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ON THE LAURENT COEFFICIENTS OF
CERTAIN DIRICHLET SERIES

Aleksandar Ivié

Abstract. Explicit expressions for the coefficients of the Laurent (Taylor) expansions of
certain Dirichlet series are given. These are used for the evaluation of certain integrals containing
the error terms of some well-known problems of multiplicative number theory.

1. Expressions for the Laurent and Taylor coefficients

Let 0=A1 < A2 < ..., lim, ,o, A\ =400, and let
oo s oo
o) =Y ane " =Y anlyt (=™ (1)
n=1 n=1
be a (general) Dirichlet series (s = o+it; o,t € Re) such that the counting function
Alx) = an (1.2)
<z
may be written in the form
M
A(z) = z%( Z cm log™ ) + u(x) (1.3)
m=0
with ¢pr > 0 and
u(z) = O(x?) (0<b<a), (1.4)

where u(x) is integrable for > 0. Thus u(x) may be thought of as the error term
in the asymptotic formula for the counting function A(z). This type of situation
often occurs in many problems of analytic number theory, and some examples will
be discussed in the sequel. It can be shown without difficulty that f(s) can be
analytically continued to a function which is regular for Re s > b, except for a pole
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at s = a of order M + 1. We are interested in explicit expressions for the coeffi-
cients of the Laurent (Taylor) expansion of f(s) for Res > b. Such problems were
investigated, under various hypotheses, by several authors such as Balakrishnan
[1], [2] and Briggs-Buschmann [3]. It appears that the previous authors focused
their attention on the Laurent expansion near the pole of the Dirichlet series in
question, whille we want to provide expressions for the Taylor coefficients at other
points as well. Our first result is

THEOREM 1. If f(s) satisfies the above hypotheses, then its Laurent expan-
sion at s = a is

M+1 [e8)
f8)=> Dm(s—a)™™+ > Ei(s —a)t, (1.5)

m=1 k=0

where
D, = (m—Dlacyp_1+mle,, (m=1,..., M), Dyy1 = Mlacy, (1.6)
=Dk > _
E, = x 2~ %*(log z)"du(z) (k=0,1,...). (1.7
o Jioo

The Taylor series of f(s) at s =" (s' # a, Res' > b) is
1) =S Eu(s)(s— )" (s—s|<|s'—al, Res>b),  (L8)
k=0

where for k=10,1,...,

(-D* [
Ey(s') = ~—; {Zm(m+1)...(m+k—1)Dm(s'—a)_m_k
' m=1

k
(1.9)
o0 7
+/ =% (log z)*du(z) 3.
1-0
Proof. By the Stieltjes integral representation we have, for Res > a,
oS} M o
f(s) =/ z°dA(z) = Zcm/ 2" Yalog™ z +mlog™ ' z)dx

e m=0  “1 (1.10)

+/ x~%du(z),
1

—0

since £; = €’ = 1. Such representations of Dirichlet series by Stieltjes integrals are
very useful, and have been systematically used e.g. by Karamata [8], [9]. One can
evaluate

/ 2 ogmx - dx = / e AUy dy = (s —a) ™1 / e ttmdt
1 0 0

=(s—a) ™ ' T(m+1)=ml(s —a) ™!,

(1.11)
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and obtain by integration by parts

/ z %du(z) = —u(1-0) + 5/ w(z)z ™" dr. (1.12)
1-0 1
In view of (1.4) it follows that the integral on the right-hand side of (1.12) converges
absolutely for Re s > b, and in that region it represents a regular function of s. Thus
from (1.10) and (1.11) we have, for Res > b,

M+1 o

[5)= Y Du(s—a)™ +/1 o= du(z) (1.13)

-0

with D,,, given by (1.6). The relation (1.13) provides analytic continuation of f(s)
to the region Res > b, where f(s) is regular except for a pole of order M + 1 at
s = a. To obtain (1.7) note that

/ m_sdu(m)z/ %~ (5= 108z gy, ()
1 1

— * —a .- (_1)k 1 k kd

a /1—0x ; o log - (s —a) du(z) (1.14)
[eS) 1 0 »

Zg{( k!) /1701' logkx-du(m)}(s—a)k,

To justify the inversion of summation and integration note that

o0 o0
/ z%log® - du(z) = epu(l — 0) — / u(z)(—alog® z + klog" ' )z 'da
1-0 1
(0 =1 and g = 0 for k > 1), so that by (1.4) the integral on the right-hand side
is absolutely convergent. Inserting (1.14) in (1.13) and comparing with (1.15) we
obtain (1.7), since Laurent expansions of analytic functions are unique.

To obtain (1.9) note that for Res > b, s # a and k = 0,1,... we have from
(1.13)

M+1
B (s) = Z Dp(=Dfm(m4+1)...(m+k—1)(s —a) ™"
m=1 (1.15)
oo
+(—1)’“/ 2 log" z - du(z),
1-0
since we may use (1.12) in (1.13) and differentiate under the integral sign in view

of the absolute convergence of the integral in question. On the other hand, for
Res' > b, s' # a,

(k) (!
f(s)zszkkgs)(s—s')k (|s — s'| < |s' —al|,Res > b). (1.16)
=0
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The condition |s — §'| < |s' — a| in (1.16) stems from the fact f(s) has a pole at
s = a. Replacing s by s’ in (1.15) we obtain (1.8) with Fj(s') given by (1.9). This
finishes the proof of Theorem 1.

Before we proceed further some remarks are in order. No attempts have been
made to make Theorem 1 as general as possible, and there are several ways in which
it could be generalized. First, the condition (1.3) can be naturally generalized to
read

kM
A(z) = Z an = Z Zci,,-xailogj z + u(z), (1.17)
tn<az i=1 j=0

where the ¢; ;’s are real constants (ci,m,; > 0),
ag >az>...>a >0, (1.18)

and the constant b in (1.4) is to satisfy now 0 < b < ay. The analysis made in the
proof of Theorem 1 remains valid with the obvious changes. Namely, there will be
poles as s = ; of order M; + 1, and (1.13) will be replaced by

kM1 . o
fls)= Z Z Dim(s —ay)7? +/ z”’du(z) (Res > b) (1.19)
i=1 j=1 1-0

with suitable constants D; .

Another possibility for generalization is to consider, instead of (1.3), the case
when

A(z) = 2°L(z) + u(z), (1.20)

where u(z) satisfies (1.4), and L(z) is a slowly varying function in the sense of
J. Karamata. For our purposes this will mean that L(z) is a positive, continuous
function for z > 1 such that
. L(cx)
lim

=1
z—00 L(m)

for any ¢ > 0. Then one has (see e.g. E. Seneta [12])

L(z) = B(x)exp (/1 n(t)%) , (1.21)

where lim,_,o, B(z) = B > 0, lim,_,, 7(t) = 0 with B(z) continuous and 7(t)
integrable. The sum of logarithms appearing in (1.3) is obviously a slowly varying
function.

For technical reasons we have assumed in (1.1) that A\; = 0, and this condition
may be removed with the obvious modifications in the proof. However, in the most
often encountered applications in multiplicative number theory the Dirichlet series
are of the form f(s) = > a,n™*, which is the case A\, = logn of (1.1), where
A1 = 0 is fulfilled.
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2. Case of the Riemann zeta-function

It seems natural to consider first the classical case when f(s) in (1.1) reduces
to the Riemann zeta-function. We take

:in”z((s) (Res > 1),

so that in the notation of Section 1

=Y 1=z+u(@), ul@) =[] -z, a=1, M=b=0, D; = L.

n<lz

In this case we have

¢(s) (2.1)
where (1.7) gives (the constant in (2.1) are traditionally denoted by ~yx)
_(=Dk / Nk _
=T A}gnoo 170:5 log® z - d([z] — z)
(2.2)

(=% logfn loght' N
= 1 —
im E -

!
k!l Nowo nN k+1

For s = s’ and s' # 1, Res’ > 0 we have
Z’yk (s—s") (2.3)

where by (1.9)

k 1, (=DF N k
(') = (=1)F(s' = 1)=F=1 4 lim / 2= log* z - d([z] — 2)
k! N—o0 1—-0
= (=1)k(' —1)7F 1+ﬂ lim E n=? logkn—/N * log" zdx
k' N—oo N

Evaluating the last integrals by successive integrations by parts we obtain, for
kE>1,

Yk (s) =(—1)’“(s’ — 1)~
klogh ' N

(-1
! NW{E " s'—1  (24)
+k(k—1)10g_ N, k! )}

s

1(1gN+

(8’—1)2 +m



28 Aleksandar Ivié

The representation (2.2) is the classical one due to Stieltjes (1885), and the con-
stants 7y, are commonly called the Stieltjes constants. Their numerical values have
been calculated by Israilov [4], [5], and the first few are

N =0 =0.57721... 71 = 0.07281... v, = —0.00485. .. ,7v3 = —0.00034. .. .

The constant vy = y9 = — fooo e %logzx - dx is traditionally known as the Euler con-
stant. It was proved by Mitrovi¢ [11] that each of the inequalities v2, > 0, Y25, < 0,
Yon—1 > 0, Yan—1 < 0 holds for infinitely many n. For the expression (2.4) I have
not been able to find a reference in the literature.

3. Finite zeta-products

In many problems of multiplicative number theory the generating Dirichlet
series is of the form

F(s) = T (¢ (ay)) S TN (¢9) (Brns)) ~*m, (3.1)
where 7, g, > 0; kj,£, > 1 are integers, and

O<ar<m<...<ay, i <P2<...<Bum (0 # Bm)

are real numbers such that ay < ;. For Res > 1/ay
oo
f(s) = Z ann”?, (3.2)
n=1

where a,, is a suitable arithmetic function (sequence), and the series in (3.2) con-
verges absolutely. We can write

z an = M(z) + E(x), (3.3)

n<x

where M (z) and E(x) may be thought of as the main term and the error term,
respectively, for the summatory function of a,. By applying Perron’s inversion
formula for Dirichlet series (see e.g. the Appendix of [7]) and using the residue
theorem it is seen that we may assume M (z) to be of the form

Jl
1o
M(z) = Z:c I1Qr; 1k, -1(logx), (3.4)
j=1

where Qp(t) denotes a suitable polynomial of degree p in ¢, and J' is the largest
integer such that ajy > f1/2, since ((91)(B;s) certainly has zeros in the region
Res > p1/2. We also suppose that we can obtain, by elementary or analytic
arguments,

E(x) = O0(z"), 0<n<1l/ay. (3.5)

Then we have
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THEOREM 2. If f(s) is generated by the finite zeta-product (3.1), then for
Res' > n and any integer k > 0

/oo gt (logk x)E(x)d:v (3.6)

1
can be expressed as an explicit finite sum involing the coefficients v and ~yi(s')
given by (2.2) and (2.4), respectively.

Proof. At the point s = s’ the k-th Taylor coefficient (or Laurent coefficient,
if s/ = a; for some 1 < j < J') of f(s) can be expressed as an explicit finite
sum involving the constants v, or vx(s'). This follows directly from the product
representation (3.1), since the Taylor (Laurent) series for ((9)(s) may be obtained
by differentiating the Taylor (Laurent) series of {(s) term by term ¢ times. The
coefficients of 1/¢(9)(s) may be found from the relation 1 = ¢(@(s) - 1/¢(@(s) in
terms of the v¢’s or v (s')’s.

On the other hand, by following the proof of Theorem 1, it is seen that the
k-th coefficient of f(s), say ¢k, may be expressed in terms of

oo o0
/ 2z log*z - dE(z) = — E(1 — 0)ey, + (s' + 1)/ " Llogkz - E(z)dw
1-0 1
o0 !
- k/ z7 togt 'z E(x) d.
1

If we compare the two expressions for ¢, we shall obtain a linear recurrent relation
between d and dj_1, where

dy, = / z* Llogkz - E(z) dz,
1

and by solving this recurrent relation for dj, the assertion of the theorem follows. It
is clear that in the general case the expression for dj is complicated, so no attempt
is being made to write it down explicitly. In the next section several examples of
finite zeta-products will be worked out in detail.

4. Some examples of finite zeta-products

4.1. The general Dirichlet divisor problem. Consider

oo o0 M
£(8) =" du(n)n™ = (Z n—8> =(M(s) (MeN;Res>1), (4.1)

so that, for M > 2 fixed, the multiplicative function das(n) denotes the number of
ways n. may be represented as a product of M factors. In this case we know that

A(z) = Z dy(n) = xPy—1 (logz) + Apr(2), (4.2)

where Pys_1(t) is a suitable polynomial in ¢ of degree M — 1. The estimation of
the error term Ajs(z) in (4.2) is known as the general Dirichlet divisor problem
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(the case M = 2 being known as the Dirichlet divisor problem). An elementary
argument (see Ch.12 of Titchmarsh [13]) easily shows that

Ap(z) = O MlogM 22y (M >2),
while for the main term we have
Py 1(logz) = Resszlxs_lCM(s)s_l,

so that the coefficients of Py;_; may be expressed in terms of the Stieltjes constants
~k- In the notation of (1.3) this means that a = 1, u(z) = Ap(x), and near s = 1
we have the Laurent expansion

ZdJMs—l +27]Ms—1 (4.3)

where by (1.7)
—1) [ .
VM = ( ]1') / z 'log! x - dAn(x). (4.4)
oJiso

In view of (4.2) we can write down explicitly

’Yj,M—( 2 lim (ZdM Ylog! n-n~!

N—oo —~
" (4.5)

N
—/ z  og? & - Qar—1(log ) -d:c) ,
1

where Qpr—1(t) = Pp—1(t) + Py;_,(t), and the integral in (4.5) may be easily
evaluated elementarily. Of course, when M = 1, then ~;; = v;, as given by (2.2).
On the other hand by (2.1) we have

(s —1)7)", (4.6)

¢M(s) = (-

and developing the right-hand side of (4.6) by the multinominal theorem and com-
paring with (4.3), it follows that each v;, pr may be expressed as a suitable finite sum
of the form " 'yjr.l . ny with non-negative integer exponents r1, ... ,7r. However
from (4.4) we have

(=1’ —21 0
YiM = i (—e;Am(1-0 AM log? z - dz),

where as before g =1 and g; = 0 for j > 1, AM(l —0) = —Pyr1(0). Hence this
shows that each integral

/ Ay (z)z 2 log & - dx (M>2; j=0,1,...)
1
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may be expressed as a finite sum involving the Stieltjes constants ~y;. In particular,
this method easily shows that

/ " Ap(@)adr = (10 — 1) + 27, (47)

/ As(2)z™2dr = (70 — 1)° + 3(71 — 72) + 67071- (4.8)
1

The identitites (4.7) and (4.8) were obtained, in a more complicated way, by Lavrik
et al. [10].

4.2. Squarefree numbers. A number n is squarefree if n = 1 or if
n = p1 ...pr, where the p;’s are distinct primes. Thus n is squarefree if and only if
p?(n) = 1, where u(n) denotes the Mdbius function. Hence

fs) =D mn~ = ((5)/C(28)  (Res>1),
n=1 (4.9)
Afz) = Y #(n) = 6172 + (),

n<lz

where R(z) = O(z'/?) follows by elementary arguments (see. Ch. 14 of [7] for a
sharper result). In this case (1.7) of Theorem 1 may be directly applied to yield

E, = (_kl!)k /1: z~Ylog z)*dR(x)

—1)* *° =
_ (=D k‘) (—exR(1—0) + / =% log" zR(z)dx — k/ 2~ log" " zR(z)dx)
! 1 1

with g = 1 and &, = 0 for k > 1. Since R(1 — 0) = —67—2, we have

EO = 67"'_2 + Fo,

(—l)k (4.10)
E, = T(Fk_ka—l):Gk+Gk—1 (kZ 1),
where
ok (-1)*
F, = z7%log" z - R(z) dz, Gy = x Fy.
1 !
From (4.10) we have, since Gy = Fy = Ey — 6772,
k .
Gr =Y (-1 7E; + (-1)"6n?,
3=0
hence
k .
Fy =k (-1)E; — klén >, (4.11)

Jj=0
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On the other hand

¢(s) — (
¢(2s) s—1

+’70+’71(S—1)+’72(8—1)2+...)(d0+d1(8—1)+d2(8—1)2+...).

From (2.3) and (2.4) one has dj, = 2¥v,(2), but it is perhaps more convenient to
note that

1.1 (=2)F & P
= — = 1 - . .
di, k!(C(2$)) . X n;lu(n) og"n-n (4.12)
Therefore
k
E, = Z’)’jdkfj + dit1- (4.13)
7=0

Inserting (4.13) in (4.11) we obtain

THEOREM 3. If R(z) is defined by (4.9), vr by (2.2) and dj, by (4.12), then
fork=0,1,2,...

00 k j
/ 27 ?R(z)log" 2 dz = k'z (Z Yrdj—r + d3+1> — kl6r—2,
1

7=0 r=0

and in particular

/Imx-Rde—(w—l) > 725101 (2),

It is clear that instead of squarefree integers we may consider r-free integers
(generated by ¢(s)/¢(rs)). Also, for Res’ > 3/2 and j = 0,1,... the integral
f1 d R(z logk z dr may be explicitly evaluated in terms of the Stieltjes con-
stants v; and 7;(s")’s as stated in Theorem 2.

4.3. Squarefull numbers. A number n is squarefull if n = 1 or if
R (> 2, a0 > ),

where the p;’s are distinct primes. Let A(z) = ), ., an, where a, = 1 if n is

squarefull and zero otherwise, so that A(z) is the number of squarefull integers not
exceeding z. Then we have (see Ch. 14 of [7])

= an~’ = % (Res > 1/2), (4.12)
Alz) = —C%f) 22 4 —Céz(g’)ml/?’ + E(2), (4.13)

where for some C > 0

E(z) = O(z/%exp(—Clog®® z(loglog )~ '/%)). (4.14)
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Here again we have an example of a finite zeta-product, and we shall give explicit
formulas for 1(3/2) and I(4/3), where

I(s) = /1 o B() da. (4.15)

In view of (4.14) and Theorem 2 it follows that I(s) may be explicitly evaluated for
Res > 7/6 in terms of the constants v; and 7;(s’). In the neighborhood of s =1/2
we have

0= [ ea = LD [T g,

C2/3) [ s R
+ 34(2)/1 z /3da:+/10:v dE(x)

) (2/3) S
= s—1/2)+3<<2)<s—1/3)+/1_0 4B ()

32) L K@/3) [T i 1
2B -1/2 T @) +/10 4E(z +Zef

for suitable constants e;. On the other hand

f(s) = C(ZCS()GCS()?’S) =(2 ! 1 +y+m2s—1)+...)x
d((3s s
i -

§=3

so that by comparing the constant terms in the two forms of the Laurent expansion
for f(s) near s = 1/2 we obtain

20/3) | [ 1 2C(3/2) | 3C)C(3/2) - 6C(3/2)C'(3)
D) +/10 B@ =@y 20(3) '

Since
oo

° 1
/ ¢ Y2dE(x) = —E(1—0) + = 5 2 3?E(x
1

-0
¢(3 ) 2/3 —3/2
@ T / VEE() da,

we obtain the explicit expression for 1(3/2), and in a similar way the formula for
I(4/3) may be found. The final formulas are contained in

THEOREM 4. If v is Euler’s constant and E(z) is given by (4.13), I(s) by
(4.15), then

1

3. C3/2)  60(2/3)  3(3C(3/2) - 60(3/2)C(3)
1Q=20-D"0 ~ @y T 6 :
i C2/3)  60(3/2) | 2A(C(2/3) - 602/3)C (@)
1Q)=30-00y ~ @ * e ‘
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4.4. The generalized von Mangoldt function. This is the function

defined by
Z p(d log

where k is a natural number. For Res > 1,

e (k)
> et = (-t £ = g,

It is known (see [6] or Ch. 12 of [7]) that

Z Agx(n) = Py_1(logz) + Rp(z),

n<e

where P;_1(t) is a suitable polynomial of degree k—1 in ¢ with the leading coefficient
equal to k, and

Ri(z) = O(z - exp(=Cy log®”® z(loglog z) /%))  (Ck > 0).

Thus near s = 1 we have, by Theorem 1,

k [e's)
fi(8) =Y Bjn(s = 1) + > Cjn(s — 1),
j=1 Jj=0
where )
(GO AT
Cik =" x” " log? x - dRy(x). (4.16)
J: 1-0
Now we have, near s = 1,
(—1)F¢W(s) = k(s = 1) "1+ > " Dji(s — 1) (4.17)
7=0
and -
— = Z (s —1)7 (4.18)
By Th. 3.13 of Titchmarsh [13]
1 oo
C— Z (Res > 1);
so that ‘
L1 \» (-1 & g
a;j = =(— = n)n" log’ n. 4.19
i=algm) | = 2 pmn o (4.19)
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Therefore from (4.17)-(4.19) we obtain

_
Cor =377 =

p(n)n~" log" ' m,
but since (4.16) gives

Cox = —Ri(1—0) + / +~2Ry(z) do = Py 1(0) + / v Ry(z) do,
1 1

we obtain
THEOREM 5.
/oo 27 2Ry (z)dz = ﬂ i p(n)n~loghtt n — Pp_1(0) (4.20)
1 k+1 oo B ) )

It may be remarked that the integral in (4.20) could be also expressed by
the Stieltjes constants v;, but the expression would be complicated, whereas the
right-hand side of (4.20) has simple form. In the case k = 1 it is not difficult to see
that (4.20) reduces to the known identity

/Oo:tf2 ZA(n)—x de=—-1—+,

1 n<z

where A(n) = A1(n) is the classical von Mangoldt function.
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