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Abstract. We prove that in the class of measurable positive functions defined
on the interval I, = [a,+00) (@ > 0), the class of functions which preserve the strong
asymptotic equivalence on the set of functions {z : I — RT | z(t) — +00,t — +00},
is a class of O-regularly varying functions with continuous index function. We
also prove a representation theorem for functions from this class, and a morphism-
theorem for some asymptotic relations.

1. Introduction and auxiliary results
Throughout this paper, we shall use the following denotations:
I=(0,400), I,=][a,+x) (a>0), F:I,—1I,

o F(tz)
Ke®) = Im T

(tel).

Consider arbitrary functions z,y, F' which are positive on the interval I,, F
is measurable on I, and z(¢),y(t) = +oo as t = +o00. Consider the relation

1) z(t) ~y(t) (t—+o0) = F(z(t)) ~ F(y(t)) (t - +o0).

The class of all functions F' satisfying relation (1) is denoted in this paper
by CRV. This abbreviation is motivated by Theorem 2, where we proved that all
functions F' € CRV have continuous index functions.

Definition 1. A function F: I, — I belongs to the class ORV if it is measur-
able and Kp(t) < 400 for every ¢ € I.

LEMMA 1. For a positive and measurable function F:1, — I, the next rela-
tions are mutually equivalent:
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(a) F satisfies relation (1);

(b) If (ay) and (b,) are arbitrary sequences tending to +oo, then a, ~ by,
as n — oo implies F(ay) ~ F(b,) asn — oo;

(c) It holds true

F

fim L) g
A=1 F(z)
T—-+00

Proof. (a) = (b). Taking z(t) = a, and y(t) = b, forn <t <n+1, we
have
lim _F(an) = lim F(a[t]) =
n—00 F(bn) t—+4o00 F(b[t])

(b) = (c). Take any sequence z, > 0 tending to +o0, and any sequence
An > 0 tending to 1, as n — oo. Putting a, = A\p2n, by, = x, and using (b), we
find
F An n
lim £ Onn)

=1
n—+oo F(.’L‘n) ’

whence we get (c).

(¢c) = (a). By relation (c), we conclude that for every ¢ > 0, there
exist some A(e) and d(e) > 0 such that |F(Az)/F(z) — 1| < € for z > A(e)
and |1 — A| < d(e). By assumptions from (a), we have |z(t)/y(t) — 1| < d(e)
if t > t1, and y(t) > A(e) if t > to. Taking t» = max{to,t1}, we finally find
|F(z(t))/F(yt) — 1| <efort>ty. O

Examples. I. If F' is an arbitrary function from the class RV with index
p € R then F(z) = z°L(x) for some function L € SRV and all z € I,. By
Lemma 1(c) and the Uniform convergence theorem for slowly varying functions [3],
we obtain F' € CRV.
I1. The function F(z) = 2+sin(logz) (z € I,) belongs to the class ORV, but
does not belong to the class RV. Nevertheless we have lim Ao (F(\z)/F(z)) =
—+0o0

z
1. The similar is true for the function F(z) = exp{sin(2logz)} (z € I,).

III. If € is an arbitrary bounded, measurable function on the interval Ig, then
the function F(z) = exp { [ @ dt} (z € Ip) belongs to the class ORV, and we
have the inequality A> < F(\z)/F(z) < X’ (z € Ig,\ > 1), whenever a < €(t) < b
(t € Ig). For any value A < 1, we have the reverse inequalities. Hence, we have
lim AL (F(Az)/F(z)) =1,ie. F € CRV.

T—r+00

Remark. By a straightforward calculation, it can be easily checked that
(a) if F,G € CRV, then F -G € CRV;
(b) if F € CRV, then 1/F € CRV;

(¢) if F,G € CRV, F o G is a measurable function, and G(z) — +oco as
T — 400, then FFoG € CRV.
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Hence we conclude the class CRV is a multiplicative group, and the class
CRV®>® = {F € CRV| lim,_,, F(z) = +o0} is a groupoid with respect to the
composition of functions.

IV. Let F be any function from the Matuszewska class [3] . Then for some
¢ € R, and some measurable, bounded functions p and € on I, such that lim,_,
u(z) = 0, we have the representation

(2) F(z) = exp {c+ wz) + /j @ dt}.

From this representation, we conclude that F' € CRV.

V. The function F(z) =2+ sinz (z € I) belongs to the class ORV, but the
limit lim x_,1 (F(Az)/F(z)) does not exist. Hence F' ¢ CRV.
T —+00

LEMMA 2. Ewvery function F from the class CRV defined on I,, belongs to
the class ORV .

Proof. If F € CRV and € > 0, then there are an g € I, and § > 0 such that
1—e< F(Az)/F(z) <1+ e whenever z > zg,|1 — A| <. Hence F € ORV. O

Since the class C RV is a proper subclass of the class ORV, and any function
F € ORYV has the representation
T e(t
3) F(z) = exp{,u(x) + / th} (z € Ip),
B t
for some measurable, bounded functions p and € on Ig, by the remark above and
Example III, we have
(4) F e CRV < lim (p(Az)—p(z)) =0.

A—1
T—+00

LEMMA 3. For a continuous function h: i,z 4 — R, the next conditions are
equivalent:

(a) h is uniformly continuous on g 4;
(b) lim xo (R(A+2z)— h(z)) = 0.
T—+0o0

Proof. (a) = (b). If h is uniformly continuous on I,z 4 and € > 0, then
there is a 0 > 0 such that |h(z') — h(z")| < € for arbitrary z',2" € Iiog 4 such
that |2’ — 2| < §. Thus, we have |h(A + z) — h(z)| < € whenever z,A + = €
Log 4, and |A| < 4. Hence, for sufficiently large z € Iioz 4 and |A| < § we have
|[h(A + ) — h(z)| < ¢, i.e. we have (b).

(b) = (a). From (b) it follows that for any € > 0 there are g, Ay such
that |h(A+ z) — h(z)| < € whenever x > zo and |\| < Ag. Hence, h is a uniformly
continuous function on I,. If zg > log A, then h is uniformly continuous on the
interval [log A, o], so h is uniformly continuous on [log 4, +00). O
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COROLLARY 1. For any function F, positive and continuous on the interval
14, the next conditions are mutually equivalent:

(a) F € CRV,

(b) F(z) = exp{h(logz)} (z > A), where the function h(z) = logF(e")
(x € Dog 4) is uniformly continuous on fiog A.

LeEMMA 4. If h: L,z 4 — R is a measurable and bounded function on Log 4,
then the next conditions are mutually equivalent:

(@) h(z) = p(z) +7r(x) (x € Log a), where p is a measurable, bounded function
such that p(x) — 0 as £ — +00, and r is bounded and uniformly continuous on
IlogA;

(b) zéléi%)oo (h(A + z) — h(z)) = 0.

Proof. (a) = (b) is trivial.

(b) = (a). For any § > 0, denote ws(z) = sup{|h(z') — h(z)|:z,z' €
Iiog a}. Then for every € > 0, there is an M = M(e) and a dp = dg(e) > 0
such that ws(z) < € for £ > M,§ < §;. Next for t > B > log A, there is a
function ¢¢(z) € C(R) such that supp p;(z) C (t — 1/t,t + 1/t), ¢ > 0 on R,
Jg pi(z)dz = 1 and F(t,z) = ¢;(z) is a continuous function with respect to the
variables (t,x). Then f(t) = [, ¢i(z)h(z)dz = [, F(t,x)h(z)dz is a continuous
function on ¢t € Ig. Now v(t) = h(t) — f(t) is a measurable function on Ig, and we
have

0] =m0 = 0] =| [ pr@)hie) ) da] <

/ Pu(@)[h(o) ~ ()] do < wos (1)
IgN(t—1/t,t+1/t)

Hence we obtain v(t) — 0 as t — +o00, and consequently h(t) = f(t)+v(t) (t € Ig).
Since v(t) — 0 as t — 400, we find v and consequently f satisfy condition (b).
Denoting B = log A, f(z) = r(z) and v(z) = p(x) for x € Loz 4, we see that both r
and p are bounded on Ijoz 4. By Lemma 3, we immediately get condition (a). O

Remark. By a straightforward calculation, one can check the function
0, x € (—oo,t —1/2t] U[t+1/2t,+00)
oie) = Flt.0) = { pvleey
2¢(1 =2tz —t|), |z —t| <1/2t
defined for t > B, satisfies all the conditions from Lemma, 4.

2. Representation and characterization theorems
for the class CRV

THEOREM 1 (Representation theorem). A function F' belongs to the class
CRYV if and only if we have
Te(t
(5) F(z) = exp {ﬂ(x) +r(logz) + / € dt} (z € Ip),

B t
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where € is a measurable, bounded function on some interval Ig (B € I), i is
o measurable, bounded function on the same interval Ig such that fi(z) — 0 as
x — 400, and r is a uniformly continuous, bounded function on the interval oz B.

Proof. By relation (4), a function F' € CRV if and only if

lim (ul (log A +log z) — i (log :L")) =0,

T—r+00

where p;(logz) = p(x) (z € Ig), thus pi(x) = p(e®) (z € Logp). Using the
substitution log A = k, logz = t, the limit above can be written in the form

lim (i (O + 1) = 1 (8)) = 0.

t—+oo

By Lemma 4, the previous condition is satisfied if and only if the measurable
and bounded function u;(z) = p(e®) can be written as py(z) = u(z) + r(z) on
Log B, where i and r are bounded, 7z is measurable, 7i(z) — 0 as £ — +o0, and r
is uniformly continuous on I,z . Here we can obviously use pu(z) = pi(logz) =
n(logz) + r(log x) for x € Ig and f(logz) = i(x) for z € Ig. O

THEOREM 2 (Characterization theorem). A function F belongs to the class
CRYV if and only if the index function Kr(\) is continuous in X € I.

Proof. Assume F' € CRV. Then for every € > 0, there aread > 0and A > 0
so that
F(\x)
F(z)
ifx>Aand|1—-A| <J. Hence we get 1 —e < Kp(\) <1+ e€if |1 — A <4, thus

limy_,1 Kr(A) = 1. By aresult from [2], it follows the function Kr()) is continuous
on I.

1—e<

<1l+e,

Next assume F' € ORV and the function Kp()\) is continuous on I. By a
result from [2], we then have

lim sup (sup Floz)

—Kr()\)) =
u—~+00 AeT \z>u F(x) F( )) 0,

for any compact T' C I. Hence, for any € > 0, there are a ug > 0 and a p > 1 such
that F(Az)/F(z) < Kp(A) + € whenever z > ug and 1/p < A < p. Consequently,
limx—1,7400 (F(Az)/F(z)) < 1+e€. If we put y = Az and pX = 1, we obtain
F(y)/F(py) < Kp (1/,u) + ¢ whenever 1/p < p < p and y > pug. Consequently, we
obtain lim, 1 y— 4o (F(y)/F(uy)) < 1+ €. Hence we get

. F(\x) — F(\z)
< lim < lim
1+e~ 55; F(a) A=1  F(x)

25+ oo T—+00

<l+e
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and consequently lim »_,; (F(Az)/F(z)) = 1. This means that F € CRV. O
T—r+o0

COROLLARY 2. If F is a measurable, positive function on the interval I,
then the following is true:

Tm Tm L) . FQa)
W OMSETe T AR T T
. FQaz) _ . — FQa)
®) gifl F@) Jim lim @) = Kr(p),p>0
(Kr(1) =1).

For implication (a), one can consult [2] .

COROLLARY 3. If F is any continuous positive function on the interval 14,
then the following conditions are equivalent:

F(Ar)
Fl)

log F'(e®) is uniformly continuous on the interval

(a) mk—ﬂ m:c—»—i—oo
(b) The function h(x)
I]og A-

COROLLARY 4. FEvery function from the Matuszewska class ERV has the
continuous index function Kr(X) on the interval I.

By the next example, we prove that ERV C CRV.

Ezample VI. Notice that the function F(z) = exp (| sin(log :1:)|)1/ ? has the
following properties:

(a) F:I—1;, FQ1)=1;
(b) For arbitrary s,t € I,

F(st) = exp (|sin(log s + logt)|)1/2 < exp (|sinlog s| + | sinlog t|)1/2 <
< exp ((sinlogs|)1/2 + (] sinlogt|)1/2) = F(s) - F(t).

(c) If p=e®" > 1, then F(pt) = exp (|sin(logt + 27r)|)1/2 = F(t).

Hence, by a result from [2], we have lim,_, o, (F(Az)/F(z)) = F()) for every
A € I, which gives FF € CRV. On the other side, assuming F' € ERV, we find a
real number ¢ such that lim,_, o (F(Az)/F(z)) = Kg(A) < A° (A > 1), that is
(log Kr(N))/(logA) < ¢, for every A > 1. Then

logKr(\) _logF(\) _ (|sin(log\)[)/?2 <
logh  logA log A -
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for all X close to 1. But since

(| sinlog A[)'/2

A—14 log A P (log A\)1/2 = too,

we get the contradiction. This proves that F' ¢ ERV. O

Since
SRV C RV C ERV C CRV C ORV.

using the corresponding representation theorems for classes ERV, CRV and ORV,
we get the following conclusion: If € is a bounded, measurable function on the
interval Ip, and

Fo) =eo{v@+ [ Da}  @e)

B t

then F(xz) € ORV if and only if v is a measurable and bounded function on Ip,
while F(z) € CRV if and only if v(z) = r(logz) + u(z) (z € Ig) where r o log,
p are bounded on Ig, r is uniformly continuous on lie B, p is measurable on Ip,
and p(z) — 0 as x — +oo. We also recall that F(z) € ERV if and only if
v(z) = c+ p(z) (z € Ig), where ¢ € R and p is a measurable and bounded on Ip
such that p(z) — 0 as £ — +00.

3. Morphism theorem

Let H = {z|z: I, — I}, Hy = {z € H|z(t) = +00,t = +o00}. If ~ denotes
the asymptotic similarity of functions, and p1, p2 are arbitrary relations from the set
{~,~,x}, then let Hom ((Hi,p1); (H p2)) be the set of all measurable functions
F:I, — I such that

z(t) pry(t) (8= +00) = F(a(t)) p2 F(y(t)) (t = +o0)

for any two functions z,y € H;.

THEOREM 3. Let F: I, — I be a measurable function. Then:
) FeORV = FEHom((Hl,x);(H,x));

(a

(b)  F € Hom ((Hy,~);(H,x)) = F € ORV;
(c) FeCRV = FeHom( Hy,~);( ;N))§
(d)  F € Hom((Hy,~);(H,~)) = F € CRV;
(e) FeRV FEHom((Hl,:) (H,~));
(f) FeSRV = F € Hom ((Hy,x);(H,~));
(2) F € Hom ((Hy,x); (H,~)) = F € SRV;
(h) F € Hom ((Hy,~); (H,~)) = F € SRV.
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Proof. (a) If a function F' € ORV, then using some results from [1] we have
limy o0 SUpxcx (F(Az)/F(2)) < 400 for any compact interval K C I. Hence,
for any functions z,y € H; such that z(t) < y(t) as t — +o00, there is an M > 0
such that

Faw)  F(Ev0)
Fu®) - Fu®)

Similarly, since lim, . (F(Az)/F(z)) > 0 holds uniformly in A € K, we

<M< +00  (t>tg).

find
raw)  F(55v0)
F(yt)  Fy@®)
for some m > 0 and all t > to. Consequently, F € Hom ((Hy,x); (H, x)).

(b) If F € Hom ((Hy,~); (H, X)), then similarly as in Lemmas 1 and 2 we
obtain F € ORV.

(c) If F € CRV, then by Theorem 2 we have F € Hom ((Hi, ~), (H,~)).

(d) Assume F € Hom ((H1,~); (H,~)). Then for arbitrary functions z,y €
H; such that z(t) ~ y(t) ast = +o0c we have F(z(t)) ~ F(y(t)) ast = +oo. Taking
two arbitrary sequences (al,), (b)) tending to +oco as n — oo, such that al, ~ b,
as n — oo, we have lim,_, (F(al)/F(b},)) = . Taking any other sequences
(alh), (b22) with the similar properties, we get lim,_,oo (F(all)/F (b)) = ¢". If a,
is the general term of the sequence a},af,a},a}, ..., and b, is the general term of
the sequence b}, by, b}, b5, .., then we obviously have limy,_, (F(an)/F(bs)) = c.
Hence we get c=c¢' = ¢" =1, thus F € CRV.

(e) If F € RV, then there is a function L € SRV and a number p € R such
that F'(t) = L(t)t* for all t € I,. If x,y are arbitrary functions from the class H;
such that z(¢)/y(t) = ¢ > 0 as t = 400, then

>m >0,

:cp,

t=too Fy(t))  t=too \y(t)/ t=Feo  L(y(t))

which means that F' € Hom ((Hi,~); (H,~)). Here we used the Uniform conver-
gence theorem for slowly varying functions.

Conversely, suppose F' € Hom ((Hl,:); (H,:)), A>0,xz € H and y = Azx.

Then
o Fa@) _ o FQa)
t—+oo F(m(t)) t—+oco F(.’E(t))

=d(A) < +00.

Using the characterization theorem for functions from the class RV, we have
d(X\) = N for some p € R, which gives F € RV.

(f) If F € SRV, then by the Uniform convergence theorem for slowly varying
functions, we obtain F' € Hom ((Hy, x); (H,~)).
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(g) Let F' € Hom ((Hl,x);(H,:)). Then for arbitrary sequences (al,),
(b},) such that al,,b), = +oo and al, < b, we have lim,_, 1o (F(a,)/F(b,)) =
¢'. For any other sequences (a’/b),(bﬁ) with the similar properties, we obtain
lim,, o0 (F(a)/F(bl)) = ¢". Denoting the general term of the sequence a},a}a},
ay,... by an, and the general term of the sequence b},by,b4,b4,... by b,, we
have an X b, as n — oo, whence lim,_,o0 (F(an)/F(b )) = ¢ Hence we get
c=c =" =1. If next (an) is an arbitrary sequence such that a, — +oo as
n — 00, A > 0 and b, = Aan, then we get limy_,oo (F(Aan)/F(as)) = 1. This

means that FF € SRV.

(h) Finally, assume F € Hom ((H1,~); (H,~)), z € Hy and y = Az for some
A > 0. Then obviously

m FW@®) _ L FO@) _
totoo F(z(t))  t=+oo F(z(t)) ’

which means that " € SRV. O

COROLLARY 5. Let F: I, — I be a measurable function. Then:

(a) F € ORV = F € Hom ((Hy,~); (H,=<)) NHom ((Hy,~); (H,x));
(b) F € Hom ((H1,x); (H,x<)) UHom ((H1,~); (H,<)) = F € ORV;
(c) FeCRV =>F€Hom(H1, s (H,~));

(d) F € Hom ((Hy,~) ~)) = F € CRV;

(e) FeSRV = FGHom(Hl,A ; (H,~)) NHom ((Hy,~); (H,~));
(f)  F eHom ((H1,x);(H,~)) = Fe¢ SRV.

Remark. The proposition ”F € ORV if and only if F € Hom ((Hy,~);
(H,x))” is closely related to the definition of the class ORV, which have been
introduced by V. Avakumovié¢ 1935.
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