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TRACE FORMULA FOR NONNUCLEAR PERTURBATIONS
OF SELFADJOINT OPERATORS

Milutin Dostanié

Abstract. The trace formulas for the operator ¢(H1) — ¢(Hp) are deduced when Hy — Hy
is a nonnuclear operator and y is an enough wide class of functions.

1. Introduction. Suppose B(H) is the algebra of all bounded operators
over the Hilbert space . Denote by C, and |- |, the Neumann-Schatten class of
operators and their norm [2]. For an operator W € Cy by det2(I + W) we denote
its regularized determinant.

Let H; and Hy be selfadjoint operators (possibly unbounded) on a Hilbert
space ‘H. If H — Hy = V is a nuclear operator and ¢ is an element in a sufficiently
large class of functions, then Krein [3,4] proved that ¢(H;) — ¢(Hp) is a nuclear
operator and that

trace (ip (Hy) — o (Ho)) = / £V, (1.1)
R

where ¢ is the real function in L'(R) uniquely determined by Hy and H;. Usually,
the relation (1.1) is called the trace formula.

Krein also proved the following relation between the function and the pertur-
bation determinant:

det (I +V(Hy —2)") = exp /%dk , Imz #0.
R

Koplienko [5] extended the trace formula (1.1) to the case when Hy — Hy
is not a nuclear operator. The trace formula was deduced when ¢ is a rational
function with the poles in C\R and |p(o0)| < oc.
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In this paper we prove regularized trace formulas for a nonnuclear perturba-
tion of selfadjoint operators in the case when ¢ is not an analytic function. Our
method is different from the method given in [6]. The following theorem is a result
of Koplienko:

THEOREM 1.1 Let Hy, V be selfadjoint operators, V € Cs and let ¢ be a
rational function with poles lying in C\R and |p(o0)| < co. Then
(1) Ry =¢@(Ho +V) — o(Ho) — Lo(Hy + zV)|4=0 € C1

(2) There exists a real function o (depending only on Hy and V) of bounded
variation such that

trace Ry = /cp"()\)da()\)
R
(3) V.o < |V]3/2! oo f is the variation of f on (—00,00)).

2. Results. Let M, be the set of all the functions ¢ of the form ¢p(z) =
Jre*®g(t)dt where g is a measurable function such that [ [¢|"|g(t)|dt < oo for
v=20,1,2,...p (p > 2). The functions from M, are not necessarily analytic, and
the set M, contains the class of functions from Theorem 1.

Recall that if A, B € B(H), then [1] we have

00 t s1 Sp—1

(A+B) _ A+ / / /

e e+
;1 (2.0.1)
-0 0 0

eAlt=s1) BeA(si=s2) B BeAlsn—1=5n) BeAsn qq. dg., . . . ds,

(The series converges in B(H)).
LemMMA 2.1 IfHy=H§,V =V* € B(H), t,xz € R, then

oo
it(Ho+aV) _ gitHo | Z i"2" By (t), (2.1.1)
n=1
where

t s1 Sny

Bo(t) =0/0/0/ (2.12)

etHo(t=s1)y/ciHo(s1=52) 1, y/giHo(sn—1—8n) 7/ giHosn dsidss . ..ds,

Proof. If Hy € B(H), then (2.11) and (2.12) follow directly from (2.01). So,
suppose that Hp is an unbounded operator. Set H*) = HyE(—k, k), where E is
the spectral measure of Hy. The operator H(*) is bounded and we have

1
lim ()\—H(’“)) h=(\-Hy) 'h (heH, Im\+0)

k—o0
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i.e. the sequence H*) converges to Hy in the strong resolvent sense. By the Troter
Theorem [7] we have

Jlim etH™ [ — ¢itHop e 9 teR. (2.1.3)
—00

Setting H®) instead of Hp in (2.1.1), (2.1.2) and letting k tend to infinity, we
complete the proof of Lemma 1.

LEMMA 2.2 IfHy=H},V =V* € B(H), z,t € R, then for k=0,1,2,...
the following inequality holds

- €

d* it(Ho+aV)
dz*

< [t |vIE. (22.1)

Proof. Since

d* roravy _ 4 acmitev)
ettt =@6 ! le=o (H1 = Ho +2V),

dzxk
by Lemma 2.1, it follows

Sn—1

t 81

k

jﬁeitwﬁgv)k:ozikk!//... / etit=s1)y  yeillisnge deo . . dsy,
00 0

From the previous equality we have

dk
ez’t(H0+:cV)
k

dzk

t s1 Sn—1
gk!//... / [V |[¥dsydss .. dsn = [EF[V]E, (¢ > 0)
00 0
and the proof is complete.
LeEMMA 2.3 If Hy = H§, z,t € R,V = V* € B(H) and ¢ € M, (i.e.
o(x) = [Leg(t)dt, g is a measurable function), then

dk dk it(Ho+zV)
R

Proof. For k =0, (2.3.1) follows from the spectral theorem. If ¥ = 1 we have

d cit(Ho+(z+€)V) _ git(Ho+zV)
s (Ho +2V) = lim g(t)dt. (2.3.2)

£—o0 g

Since
T2
Git(HotzaV) _ git(HokerV) _ / 9 it(Hotav) g,
or
T1
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by Lemma 2.2 we obtain

ez’t(Ho-‘rmV) _ ez’t(Ho-i—mV)H < |t|||V|||£172 _ ;L'1|. (2‘3‘3)

From (2.3.2), (2.3.3) and [ |t||g(t)|dt < oo, by the Theorem of Dominated Con-
vergence, we conclude that

d d
L (Ho+2V) = / Ee’t(Ho""‘V)g(t)dt.
R

Repeating this procedure several times we prove Lemma, 2.3.
From now on we assume V=V* € C, (p >2, p€e N).

LEMMA 2.4 Ifz,t € R, Hy = Hg, then L e Ho+2V) s g nuclear operator
and
ﬁeit(Ho+zV)

p p
- < [P VI,

1

Proof. Since

t s1 Sn—1
%eit(Ho—f-zV) :ipp!//... /
0 0 0

etilt=s1)y v eitli(sp—1—sp)\/citlisp g do s,

(Hy = Ho+ V) and V € C,, we get L ei(Fo+eV) € ¢y and
Sp—1

t 81
gp!|V|g//... / dsydss ...ds, = P|VID (> 0).
00

0

A it(Hotav)
dz?

Set
, = )
Up(t) — ezt(Ho+V) _ - elt Ho+zV |z:0
1 dok
= k!dx
Now, by Lemma, 2.3

p—1 k
def 1d
Ry o (Ho+ V) = 3 2 g (Hy + ) |umo = /Up(t)g(t)dt.
k=0 R

LEMMA 2.5 IfHy = Hf, V =V* € Cp, t € R, then Uy(t) € C1, R, € Cy
and

trace Rp = /g(t) trace Up (t)dt (2.5.1)
R
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Proof. Let m(z) = e*(Hot2V) ' (where t is a fixed real number and = € R).
By the Teylor theorem we obtain

1

m(l) = ”Efl m) ©) 1 mP (z)(1 — z)P~!
i.e. .
= 1 m® (2)(1 — )P 'dx
Ut) = =5 / (@)1~ o) d

Since m(®) () € C* (by Lemma 2.4) and m(?) is a continuous function in C; norm,
we have U,(t) € Cy (Vt € R). By Lemma 2.4 we get

1

1
1
(p) VYl < — — PIVIP(1 — )P 1
'O/‘m (a:)‘l(l x) da:_(p_l)!o/|t| VIP(1 — z)P~ dx

i.e.
Up(&)lr < [VI[DIEP /P (2.5.2)
Hence R, is a compact operator.
Let S be a unitary operator and suppose {e;} is an orthonormal set. Then

T

Z (SRpei,ei)

i=1

T

= ( / g(t)svp(t)ei,ei> ~ | [ 903 (S es e

i=1 R R i=1

<(2) < / 90> 5: (U(1)) dt < / 9 Up(B)], dt
R =1 R

v VB
< [lateerar- 2. (by 252)
R

So,

T

Z (SRpe,-, 61')

i=1

v
<o / 1t7]9(t) dt.
R

When we take the supremum over all unitary operators .S and over all orthonormal
sets {e;}, we obtain

T

VI [ 1o
> si(Ry) < % [ [tPlg(®)ldt,
i=1 p: R

i.e.

Ve
R, € C1, |Ry|, < %/|t|p|g(t)|dt and trace R :/g(t) trace Up(t)dt.
R R
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This completes the proof

LEMMA 2.6 IfHy = Hi € B(H),V =V* € Cp and T = {X\:|\| = 1+ || Ho||+
IV}, then

Up(t) = ~— 1 / eMGH(N)dA

21
r

where G,(A) = (A — Ho) ' (V(A — Ho)™1)P(I = V(A — Ho)~")7!

Proof. From Hy = H§ we have ||[V(A = Ho) Y| < [[V]|QA+ |[V]])"! < 1 for
every A € I'. Hence (A — Ho — 2V)™! = Y22 2F (A = Ho)7*(V(A — Ho)~1)¥; it
follows that

d -1 -1\*
—r (A= Ho—aV)™ o= = k! (\ — Ho) (V (A — Hp) )
and

L d* imeav) 1 it 1 ~1\*
e om0 = 5 / At (Va-H) ) A (262)
T

Since eit(Ho+V) = L [eiX(\ — Hy — V)~1dX from (2.6.2) it follows

r
U ) = —— [ e i (A= Ho)™ (V (\—H )‘1)k = [ M@, ()
P o 0 0 T 2mi P
r k=p r

LEMMA 2.7 Let Hy = Hg be an unbounded operator and V =V* € Cp. If
Hé") = HoE(—n,n) (E is the spectral measure of Hy) and

n _ a(HM 4V 1 eit HM +2V)
Ué )(t) = eit(Ho ) — k'd;ck ( ) azo

then for every t € R

Tim. ‘Up(t) —um (t)|l -0. (2.7.1)
Proof. Since
Uy(t) = 7= (#)(1 - 2)"'da

and

U(n) z)P~ 1dx
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: : (n) .
where m(z) = e!Hot2V) and m,,(z) = e Ho" +2V) we obtain

1
(p—1)!

From (2.1.1), (2.1.2) and [2, p. 119], Theorem 6.3 we have

Up(t) ~ UM ()] < [m? @ - mP@)] (@ - ap-tas
0

lim ‘m(p) (z) — m{P (a:)‘ =0, z€(0,1).
1

n— oo

Now, since |m(1’)(ac)|1 < [tP|V|P and ‘mﬁf’) (:c)‘1 < [tP|V B, (2.7.1) follows from the
Lebesgue Dominated Convergence Theorem.

THEOREM 2.8 IfV € Cy, Hy = Hj and ¢ € My, then
(1) Re = p(Ho + V) — p(Ho) — gep(Ho +2V)|o=0 € C1

(2) There exists a real function o of bounded variation (o depends only on Hy
and V') such that trace Ry = [ ¢“(A)do(A)

(3) V2, o < |V|2/2
M)®QQ+VQ%—@*)=mpcggg%>

Proof. (1) follows from Lemma 2.5. Let Hp be a bounded operator,
Xo € C\R and |Xo| > 1+ ||Ho|| + ||[V|l- Now, by Runge’s Theorem there ex-
ists a sequence of polinomials P, such that r,(A\):= P, (1/(A— o)) = e* on
D = {X:|A| <1+ |Holl +[[V|}. Hence

r(\) = (it)’e*\ (v=0,1,2,...) on D. (2.8.1)
Let Rg") =rp,(Ho+V)—r, (Ho) — %rn(Ho + 2V)|g—0. As in Lemma 2.6, we get

m_ 1

Ry = i /rn()\)Gg()\)d)\.
r

Now, by Lemma 2.6 we have

Us(t) — RS (1) = —

and
() 1 ixt
Us(t) — Ry" (t)‘1 < §/|e’ —rn()\)| -r)r\lglgc|G2()\)|1 -|dA| — 0 (n = o0).
T
Hence lim,,_, , trace Rg") = trace Us(t). By Theorem 1, there exists a function o of
bounded variation (depending only on Hy and V') such that V>3 o < |V|3/2! and

trace R = /r;{(s)da(s) (2.8.2)
R
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From (2.8.1) and (2.8.2) it follows

trace Us(t) = / (it) et dor(s). (2.8.3)
R
From (2.5.1) and (2.8.3) we conclude trace R, = [ ¢"(s)do(s).
R

Now consider the case when Hj is not a bounded operator. Lemma 2.7 gives

lim trace U™ (t) = trace U (t). (2.8.4)

n—oo

From (2.8.3) it follows

2
trace U™ (t) = /(it)2eitsdan(s) and V> o, < %

R

By (2.8.4) and the Helly election Theorem there exists a function o of bounded
variation (V23 o < |V|3/2!) such that

trace Us(t) = /(z’t)ze“sda(s) and trace Ry = /cp”(s)da(s).
R R
The property (4) we obtain similarly as in [5].
THEOREM 2.9 IfHy = Hj € B(H),V=V*€C, (p >3,p€ N) and
@ € Mpi1, then
trace VP

S+ [ @ (oo

R

trace R, =

where v € L?(R) is a function which depends only on V, Hy and p.

Proof. From Lemma 2.6 it follows that f(¢) = trace Up(t) is an entire function
of the exponential type. On the other hand from (2.5.2) we get |f(t)| < [¢t[P|V|b/p!

for every t € R. Hence f(0) = f'(0) = --- = f®»=1)(0) = 0. From (2.6.1) we obtain
f(t) _ traceV?
t—0 (it)P N p!

So 1 ( f(t)  traceV?
» & \ Gyr !
by the Paley-Wiener Theorem we have

50wl

) € L?(R) is an entire function of the exponential type. Now,

R
for some v € L?(R) and

ptrace 1744

£(t) = (it)"*! / e (a)ds + (i0)" T (2.9.1)

R
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The proof of Theorem 2.9 follows from (2.5.1) and (2.9.1).

COROLLARY 2.10. If Hy = H§ is an unbounded operator, V. = V* € C,
(p > 3), then there ezists a sequence v, € L*(R) such that for every ¢ € M1

P
trace R, = %tp(”) (0) + lim o) (z),, (2)dz.
R

Proof. Since
() S~ Ld (m
= (1) s (4 50) (5= )
k=0

- / (U (1),
R

by Lemma 2.7 we get
lim trace RI(,”) = trace R,. (2.10.1)

n—oQ

By Theorem 2.9 there exists a sequence v, € L2(R) such that

trace VP
trace RI()") = 7‘<p(p) (0) + /cp(”“)(x)%(x)dz’
R
and the proof follows by (2.10.1).
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