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EQUITORSION GEODESIC MAPPINGS
OF GENERALIZED RIEMANNIAN SPACES

Svetislav M. Minéié and Mic¢a S. Stankovié
Communicated by Mileva Prvanovié

Abstract. We define an equitorsion geodesic mapping of two generalized
Riemannian spaces and obtain some invariant geometric objects of this mapping,
generalizing the Weil’s tensor.

0. Introduction

A generalized Riemannian space GRy in the sense of Eisenhart’s definition
[1] is a differentiable N-dimensional manifold, equipped with nonsymmetric basic
tensor g;;. Consider two N-dimensional generalized Riemannian spaces GRy and
GRy. Connexion coefficients of these spaces are generalized Cristoffel’s symbols of
second kind, respectively I'y, and f;-k. Generally it is I'%, # T

One says that reciprocal one valued mapping f : GRxy — GRy is geodesic
[5] (G-mapping), if geodesics of the space GRy pass to geodesics of the space
GRy. We can consider these spaces in the common by this mapping system of
local coordinates. In the corresponding points M (x) and M (z) we can put

(0.1) Tjp(@) =Tix(@) + Pi(@)  (jk=1,..,N),

where P;k (z) is the deformation tensor of the connection I' of GRy according to
the mapping f : GRN — GRN.

A necessary and sufficient condition that the mapping f : GRy — GRn be
geodesic (see [5]) is that the deformation tensor P;k from (0.1) at the mapping f
has the form

(0.2) ik (@) = 85 Yi(@) + 0, 15 (2) + &y (2),
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where

03 @) = g Tale) ~ ThO), Euo) =

1 . .
5 (Pix — Py,

<?s‘.

Notice that in GRy we have
(0.4) re =0,
(eq. (2.10) in [5]).

In a generalized Riemannian space one can define four kinds of covariant
derivatives [2, 3]. For example, for a tensor a} in GRy we have

a;|m +F31m a; F;lm :1: a;|m +F:na a; F?nj fx:
2
a§'|m +F31m a; Fa i a§'|m +F:noz a; Fa i
4
Denote by a covariant derivative of the kind 6 in GRy and GRy respec-

s ]
09
tively.

In the case of the space GRy we have five independent curvature tensors [4]
(in [4] 1? is denoted by }23)

RYin =Timn = Tinm + T5mTan = Tinlams

B = Timjn = Tnjm + TmiTna = Taglinas

B =Tjmn = Tnjm + TimTna = ToiTam + Tiim (Tay = Tia),

Ry = r;m w=Thim + T8 Ty =TT+ T, (T4, = T%,),

zgijmn = (r;m ntTiin = Tinm = Thjom + Tl + T0 0
= T5alna = TaiTom)-

By virtue of the geodesic mapping GRy — GRy we obtain tensors 19% (6 =

jmn
1,...,5), where for example

—i =i = =i =a =i

(0.5) R I -T°T

1dmn - jm,n - an,m + ij an jnt am*

In the case of geodesic mapping f : Ay — Ap of the symmetric affine con-
nection spaces Ay and Ax we have an invariant geometric object
(0.6)

: 2
Wi = Bl jmn+ 72203 R + 75—

jmn jmn T 1+N7 [61 (NRj" + an) - 651 (Nij + ij)]’

N2
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where R¢ f

Richi’s tensor. For Riemannian space (0.6) reduces to [6, p. 80]

mn 18 Riemann-Cristoffel’s curvature tensor of the space Ay, and Rj,,

. 1
(0.6) Wi =R

jmn jmn + N_1 (51 R - 5;» ij)'

The object Wijmn is called Weil’s tensor, or a tensor of projective curvature
[6]. Having a geodesic mapping of two generalized Riemannian spaces, we can not
find a generalization of Weil’s tensor as an invariant of geodesic mapping in general
case. For that reason we define a special geodesic mapping.

A mapping f : GRy — GRy is equitorsion geodesic mapping (ETG mapping)
if the torsion tensor of the spaces GRy and GRy are equival. Then from (0.1) and
(0.2)

(0.7) &h(z) =0

1. ET-projective parameter of the first kind

Using (0.1) and (0.5), we get a relation between the first kind curvature
tensors of the spaces GRy and GRy

+ P2 P — PPl 42T Pl

]n\ jm* an jnT am mn ja-

Rz _Ri_ +Pz ‘

1 dmn 1 Jmn

Denoting ¢mn = Ymin — Ym¥n (6 = 1,2) and substituting P with respect to
0 6
(0.2), we obtain

Bimn = R jmn + 85 mn = Yom) + 8 Yjn = 81, jm — 67, &t
(1.1) + 4y fm¢a+£;im|n—£mm+2¢] mn + &mban — Enlam
+ zri,wzp] +207, nall + 217, o
From (0.7) and (1.1) we get
(12) Bjmn = B joun + 85 (onn = Yrum) + 0 i = 6 Yo + 20 + 20
Contracting in (1.2) with respect to 4 and n and using (0.4), we obtain
(13 Rim = Rim = 20 g + (1= Ny + 205

Here 11_%jm i Il%jm denote the first kind Richi tensors of the spaces GRx and GRx

respectively.
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From (1.3) we get

(1.4) By = Rym — (N + 1) + 25000
Substituting (0.3) in (1.4) we get

n 2 a (TP B8
(1.5) A+ N jm = Bjm = Rjm + 75T J(Tas —T2).

From (1.3), (0.3) and (1.5) we get

_ 1
Rim = Rim = 10N

a (PP g
1 m 1 FT?/] (Fa,@ - Faﬂ)]
=05
+(1- )¢Jm Fa (Faﬁ - Fgﬁ)-

— 4
[2ij 2ij + 1+—N

Now it follows that

— — =3 1-N - N
2 — . ) . . a

Taking into account (0.3) and (1.6), we can write (1.2) in the form

B+ 1oz B + 5727 (05 (VR + o) — 8, (N B+ Fony)]

T e @ T+ 8Ty = 81T ) = 12 T 6f + Tit)
=R+ 2N5; R + 57— [0 (NBjn + Bnj) = 8y (N Bjm + Bomj)]
“aivye Tap(25 Ty +0m T = 0 Ty = HNrﬂ (Trn05 + T )-

Therefore, the magnitude

i _ pi 2 L i , N . .
‘?jmn - ‘lejmn + 1 +N6 @7"\4/” + N2 -1 [5m (NII%J" +11%Tb]) _6n (N‘ZI%JW +1i2m1)]
2
1- 2 zra (3 1"(1 2 I‘a
(-0 (1+N)2 Cas(20] + O nj — o mJ)
/6 a [e% (3
- Nraﬂ( mn(sg + an‘S] )

is invariant under an ETG mapping.
The magnitude (1.7) is not a tensor, and we call it the ET-projective parameter
of the first kind.
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2. ET-projective parameter of the second kind

For the second kind curvature tensors of the spaces GRy and GRy we get
the relation

Rl _RZ +P J|n_P

5 dmn 5 jmn

+P%.P: —PXPi 42T Pi.

n]|m mj* na nj* ma nm aj?

i.e., using (0.2) one obtains

‘ZR;mn = Rijmn + 6; (wmn - 'anm) + &n ¢jn - 6:;, "pjm - 5:n §gj¢a + 5:; §;Inj¢a
+£mj|n n]\m+2¢1 ;Lm_}_gfé] g +2FZ ¢a5§- +2Fg$nwj+2rg\7n ZMJ
2

Now, analogously to previous case, we get the invariant magnitude of the
ETG mapping f : GRy - GRN

i i 2 1 i i
‘gj _‘ggmn 1+N6 g "+N2_1[6m (NRj"_}'an)_(sn(N}Z%Jm‘f'};mJ)]
2 i o i Pa i o 16 a a si
(1+N)2 aﬁ(26 F +6m F]n 5nrm]) ]_—l—NF ( nm‘sj +an5])

The magnitude lz?ijmn is not a tensor and we call it ET-projective parameter of the

second kind.

3. ET-projective parameter of the third kind

In the case of the third kind curvature tensors of the spaces GRy and GRy
we get

+PY P —pPxPi 4+ 2P% T¢. +2P% Pi.

Ijémn = RJmn + sz\ nJIm jm*na — Injtam nm” aj nm" aj
i.e., in virtue of (0.2)
Bl = Bl +6] (Ymn = Yom) + 8, Yin = o Yim
(31) #9850 E5) G = i+ Gl = G
+ 20 (T + &) + 2¢m (T, oyt &) + 260 (T, gt &)
Also, it is satisfied

(3'2) ¢mn = 'ébmn + 21-\04 'éba
2 1
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From (3.1), (3.2) and (0.7) we get
@;mn = gijmn + 6; ("vlbmn - 'anm) + 5:n "pj" - 6; ijm

(3.3)
+ 2¢,I75, ;T 2¢m —I— 2(5z I‘%mqpa + 26:n I‘ wa

Contracting (3.3) with respect to ¢ and n, and alternating, we get

— 4 —a
(3.4) (1 + N)’Llﬁj\yln = 21;1'\7/,1 - 2]32]‘\171 + H—N(F'ga F,@a)rn\l/],

From (0.3), (3.3) and (3.4) it follows

_ — — 1-N
2 _ el o «
8.5) (1= Njm = (N + Fog) = (VB + Bong) + 205, (T ~ ) -

Taking into account (0.3) and (3.5) we can write (3.3) in the form ?"jm = FEt,

3 jmn>
where
E'. =R 2_5iR ! [6!, (NRjn + Rnj) — 0% (NRjm + Romj)]
3 Jmn T gt jmn 1+—Nj3"\”/”+N2—1 m 3’”+3"J_" 3’m+3"”
2
_ 2 zra (] Fa _ s Fa
2 a a g
- H—N( m]Fna F:LJFma 61 Fﬁ F,@a 6:11 F]nrﬂa)‘
The magnitude ?ijmn is an invariant of the ETG mapping. We call it ET-projective

parameter of the third kind.

4. ET-projective parameter of the fourth kind

For curvature tensors of the fourth kind we get

Bimn = By + P, In +P% P — PP 4+2P% 1“z +2P2 P’

ie.,
Ifzmn = gijmn + 6; ("fmn - ﬁlbnm) + 672.11, "gjn - 521 ¢jm+
2

+ 2¢n(rinj + 'f:n]) + 2¢m(F£1j + f;u) + erann(rfyj + 531])
v A" v
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In this case, analogously, we get an invariant magnitude of the ETG mapping in
the form

?jmn_‘i%jmn_}_ 1+N6 @ mn N2_1[6m(N§J"+‘§"J)_6n(N§Jm+}4%mJ)]
2 z a B ple% i Pa
2

i T8 I
- H—N(F:’Urga F:L]F?na 6; Fn@nrga (5:n F]nr,@a)‘

jmn 18 nOt a tensor and we call it ET-projective parameter of the

fourth kind of the ETG mapping.

The magnitude ?i

5. ET-projective curvature tensor

For the curvature tensors of the fifth kind of the spaces GRy and GRy we
find the relation

?;mn:
. 1 .
‘?ijn"_i( ;an ]n|m+P ]|n Pn]\m+P]O;nPZvn P]O;LP:na+P7?L]P71a Pr?]Pém)

(5.1) 5’1 =R,
(¢mn 1pnm + ¢mn - wnm) + %6:71 (¢]n + %n) - %5; ("pjm + ¢jm)
4 4 3 3 4 4 3

5
L
2

( Jm\ ]n| + €m]|n - f;]\m + gfmé-(lln - gjqnf;ina + gfr(z,jé-fza - ggjfém)
3
Substituting (0.6) in (5.1) we get
15%_27mn = 15% ]mn (¢mn 2é}nm + ngn - ?nm)

. 1.,

(5.2) + 55371 Wjn + Pin) = 50 (Yjm + Pjm)-

Denoting ¢, = %('l/)jn + i), we can write (5.2) in the form

12 1 2

(5'3) R;mn = ‘?ijmn + 5; (d}mn - wnm) + 6371 ’(»bjn - 6:1 ¢jm-
12 12 12 12

Eliminating ,, from (5.3), analogously to previous cases, we get

12

Et. = FE,

5 jmn 5 jmn>
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where we denoted

i
é?]%nn

i 1 i i
+ 150 Bmn + 37— [Om (NBin + Bnj) = 8 (NBjm + Bmj)]

» is an invariant of the ETG mapping. In contrast to the

The magnitude E51’ im

previous cases, when %i (8 =1,...,4) are not tensors, the magnitude ‘g]i‘jmn is

jmn
a tensor. We call it ET-projective curvature tensor.
If GRN(GRy) reduces to Ry (Ry), then the magnitudes La?i

reduce to Weil’s tensor (0.6").

§=1,..5)

jmn (
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