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ESTIMATION OF PARAMETERS OF RCA
WITH EXPONENTIAL MARGINALS

Biljana Popovic

Abstract. The estimation of parameters of time series whose marginal distribution is
exponential with parameter y, g > 0 is somewhat more complicated than the estimation of
parameters of Gaussian time series. One possible approach using the method of least squares is
given. Namely, the method of least squares is applied in two steps for estimating the parameters
of generalized first order autoregressive time series with exponential marginals. A special case of
estimating parameters of the model FAREX (1) is also given.

1. Introduction. The estimating of parameters of the random coefficient
model instead of those first order autoregressions that are represented by mixtures
of distributions has been inspired (Popovi¢ [1990]) by the fact that many of the
well known first order autoregressions whose marginal distribution is exponential
with parameter p,pu > 0, {X;, t =0,4£1,4+2,...} can be well represented by the
random coefficient model

Xy =UXy_1 + ViFEy, t is an integer. (1.1)

Necessary and sufficient conditions for such representation are:

I The sequence of random variables {X;} is semi-independent of the random
sequences {U;}, {V;} and {E;} (X; and Uj, or Vj, or E; are independent if and
only if ¢ < j).

IT {E,} is the sequence of independent identically distributed (i.i.d.) random
variables with exponential distribution with parameter y and E; is independent of
U; and V; for every t, i and j.

I {U;}, {Vi} and {(Uy, V4)} are i.i.d. sequences of discrete random variables
and vectors which satisfy the following special conditions:

PO<U,<1)=1, POV, <1)=1
0< E(U?), E[U) <1
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E(V;) =1~ E(U), E(U})+E(VY) =1~ EUV,)

and, if
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=1
and

T
P(W:ﬁj)zpvja j=1,27...77‘, 0Sﬂ1<ﬁ2<---<61‘§17 vaj =1
j=1

then
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for any real s.

The difference equation (1.1) has a unique, stationary (even strong stationary)
and ergodic solution (Popovié [1990]):

o] i—1
Xe=Y | (Ui | VieiBioi + V.
i=1 \j=0

For convenience, further we shall use the following a = E(U;), b = E(U?),

= E(V?), m=E(X;) =1/p.

Nicholls and Quinn [1980] where the first who applied the least square es-
timation in two steps for parameters of autoregressive time series with random
coefficients. But, their random coefficient model has the inovation sequence that
is independent if the vector of random coefficients of the autoregression. We shall
substitute the condition of independence by the set of conditions IT and IIT and esti-
mate parameters a, b and ¢ supposing that the main parameter of the distribution,
14, is known. The strong consistency of the estimators and their asymptotic normal
distribution will be proved below. In the Appendix, we shall use the procedure to
estimate paramters of the autoregressive time series FAREX (1).

2. Estimation procedure. Suppose that the sample {Xo, X1,...,Xn}
is given. As the parameter p is known, we shall translate that sample to the
zero-expectation one, {Yp,Y1,... ,Yn} in the following way

Y;J :Xt —m. (21)

But, according to (1.1) it is easily verified that instead of the time series {X;}, we
can consider the time series {Y;,¢t = 0,+1,+2,...}, where

Y, =aY; 1+ R, (2.2)

for Rt = BtY't,]_ + Ht, Bt = Ut —a, 0,5 = m(Ut + V;g — ].) + V;S(Et — m) This
translation does not disturb the existence of the solution of difference equation
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(2.1) comparing with difference equation (1.1), meaning that the solution exists
and it is also unique, stationary, strong stationary and ergodic.

Let F} be the o-field generated by the set of random vectors {(Us, Vs, Es), s <
t}; then the solution of the equation (1.1) is Fi-measurable.

Let G be the o-field generated by the set of random vectors {(Bs,8s), s < t};
then

E(R; | Gt—1) =Yi1 E(By) + E(6:) =0
E(R} | Gi—1) =Y, E(B}) + 2Y;_1 E(B6;) + E(6})
=(b-a®)Y2,+2m(l —a—c)Y; 1 +m?(1 —b)
=Zy 1Ty 1b— W2 (a) +2mT; 1 — 2mcY; 4
where Z;,_ 1 =Y, 1 —m, Ty—1 =Y;—1 +m and Wi_i(a) = aYi—1 + m.
The representation (2.2) of the process {Y;} has also the following important
properties: the remainders R; are uncorrelated random variables

Cov(Ry, Riyk) = E(Biyr)E(BiY; 1Yiyr 1) = 0 (k is an integer)

and, Y; represented by (2.2) is represented as the sum of two uncorrelated processes
aY;_1 and Ry:

Cov(aY;_1,Ry) = aE(B;)E(Y;2,) + aE(Y;_1)E(6;) = 0.

Now we can set the estimating procedure for parameters a, b and ¢ by means
of least squares.

Step 1. We shall represent remainders R; as R; = Y; — aY;_1. Then

N N N n
YILED RIREY REEE) T
t=1 t=1 t=1 t=1
This quadratic function attains its minimum with respect to a for
a=YIY(YTY)! (2.3)
where Y = (Yp,Y1,...,Yn_1)T and Y; = (Y1, Y5,...,YN)T.
THEOREM 2.1 Under the assumptions I - 111, a given by (2.3) is strongly

consistent estimator for a and vV N(a — a) has a distribution which converges to the
normal distribution with expectation zero and covariance 8b — 9a® — 4a — 4c + 5.

The proof of the theorem will be given below.

Step 2. We shall use now the estimator a instead of the real value a to find
the estimators for the second moments b and ¢ of the random coefficients U; and
Vi . So, we shall use R; =Y; — aY; 1 instead of R; . Now the difference

D;=R}!—E(R?| Gy 1) =R} —bZ; 1Ty 1 +2mcY;, | + W2 (a) — 2mT; 4
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will give the quadratic function Zi\; , D? which can be minimized with respect to

b and to ¢. Hence, when we take a and Rt instead of a and R; the minimums will
be

YT[(YRTA — ARTY) + (YWTA — AWTY) — 2m(YTTA — ATTY)]
AT(AYT - YAT)Y

b=
(2.4)
(AT —RT + WT —2mTT)Y
2mYTY
where A = (ZoTo, ZiTh, - .. , Zn-1Tn-1)T, R=(R%,R2,... ,R%)7,
W = (W§(a), Wi(a),... ,WR_1(a))".
THEOREM 2.2. Under the conditions 1 - I11, the vectors D = (a,b,c) and
D = (a,b,¢é) are such that the vector (D — D) converges almost surely to zero-

vector, and the vector \/N(]j — D) has the distribution which converges to the
normal distribution with mean value zero and covariance matriz K = [K;;] where

é= (2.5)

K11 = E(m™ Y21 Ry)?), Ki2 = Ko1 = E((8m®)™'Y;_1 R Zy_1Ty—15h),

-1

N
K13 = K31 = E(m72Y}_1Rt 2mN71 ZY?_I Q:St),

=1

2.6
Ka» = B((64m®) ' Z{_ | T 1 S}), 20)
N —1
Ky3 = Kgy = E(8m*) ™' | 2mN 'Y Y2, | Zi1T, 1Q;S?)
j=1
and A
Sy = R?+ W72 ((a) —2mTy_1 + 2mcY;_y — bZ; 1Ty @)

Q= @8m) ' 21Ty — Yy,

The proof is given below.

These two steps and two theorems complete the procedure.

Proof of Theorem 2.1. Set the difference

N 'RTY

4=a= NyoyTY,

The sequences {Y;?} and {Y;_1 R;} are strictly stationary and ergodic because of the
properties of {¥;}. This implies that the sequences {N~'Y'Y} and {N!RTY}
converge to m? and zero respectively. Hence, (& — a) converges almost surely to
zero. It means that @ is a strong consistent estimator for a.

According to the central limit theorem for martingales, each element of the
random sequence {N~'/2¢RTY} has a distribution which converges to the normal
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distribution with mean value zero and variance:
E(¢*Y\RY) = B(E(¢’Y2\ R} | Gi-1)) = B(*Y E(R] | Gi—1))
= q2E(Y;4—1(b —a®) + 2}/{&3—17”(1 —a—c)+ )/;2—17”2(1 - b))
= ¢®m*(8b — 9a® — 4a — 4c +5),

for any real ¢ . From the other side,

N
E(NT'Y Y2, —m’ )
t=1

N j—t—1
=2N2 Z E Y;Z,l (aj_tY}_1 + Z akRj_k> —mt

t,j=1 k=0
>t
et [N -1 @@ 1 1-—a
B N2 1-a? N2 (1-a?)?

and the sequence {N~1YTY} converges in probability to m2. So,
R N-12RTY
VN(a —a) = NoIYTY
has a distribution that converges to the normal distribution with mean value zero
and variance 8b — 9a2 — 4a — 4c + 5.

Proof of Theorem 2.2. We shall prove this theorem in two steps. First of all,
we shall assume that a is a known parameter. Then, we shall set b and ¢ to be the
estimators of parameters b and ¢ under Athis assumption. That means that b and ¢
will be defined by the same fomulae as b and ¢ with a and R; instead of a and Ry,
(2.4) and (2.5). It seems reasonable to set D = (a,b,¢). Then

b—b=(YT[Y(RT -RA - ART -RT) Y + YWT —WTA
—AWT —WT)Y))/[AT(AYT — YAT)Y]
[(6 - AT — (RT —RT) — (W™ - WT)]Y
2mYTY )
The elements of the vectors (RT — RT) and (WT — W) are

c—c=

R? — R? = 2(a — 4)Y;_1 R, + (a — a)*Y2
Wtz—l(a) - Wt2—1(d) =2(a—a)Y;-1Wi—1(a) — (a — &)2162_1
respectively.

We shall now investigate the convergence of (b — b). The elements of the
random sequence {N~2YTY(RT — RT)A} can be written as

N N
N 2YTY(RT - RT)A =2(a—a) (Nl > YHZHT“> NN RV},
t=1 j=1

N N
+(a—a)’ (N—l ZYt_lzt_th_1> N7y VR
j=1

t=1
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According to the ergodic theorem, as Y; has moments of arbitrary finite order, we
have

N
N7t Z Y, 17 1T 4 Z5ms , N—= o
t=1

N
N*IZR]-Y]?_IE)O , N = o0

1zyslﬂ>zm LN oo,

According to Theorem 2.1, (a — @) converges almost surely (a.s.) to zero, so that

N N
(a - d) (Nl ZY}_th_th_1> N71 ZR]Y;Z_I ﬁ)O , N — .
j=1

t=1

According to the same theorem,

N N
VN(a - a) <N—1 3 Yt_lzt_th_1> NS RYE, | 250 N = oo
j=1

t=1

Further we shall use also the fact that if v/N(a — @) converges in distribution,
then N'/%(a — @) converges in probability (P) to the mean of the random variable
VN(a — @), i.e. to zero.

The following convergences can be verified

n N
\/N(G/ - d)2 <n1 ZY}_th_th_1> N_l ZY-;?’_I i)O s N — o,
Jj=1

t=1
N2YTYRT —RT)AZ50 , N - oo,
N32YTYRT -RT)AL50 , N = .

Using the same arguments, we have

N2YTART - RT)Y 250 and N—3/2YTA(RT ~RT)Y-50

Y

N2YTY(WT - WT)A%%0 and N-32YTY(WT - WT) A0 |
N2YTAWT - WT)Y 250 and N=¥2YTA(WT - WT)Y 50

when N — oco. Finally N2AT(AYT — YAT)Y258m® | N — .

So, (b — b) converges to zero almost surely and VN (b — b) converges to zero
in probability.

The same adequate arguments will lead us to the convergence of the difference
(¢ — ¢) almost surely to zero and v/ N(é — é) in probability to zero when N —
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00. Hence, the vector (f) - ]5) converges almost surely to the zero-vector, and
Vv N(D — D) in probability to the same vector.
Next, we shall consider the differences

b—b=ATS(ATA)™! and é—c=Q¥sS2mY?Y)™"

where S = (51,9s,...,8v_1)T and Q = (Q1,Q2,... ,Qn_1)T with S; defined by
(2.7) and

N -1 N
Qi =2 1Ty (N_l Z Z§—1Tlf—1> N~ Z Yi1Zj1Tj-1 | =Y.
k=1

7j=1
Let us assign D* = (a*,b*,c¢*)T, where
a* =m2N'Y]Y
b= 8mY) INTTATS + b
¢ = 2mN'YTY)"IN1Q* TS +c.
Now we have a* —a = [m™2 — (N"'YTY)"!]N-1Y;Y and
N Y Y%5am? | N'2YTY25m? | N -
S0 »
a* —a=%0 , VN(a* —a)—0 , N - .
Because of the ergodicity of the sequence {Z? ;T7? ;} and the facts that
(b—b)N"TATA —8m*(b* —b) = NT'ATS - N71ATS =0
b—b* = (b—0b)— (b* —b),
we will have that b — b* 20 and VN(b — b*)—50, N — oo.
Finally, let us discuss the difference (¢* — é) :
F—é=(c"—)+ (-8 =2mN'YTY) '[N "1(Q* — Q)TS]
where the elements of Q* are

N -1 N
Qi = ZeaToy [NV E(ZR TR ) NN E(Yj1ZaTj1) | = Vior.
k=1 j=1

It is obvious that Q} — Q; =30, N — oco. Simple computations will lead us to the
result p
¢ —é2%0 and VN(¢* —&)-——0 , N — oco.

It is clear now that

D* —D2%0 and VN(D* —D)250 , N - .
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For any real vector v = (vq,vs,v3)? we have
N
vi(D*-=D)=N"'>"Hy(v)
t=1

where
Hy(v) =vi(af — ag) + v2(b] — by) + vs(cf — )

a; —ay =m " Y;_1Ry, by — by = (8m*) ' Zi_1Ti1 St

-1
N

cf—ci=|2mN~! Z Yﬁl Q; St
i=1

and consequently
Ht(V) :Ulm_ZY;g_lRt
~1

N
+ [0a@m*) ' Zi T s [2mN T Y Y] QF| S
j=1

It is easily verified that E(R; | G¢—1) = 0 and E(S; | G¢—1) = 0. According
to this E(H¢(v) | Gt—1) = 0. On the other hand, ergodicity and strong stationarity
of the sequence {H;(v)} imply the convergence v7 (D* — D)%%0, N — co. Be-
sides, the properties of the sequence {H;(v)} mentioned above, enable us to apply
the central limit theorem for martingales for this sequence. Hence, according to
the central limit theorem, v7'v/N(D* — D) converges in distribution to a random
variable with zero-mean normal distribution whose variance is E(H?(v)) = vIKv.
The elements of the matrix K are defined by the formulae (2.6). As the conclusion
is valid for any three-dimensional vector v, the assertion of this theorem is proved.

Appendix. The exponential autoregressive model FAREX (1) was intro-
duced by Malisi¢ [1987].

Let {X;} be a stationary sequence of random variables whose marginal dis-
tribution is exponential with parameter u. Then FAREX (1) is defined as follows:

{ aXi 1, w.p. p
Xt =
BXi1+6;,;, wp. 1-p
where {d;} is a sequence of i.i.d. random variables
0,  wp. (a-p)B/[(1-p)
o =4 B, wp. (1-p)/(1-p)
aky, w.p. p(f—a)/[(1-pal

The necesary and sufficient condition for the existence of FAREX(1) is

O<p<a<p<l.
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For p = a = 8 we have well known EAR(1). Other special cases are also valuable.
Further, we shall consider only the case 0 < p < a < 8 < 1, while the other special
cases can be estimated in the same way. The random coefficient representation of
this model is

PUy=a)=1-PU;=8)=p
P(V;=0)=8-p(B-a)/a, P(Vi=a)=p(f-a)/a, P(Vz=1)=1-0
P((U, Vi) = (,0)) = p, P((U,Ve) =(B,0)) = (e —p)Ba,
P(U, Vi) =(8,1))=1-8,  P((U,V) =(8,a)) =p(B—a)/a
and then

a=EU)=8-p(B-a)
b=EU}) = - p(8 - a?)
=E(V?) =ap(f-a)+1-6.
So, if we estimate a, b and ¢ in the way that has been proposed above, we can take

the estimator (p, &, ﬂ) for parameter vector (p,a,3) as the umque solution of the

system above, by replacing a, b, ¢, p,a and § with a, b ¢,p, & and ﬂ, which satisfies
the condition 0 < p < a < 8 < 1. The solution will be:

(P&, B) =
(@+b+é—1—a?)? b—a+ aé 1-b—e¢
(G—a2+b+e—12+(1-a2b-a?) a+b+ée—1-a" 1-a )’

It is clear that the procedure that has been applied for estimating of parameters of
EAR (p) by Billard and Mohamed (1991) will be disturbed in the case of FAREX
(1) by the fact that X; does not depend on §; with probablity p > 0.

REFERENCES

L. Billard, F.Y. Mohamed (1991), Estimation of the parameters of an EAR (p) process, J. Time
Ser. Anal 12, 179-192.

P. Billingsley (1961), The Lindeberg-Levy theorem for martingales, Proc. Amer. Math. Soc. 12,
788-792.

J. Maligi¢ (1987), On exponential autoregressive time series models, Math. Stat. Prob. Theory B,
147-153.

D. Nicholls, B. Quinn (1980), The estimation of random coefficient autoregressive models. I, J.
Time Ser. Anal. 1, 37-46.

B. Popovi¢ (1990), One generalization of the first order autoregressive time series with exponential
marginals, in: Proceedings of the 12th International Symposium Computer at the University,
Cavtat, June 11-15, 1990, 5.5.1-5.5.4

Filozofski fakultet (Received 15 09 1992)
Cirila i Metodija 2 (Revised 01 12 1993)
18000 Nis

Yugoslavia



