every subset
M, |M| < 2 implies that there exists n such that M is n-closed.

A group G with the identity element e is a Boolean group if 2 = e for all
x € G. A semigroup S with zero 0 is a nil-semigroup if for every x € S there exists
a positive integer n such that " = 0. An ideal extension S of a semigroup T is
a retract extension of T if there exists a homomorphism ¢ of S onto T such that
p(t) =t for allt € T. Such a homomorphism we call retraction. If ¢ is a retraction
of S onto T and if & = ker ¢, then by ®,, a € T, we denote the ®-class containing
the element a € T, i.e. &, = {z € S | p(z) = a}.

It is clear that S = J{®, | a € T'}. We denote by Reg(S) (E(S)) the set of
all regular (idempotent) elements of a semigroup S. If X is a subset of a semigroup
S, then C(X) ={a € S| az = za for all zx € X}. If S is a semigroup with zero
0, then Cy(X) = {a € S| aS = Sa = 0}. By Z* we denote the set of all positive
integers.
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In any semigroup S define the relation X by
aKb < (3m,neZ’)a™ =0b"

It is immediate that X is an equivalence relation. The KC-class containing the
element a is denoted by K,. In particular, if S is periodic, then S is the union of
the classes K., e € E(S).

For undefined notions and notations we refer to [1] and [6].

2. Tight semigroups with exactly one idempotent

Definition 2.1 [3]. A semigroup S with zero 0 is a semigroup of the first type
if (1) (Ve € S)22=0;(2) (Vz,y € S) 2y =0V yz =0V a2y = y=.

LEMMA 1.1. [3]. A semigroup of the first type is a tight semigroup.

Ezample. The three-element cyclic semigroup with zero is a tight semigroup
and S is not a semigroup of the first type. It is clear that a semigroup S is a
semigroup of the first type if and only if S is a tight semigroup with zero and
2 =0 for all z € S. A construction of a semigroup of the first type is given in [3].
Here, a construction of a tight nil-semigroup will be given.

LEMMA 1.2. Every subsemigroup and every homomorphic image of a tight
semigroup is a tight semigroup.

LEMMA 1.3. Every subsemigroup and every homomorphic image of a semi-
group of the first type is a semigroup of the first type.

THEOREM 1.1. Let A be a semigroup of the first type. Let {a, | @ € Y} C
Co(A) and let B, o € Y, be sets such that By, # &, BN Bg = & for a # 3
and BNA =@ for B={Bs|a€Y}. Let x be a multiplication on S = AU B
satisfying the following conditions:

(z,y) E AX A = zxy=2xy; (1.1)
(x,y) € By x Bg = xxy € {aq, a3}, a#p0; (1.2)
(z,y) € By x AUAX B, = z*y € {a,,0}; (1.3)
(z,y) € B4 X B, = zxy € Cy(A) (1.4)
and the following conditions hold:

(i) Zxy#yxx = Txy=aaVy*T = ay;

(i) z*z=agy;

(ili) (z*y)*x2=0 = z*x(yx2)=0, x,9,2€ By;

(z,y) € By x A2UA*> x B, = z*y=0; (1.5)

(a“ay)eBaX{aa}U{aa}XBa = T*xy=0;
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(z,y) € By x B2UB2 x B, = zxy=0, a#p. (1.7)

Then (S, ) is a tight nil-semigroup.
Conversely, every tight nil-semigroup is isomorphic to some semigroup of the
previous type.

Proof. Assume the conditions (1.1)—(1.7) hold. Let (z,y,2) € A x A x B.
Then

(xxy)xz=2yx2=0 (by (1.5)),
zx(yx2)=2x(y*xz) =0,
since y x z € {aq,0} C Co(A), where a € Y is such that z € B,. Similar proof we

have in the case (z,y,2) € AX BXx AUBx Ax A

Let (z,y,2) € Ax B x B. Then y € B, for some a € Y and z xy € {a,0},
so by (1.6) we obtain that (z xy) x 2 = 0. Moreover, since y * z € Cy(A), then
zx(yx2) = x(y*2) =0 = (x xy) x2. The similar proof we have in the case
(z,y,2) € Bx Ax BUB x B x A.

Let z,y,z € B. Assume that (z,y,2) € B, x Bg x B, for some o, 3,7 €Y,
a# B #v#a Then zxy € {aq,ag}, y*z € {ag,a,}, so by (1.6) we obtain that
zx(yxz) =0= (zxy)*xz. Let (z,y,2) € By X Bgx Bg, for some o, B €Y, a # 3.
Then we have that 2 *y € {aa,ap} and y * z € B, so by (1.6) and (1.7) we have
that
zx(y*xz) =0=(xz*xy)*z.

The similar proof we have in the case (z,y,2) € Bg x B, x Bg U Bg x Bg x By,
a,BEY,a#p.
Let z,y,2 € By, @ € Y. Then
(x*y) *xz € {aq,0}, z * (y * 2) € {aq,0},
since z xy,y *x z € A, so by (1.4) (iii) we have that
(x*xy)xz2=0=zx*(y*2) or (x*xy)xz=aq =z % (y*2),
Thus, (S, *) is a semigroup.

Let x € By, a € Y. Then by (1.4) (ii) we have that #2 = z x x = a4, and by
(1.6) we have that 3 = z * a, = 0. Therefore, (S, x) is a nil-semigroup.

Let x € By, a € Y and let y € A. Then
zxy,yxz € {aq,,0}, y*=0 and 2°=a,

so
Ho,y}?l = Ha*, 2 = y,y x 2,97} = {aa, 0} < 2.

Assume that 2,y € B, for some z € Y. Then 22 = y? = a,. Assume that
xxy =y*x. Then

{a,y}’| = {a?, 2 * y,y * 2,5°} = {aa, z * y}| < 2.
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Let  xy # y * x. Then by (1.4) (i) we have that z xy = a, or y * x = a4 S0
|{"E7y}2| = |{.CL'2,.Z’ * Y,y * $7y2}| = |{a0t7'r * Y,y * .Z’}l S 2.
Finally, let z,y € A. Since A is a semigroup of the first type, then |{z,y}?| <
2. Therefore, S is a tight nil-semigroup.
Conversely, let S be a tight nil-semigroup with the zero element 0. By Lemma
2 [3] we obtain that (zy)? = 0 for all z,y € S, so the relation p on S defined by
Tpy <= z°=19°

is a congruence and S/p is a zero semigroup. Let ¢ : S — S/p be a natural
homomorphism and let Y = S/p — {0p}, A = ¢ 1(0p), Bo = ¢ (), a € Y, and
ao = x2 for © € B,. Since ay, = 2* =0, 7 € By, a €Y, then {a, |a € Y} C A.
If B =@, then S = A is a semigroup of the first type. Let B # &. Let z € B.
Then
{z,2?}?| = [{2?,2°, 2"} < 2,

sox®=0. Let a €Y, z € B, and y € A. Then by
{z, 93] = {2*, 2y, y2,4*}| = [{aa, 0, 2y, y2}| < 2
it follows that zy, yx € {aq,as}, since aq # ap for a # . Therefore (1.3) holds.
Let z € By, y € Bg, a,3 € Y and a # 3. Then by
|{$7y}2| = |{a?2,xy,y:c,y2}| = |{aa,ag,xy,y:c}| S 2
it follows that zy, yx € {aq,as}, since ay # ag for a # B. Thus, (1.2) holds.
Let z,y € B, for some a € Y. Then by
{z, 9} = Hz?, 2y, y2, ¥} = {aa, 2y, ya}| <2

it follows that zy = a, or yx = a, or Ty = yx.
Let z € A. Since (1.3) holds, we have that zz = a4 or zz = 0, 80 agz =
222 =20 = 0, if 2 = aq, and aq2 = 222 = 0 if 22 = 0. Therefore, a2z = 0. In a
similar way we prove that zaq, = 0, so {as | @ € Y} C Cy(A). Moreover, yz = a4
or yz = 0, whence it follows that
(zy)z = 2(yz) = za, = 2> =0, or (zy)z==z(yz)=20=0.

Therefore zy € Cy(A4), so (1.4) holds.
Let z € B,y € A%, i.e. y = uv, u,v € A. By (1.3) we have that

Tu=ay=2> or zu=0,

and
v =a,=12> or zv=0.

Assume that zu = z2. Then

Ty = zuv = v = 2° = 0,
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if zv = 22, and
zy = zuv = v = 0,
if zv = 0. If zu = 0, then xy = zuv = 0. Therefore zy = 0 in any case. In a similar
way we prove that yz = 0, so (1.5) holds.
Let € By, a € Y. Then za, = z2° = 23 =0 = 2%z = a,z, so (1.6) holds.

Finally, let * € B,, y € B2, a # 3. Then y = wv, where u,v € B, and
Tu, v € {aq,ag}. Assume that zu = ag. Then zy = zuv = agv = v?v = v = 0.
Let zu = a,. Then

TY = UV = a,v = %0 = zag = 2v® = agv = v* =0,

if xv = ag and
TY = TUV = Qe = T2V = Taq = x> = 2° = 0,
if zv = a,. Therefore zy = 0. In a similar way we prove that yx = 0, so (1.7)

holds. O
A group G is a tight group if G is a tight semigroup.

LEMMA 1.4. G is a tight group if and only if G is a Boolean group.

Proof. This follows by Lemma 1 [3] and by the commutativity of Boolean
groups. [

THEOREM 1.2. S is a tight semigroup with exactly one idempotent if and only
if one of the following conditions holds:

1. S is a tight nil-semigroup;

2. S is a retract extension of a Boolean group G by a semigroup of the first
type with the retraction ¢ such that:

®, C C(Pp) for all a,b € G such that a # b, (1.8)
where ® = ker .

Proof. Let S be a tight semigroup with exactly one idempotent e. Since S is
periodic, then S is an ideal extension of a group G by a nil-semigroup @ = S/G. If
|G| =1, then S = @ is a tight nil-semigroup. Assume that |G| > 2. By Proposition
IIT 4.5. [6], we have that the mapping ¢ : S — G given by ¢(z) = ez, z € S,
is a retraction of S onto G. By Lemma 1.2 and Lemma 1.4, we have that G is a
Boolean group.

Let a € G and let z € ®,. Let b € G and b # a. Since G is a Boolean group,
then ab = ba # e, so

zb = p(z)b = ab = ba = bp(x) = bz # e.

Since
|{x,b}2| = |{a:2,xb, bw,b2}| = |{$2,ab, e} <2
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and 22 € ®, - &, C ®,, it follows that 22 = e for all z € S. Therefore, by this and
by Lemma 1.2, we have that @) is a semigroup of the first type.

Let a,b € G be such that a # b, and let © € ®,, y € $;. Then ab = ba # ¢

and TY,yx € Dy = Dy, 7£ <:De7 S0 by
{z,y}? = {«?, 2y, yz,y°} = [{e, 2y, ya}| < 2
it follows that zy = yz, so (1.8) holds.

Conversely, let S be a retract extension of a Boolean group G by a semigroup
of the first type @ with the retraction ¢ for which (1.8) holds. Let =,y € S. Then
x € ®,, y € By for some a,b € G. Since @ is a semigroup of the first type, then we
have that z2,92 € G, so

2 =p(@®) =p@)p(@) =a’=e and y* =p(y®) = p(y)p(y) =b* =e.
If a # b, then by (1.8) it follows that zy = yz, so

{z, 9’| = {z*, 2y, yz,y*}| = [{e, 2y} < 2.
Assume that a = b. Then zy,yz € &, - P, C .. If x € G or y € G, then
zy,yr € GNP, = {e}, so zy = yz = e, whence
{z,y}?| = [{«® 2y, yz,y*}| = [{e}] < 2.

Let z,y € S— G = Q — {0}. Since @ is a semigroup of the first type, then

zy=0 or yr=0 or zy=yz#0 in Q,
S0

zy=e or yr=e or zy=yr¢ G in S,
whence

{z,9}°| = {=?, 2y, y2, 4} = [{e, 2y, yo}| < 2.
Therefore, S is a tight semigroup. O

2. Regular tight semigroups
The following theorem gives a characterization of regular tight semigroups.

THEOREM 3.1. The following conditions on a semigroup S are equivalent:
(i) S is a regular tight semigroup;

(ii) for every subset M of S, |M| < 2 implies that there exists n such that
M is n-closed;

(iii) for S one of the following conditions holds:
(a) S is a Rédei’s band;
(b) S = PUQ, where P is a Boolean group, Q) is a Rédei’s band, PNQ =
& and
(Vz € P)(Vy € Q) zy =yz =1y; (2.1)

(c) S is a Boolean group.
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Proof. (i) = (iii). Let S be a regular tight semigroup. Then by Lemmas
1 and 5 [3] we have that S is periodic and that E(S) is a Rédei’s band. Let a € S.
Then a = axa for some = € S, so

{a,2}?| = [{a*, az, za, 27} < 2.

If ax = za, then a is completely regular. Let ax # za. Then a? = az or a? = za,

whence it follows that a = aza = a?, so a is completely regular. Therefore, S is a
completely regular semigroup.

If |[E(S)| = 1, then S is a group and by Lemma 1.4 it follows that S is a
Boolean group. Let |E(S)| > 2.

Assume that E(S) has the identity e. Let y € G¢, f € E(S) and f # e. Since
Gy is a Boolean group (by Lemmas 1.2 and 1.4) we have that y? = f and

ey=efy=fy=y=yf=yfe=ye
Now, by
{e: v}’ = Hes ey, ye, 3 = {e,y, f}H < 2
it follows that y = f, i.e. Gy = {f} for all f € E(S) — {e}.
Let Ge = P,Q =S — P = E(S) — {e}. Then P is a Boolean group, @ is a
Rédei’s band and PN Q = @. Let z € P and y € (). By

H{z,y}?| = {e,y, 3y, yz}| < 2

it follows that xy = e or zy = y. Assume that 2y = e. Then we have that
e =1xy = zyy = ey = y. Thus, zy = y. In a similar way we prove that yz = y.
Therefore, (2.1) holds.

Assume that E(S) is without the identity. Let e € E(S) and z € G,. Since
e is not the identity of E(S), there exists f € E(S) such that ef # f or fe # f.
Since E(S) is a Rédei’s band we obtain that ef = e or fe = e. Clearly, e # f. Now
we have

zf =zef =zxe =1z, if ef=e, or
fr=fex=ex =1z, if fe=e.

Therefore,

{z, 1¥°] = e, of, fo, fH = e, f,2f, fz}| < 2,
whence z € {zf, fx} C {e, f}, so z = e. Thus G. = {e} for all e € E(S), so
S = E(S) is a Rédei’s band.

(iii) = (i). This follows immediately.

(i) = (iii). Let for every subset M of S for which |M| < 2 there exists n
such that M is n-closed. Let z € S. Then there exists n such that {z} is n-closed,
ie. 2" =z (n > 2), so S is periodic and completely regular. Thus S is a union of
periodic groups G, e € E(S). Let e € E(S) and z € G.. Then there exists n such
that {z,e} is n-closed. Then

2? =1%e""? € {z,e}" C {z,e} (if n = 2, then 2* € {z,e})
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whence z2 = e for all z € G, so G, is a Boolean group for all e € E(S).

If |[E(S)| = 1, then S is a Boolean group. Assume that |E(S)| > 2. Let
e, f € E(S). Then {e, f} is n-closed for some n, whence

ef =ef*™" €{e, f}" C{e, f},

so E(S) is a Rédei’s band. Assume that E(S) does not contain an identity. Let
e € E(S) and let z € G.. Then there exists f € E(S) such that f Ze and ef = e
or fe=-e. Let ef = e (in a similar way we consider the case fe = e). Then {z, f}
is m-closed for some n. If n = 2, then

e=a" € {z,f}* C{z, f}.
In n > 3, then
e=ef =2 f"? € {z, f}" C {z, f}.
Therefore, e € {z, f}, whence we have that z = e, so G, = {e} for all e € E(S).
Thus S = E(S), i.e. S is a Rédei’s band.

Assume that E(S) contains the identity e. Let f € E(S), f # e and let
y € G¢. Then {e,y} is n-closed for some n. If n = 2, then

f=v"e{ey}’ C{ey}
Let n > 3. Then
f=ef= en—2y2 € {eay}z - {e,y}.
Therefore, f € {e,y}, whence y = f, so Gy = {f} for every f € E(S) — {e}. Let
G.=P,Q =S—P =E(S)— {e}. Then we have that P is a Boolean group, @
is a Rédei’s band and PN Q = &, Let x € P, y € Q. Then {z,y} is n-closed for
some 7, SO
oy =zy™ ' € {z,y}" C {z,y}.

If zy = =, then we have that e = 2 = 2%y = ey = y (since e is the identity of
E(S)), which is not possible. Thus, zy = y. In a similar way we prove that yx = y.
Therefore, (2.1) holds.

(iii) = (ii). If S is a Rédei’s band, then we have that M2 C M for every
subset M of S. If S is a Boolean group, then M3 = M for every subset M of S
such that |M| < 2. By this and by (2.1) we obtain that (ii) holds. O

By Theorem 2.1 the following corollaries follow:

COROLLARY 2.1. S is a semigroup in which for every subset M of S there
exists n such that M is n-closed if and only if one of the following conditions holds:

1. S is a Rédei’s band;
2. S is a group of order 2;

3. S =PUQ, where P is a group of order 2, Q) is a Rédei’S band, PNQ = &
and (2.1) holds.

Proof. Let S be a semigroup in which for every subset M there exists n such
that M is n-closed. Then by Theorem 2.1 it follows that S satisfies one of the
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conditions (a), (b) or (c¢) of this theorem. Let G be a Boolean subgroup of S with
the identity e and let z,y € G. Then {z,y, e} is n-closed for some n, so

ay = zye"? € {z,y,e}" C {x,y,e}, ifn>2,
and
zy € {z,y,e}* C{z,y,e}, ifn=2.

If xy = z, then it follows that y = e, and, if zy = y, then z = e. If zy = e, then
y = 2~ = 2. Therefore, G is a group of order 2, so one of the conditions 1, 2 or 3
holds.

The converse follows by [4]. O

COROLLARY 2.2 [7, 8]. For every m € Z* the following conditions on a
semigroup S are equivalent:

(i) S is 2m-closed;

(if) S is 2-closed;

(iii)S is a Rédei’s band.O

COROLLARY 2.3 [4, 5, 7]. For every m € Z the following conditions on a
semigroup S are equivalent:

(i) S is (2m + 1)-closed;

(i) S is 3-closed;
(iii) for every subset M of S there exists n such that M is n-closed;
(

iv) for every subset M of S, |M| < 3 implies that there exists n such that M
is n-closed;

(v) (Va,y, 2 € ) oy € {z,y,7}.0
3. The general case

In this part, in two different ways, the general case of tight semigroups will
be considered. First,

THEOREM 3.1. A semigroup S is a tight semigroup if and only if one of the
following conditions holds:

(A1) S is a Rédei’s band Y of semigroups of the first type S, with the zero
€a, €Y, and
Sa - S5 = {eas) (3.1)
for all a,8 €Y such that o # .

(A2) S = PUQ, where P is a tight semigroup with ezactly one idempotent,
Q is a semigroup from (A1), PNQ =& and

(Vz € P)(Vy € Q) zy = yz = y°; (3.2)

(A3) S is a tight semigroup with exactly one idempotent.
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Proof. Let S be a tight semigroup. Then by Lemma 1 of [3] we have that
S is periodic. By Lemma 4 of [3], E(S) is a Rédei’s band and by Proposition 1
of [2] Reg(S) is a subsemigroup of S. Also, by Lemma 4 of [3] it follows that the
function ¢ : S — E(S) defined by 1 (z) = z*, x € S, is a retraction. It is clear that
K = ker, so K, is a subsemigroup for every e € E(S).

If |[E(S)| = 1, then (A3) holds. Assume that |E(S)| > 2 and that E(S) does
not contain the identity. Then by Theorem 2.1 we have that Reg(S) = E(S). Let
e € E(S) and let z € K,. Then there exists f € E(S) — {e} such that ef = e or
fe=-e. Let ef = e (the similar proof we have in the case fe = e). Then

{z, f}?| = Ha*,f, fz, f}] < 2.

If of = f, then 2" f = f for every n € Z*, so ef = f, which is not possible. Thus,
zf = z2. Now we have that

2 =xf =aff =2>f = zaf = za® = 23,
whence 22 = e. By this and by Lemma 1.2 it follows that K, is a semigroup of the

first type for every e € E(S).
Let x € K, y € K¢, e, f € E(S), e # f. Since

P(zy) = Y(2)y(y) = ef,

then 2y € K¢, so S is a Rédei’s band E(S) of semigroups of the first type K.,
e € E(S). Moreover, by

{z,9¥’] = e, f,zy,yz}| < 2,
it follows that zy € {e, f}, so K. Ky = {ef}. Therefore, (A1) holds.

Let E(S) contain the identity e. Then by Theorem 2.1 we have that Reg(S) =
G U H, where G is a Boolean group with the identity e and H = Reg(S) — G =
E(S) — {e} is a Rédei’s band. Let Q = |J{Ky | f € H}, P=5—Q = K.. Then
P is a tight semigroup with exactly one idempotent. Let f € H and let z € K.
Then
{z,e}?| = [{2*, ze, ez, e}| < 2.

Since 22 # e, then ze,ex € {z2,e}. If ze = e, then z*e = ¢, so e = z%e = fe = f,
7 7 ) 7

which is not possible. Therefore, ze = z2, so

.'13'2 :336251766:1826:37336:(1%[32 :.733.

Hence, 22 = f, so K is a semigroup of the first type for every f € H. As in the
previous case we prove that () is a Rédei’s band H of semigroups of the first type
Ky, f € H and that KK, = {fg} for all f,g € H, f # g. Therefore, Q) is a
semigroup from (Al). Let x € P, y € Q. Then y € K for some f € H, so

{z,y}°| = {a?, f 2y, yz}| < 2.
If zy = z2, then

zf = xy? = zyy = 2y = zwy = x2® = 23,
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so f = ef = 2*f = 2%, which is not possible. Therefore, zy = f = 2. In a similar
way we prove that yz = f = 32, so (3.2) holds. The converse follows immediately. O

By Theorem 3.1 we obtain the following corollary:

COROLLARY 3.1. Let S be a tight semigroup. Then Reg(S) is an ideal of S
and the mapping ¢ : S — Reg(S) defined by

o) =ex if z€ K, e € E(9), (3.3)
18 a retraction.

Proof. Let S be a Rédei’s band Y of semigroups S, of the first type with the
zero eq, a € Y, and let (3.1) hold. Then we have Reg(S) = E(S) = {eq | @ € Y}.
Let z € S, for some a € Y. Then

Tey = €aT = €q, (3.4)

since S, is a semigroup of the first type. Moreover, if § € Y, then by (3.1) it follows
that zeg = eq3 and egz = egq, so Reg(S) is an ideal of S. It is clear that K-classes
of S are semigroups S,, @ € Y, so by (3.4) we obtain that (3.3) has the form

oz) =e,x=e, if £E€S, a€v. (3.5)

So ¢ is a retraction.

Let S = PUQ, where P is a tight semigroup with exactly one idempotent,
@ is a semigroup from (Al), PN @ = @ and (3.2) holds. Then Reg(S) = GUH,
where G is a Boolean group, Reg(P) = G, H is a Rédei’s band and Reg(Q) = H.
Let z € S and let a € Reg(S). Since

GPUPG CG CReg(S) and QHUHQUPQUQP C H C Reg(9),

(by the previous case and by (3.2)), then we have that Reg(S) is an ideal of S. Let
© be a mapping defined by (3.3) and let z,y € S. If z,y € Q or z,y € P, then
by the previous case and by proof of Theorem 1.2 we have that ¢(zy) = ¢(z)e(y).
Assume that z € P and y € Q. Then z € K., y € Ky where e is an identity of G,
f € H and by (3.2) we have that 2y = yz =y = f, so

p(x)py) = exyf = f = fzy = p(zy),
and

e(W)p(x) = fyex = f = fyz = p(yz).
Therefore, ¢ is a retraction.

If S is a tight semigroup with exactly one idempotent, then the proof follows
by the proof of Theorem 1.2.01

Secondly, we give a description of tight semigroups by retract extensions.

THEOREM 3.2. A semigroup S is a tight semigroup if and only if one of the
following conditions holds:
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(B1) S is a retract extension of a Rédei’s band E by a semigroup of the first
type with the retraction ¢ satisfying the condition

b, - D, = {ab} foralla,be E, a# b, (3.6)

where ® = ker .

(B2) S is a retract extension of a Rédei’s band E with the identity e by a
tight nil-semigroup with the retraction o satisfying conditions

> =a foralla € E, a# e and all z € ®,; (3.7)
b, - &, = {ab} for alla,be E, a #b; (3.8)

where ® = ker .

(B3) S is a retract extension of a regular tight semigroup T with a nontrivial
mazimal subgroup G by a semigroup of the first type with the retraction ¢ satisfying
the conditions

®, CC(Pp) for all a,b € G such that a # b; (3.9)
b, - D, = {ab} foralla,beT,a#banda ¢ G orb¢ G;  (3.10)

where ® = ker .
(B4) S is a tight semigroup with exactly one idempotent.

Proof. Let S be a tight semigroup. Then the conditions of Theorem 2.1 hold.
By Corollary 3.1 it follows that T' = Reg(S) is an ideal of S and the mapping ¢
of S in T defined by (3.3) is a retraction. Let ® = ker . If |E(S)| = 1, then we
obtain (B4). Let |E(S)| > 2.

Assume that S is a Rédei’s band Y of semigroups of the first type S, with
the zero e, @ € Y, and that (3.1) holds. Then T' = E(S) = {eo | @ € Y'}. Since
z? € T for all z € S, we have that S/T is a semigroup of the first type. It is clear
that S,, a € Y, are all ®-classes, so by (3.1) we obtain (3.6).

Let S = PUQ, where P is a tight semigroup with exactly one idempotent, @
is a semigroup from (A1), PNQ = & and (3.2) holds. Then T'= GU H, where G is
a Boolean group, Reg(P) = G, H is a Rédei’s band and Reg(Q) = H. Assume that
|G| =1, i.e. G = {e}. Then T is a Rédei’s band with the identity e. Let a € T,
a # e and let x € ®,. Since ®, C @ and Q is a semigroup from (A1), we have
that z2 € H C T, so (3.7) holds. If a,b € H, a # b, then by (3.6) (i.e. by (3.1)) we
obtain (3.8). Let a € H. Since &, = P and ¥, C @, then by (3.2) and by (3.7) we
get

b, P, =9, -9, = {a} = {ea} = {ae}.

Therefore, (3.8) holds. Let |G| > 2. Then by the proof of Theorem 1.2 we have
that P/G is a semigroup of the first type, so 2> € G C T for all x € P. Since Q/H
is a semigroup of the first type, then 22 € H C T for all z € @, so 22 € T for all
z € S, whence it follows that S/T is a semigroup of the first type. By Theorem 1.2
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it follows that (3.9) holds. Let a,b € T, a #b. If a,b € H, b € G. Since &, = P
and ¢, C @, then by (3.2) and by (3.7) we have

CI)a . CI)b = CI)[, . (I)a = {a} = {ba} = {ab}

Therefore, (3.10) holds.

Conversely, let S be a semigroup from (B1), i.e. let S be a retract extension
of a Rédei’s band E by a semigroup of the first type with the retraction ¢ for
which (3.6) holds. Then, for every a € E, ®, is a semigroup isomorphic to some
subsemigroup of S/E, so ®, is a semigroup of the first type for every a € E. By
this and by (3.6) it follows that S is a tight semigroup.

Let S be a semigroup from (B2), i.e. S is a retract extension of a Rédei’s
band F with the identity e by a tight nil-semigroup with the retraction ¢ for which
(3.7) and (3.8) hold. Then ®, is a subsemigroup of S and is isomorphic to some
subsemigroup of S/E, so ®, is a tight semigroup for all a € E. By this and by
(3.7) and (3.8) we obtain that S is a tight semigroup.

Let S be a semigroup from (B3), i.e. S is a retract extension of a regular
tight semigroup 7' with a nontrivial maximal subgroup G by a semigroup of the
first type with the retraction ¢ for which (3.9) and (3.10) hold. Then by Theorem
2.1 it follows that G is a Boolean group, T' = G U H, where H is a Rédei’s band
and (2.1) holds. Let P = |J{®, | a € G}. Then P is a ret ract extension of G.
Since P/G is isomorphic to some subsemigroup of S/T, then P/G is a semigroup
of the first type. By this, by (3.9) and by Theorem 2.2 we obtain that P is a
tight semigroup. Moreover, for every a € H, ®, is a semigroup isomorphic to some
subsemigroup of S/T, so ®, is a semigroup of the first type. By this and by (3.10)
and (2.1) it follows that

Hz, 9’| = Hy, 2}?| = {2?, oy, yz, 9} = {2, a}| < 2,

for all z € P,y € ®,, a € H. Therefore, S is a tight semigroup.
If S is a semigroup from (B4), then the proof follows immediately. O
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