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A NOTE ON STABILITY OF MINIMAL SURFACES
IN n-DIMENSIONAL HYPERBOLIC SPACE H"(c)
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Abstract. We improve a result of Barbosa-do Carmo about stability of
minimal surfaces in n-dimensional hyperbolic space H"(c).

1. Introduction. In [1] Barbosa and do Carmo obtain the following well-
known result

THEOREM 1 [1]. Let M be a minimal surface in an n-dimensional hyperbolic
space H™(c). Assume that D is a simply connected compact domain with piecewise
smooth boundary on M. Let A denote the second fundamental form of M. If

|A|? 4

1 —)d —

(1) | e+ 50 < 5,
then D is stable.

In this note, we improve the Theorem above as follows

THEOREM 2. Let M be a minimal surface in an n-dimensional hyperbolic
space H™(c). Assume that D is a simply connected compact domain with piecewise
smooth boundary on M. Let A denote the second fundamental form of M. If

o | AP gy < A7
2 el R il I -
(2) [ &+ <,

then D 1is stable.

Remark. Obviously, our condition (2) is better than condition (1) of Barbosa-
do Carmo’s.
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2. Preliminaries. Let H"(c) be an n-dimensional simply connected space
of constant negative curvature c; we also call it the hyperbolic space. Let M be a
minimal surface in H"(c); we denote by K the Gauss curvature of M with respect
to the induced metric ds%;. Let A be the second fundamental form of M.

We need the following lemmas to prove Theorem 2.
smallskip LEMMA 1. If M be a minimal surface in H™(c), then

3) IV(IAP)I* < 2|AP VAP

Proof. Let M be a minimal surface H"(¢). By an elementary observation one
can see that at each point the dimension of the image of the second fundamental
form A of M is at most 2. Thus we may choose €3, ... ,e, so that hf; = 0 for all
1,7 and a > 5, i.e., we may choose the basis e, €2, ... ,e, so that the component
hg; of A satisfy

A0 0 n
@ m=(y &) w=() 4). w=-=myp=o,
for some functions A and p. Let |A]? = > (R )? be the square length of the second
a,i,J
fundamental form of M and Ky = Ram] be the normal scalar curvature of
@,B,i,j

M. By (4) and Ricci equation we easily check that |A|> = 2(A\2+u?), Ky = 16722,
Noting > (h2,,)? = (k)% 3 < a < n, by (4), we have
3 b

A% |A| _42 Zhw uk
i,
- 162 MRSy, + phiy)?
k
< 162 )\2 + liz)[(h11k)2 + (h%zk)z]

= 8|A| Z[ hllk hllk) -

On the other hand, we have

|VA|2 =2 Z Gin)” = 42 hiix) 2
(6) ik,a
2 42[ hllk hllk) -

We get (3) from (5) and (6). The proof of Lemma 1 is completed.
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LEMMA 2. If M be a minimal surface in H™(c), then
1 3
SA(AP) = [VAP + 2 AP — S|4l + 242 = 2)?
3
> |VA” + 2¢|A)? - 5|A|4.

Proof. Denote the matrix (h{;) by Ha, 3 < a < n. By Gauss-Codazzi-Ricci
equations it was shown in [4] that

1 A
5A(|Alz) = > (&) + D h&(hgyRusjk + hfiRikjr)

aYi’ij aYi’ijYI
+ Y h§hRsai
a’ﬂYi’ij
= |VAP> + > tr(HoHg — HgH,)? = > (tr(HoHg))? + 2c| A,
aiﬂ a’ﬂ

By (4), it is easy to check the following formulas

®) > tr(HoHp — HgH,)” = —160*p*, > (tr(HaHpg))? = 4(X* + p*).
aYﬂ aYﬂ

Substituting (8) into (7), we get
1
SAUAP) = VAP + 2| A" = 8(X* + 4?)” + 4(X* + 1)
= [VAP + 26| — J]4J* +200 - )2

We completed the proof of Lemma, 2.
The following proposition is crucial to prove our Theorem 2.
PROPOSITION 1. Let M be a minimal surface in H"(c), ds3; be the induced

metric. Then the Gauss curvature K of the conformal metric ds®> = ods3; satisfies
K <2, where

_ el AP
a—5+ 5 > 0.

Proof. By Gauss equation 2K = 2¢ — |A|?,
le| |A?  4e
9 4,52 _Z_K
©) T35 T2 7%
Thus we can define a conformal metric ds? = ods%, on M. As it is wellknown, the
Gauss curvature K of ds? satisfies (for example, see [2])

(10) oK =-K+:227_
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where A is the Laplacian operator of the metric ds3,.
By (9) and (10), we get
dc 1Ag  |Vo|?

11 o K=0- =4+ _-"2
(11) g g 5+20 202

By use of Lemma 1, Lemma 2 and (9),

1 1 9 1 9 9 3, 4
— = — > — _ —
2AJ 4A(|A\ ) > 2|VA| + c|A] 4|A|
1|Vo|? ,  4co
>0 -
25 5 30° + 5

Combining (11) with (12), we obtain

K <2.
We completed the proof of Proposition 1.

3. The Proof of Theorem 2. By use of our Proposition 1, we can prove
Theorem 2 in the same way as Barbosa and do Carmo did in [1] for Theorem 1.
So we omit the proof of Theorem 2 here.
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