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Abstract. Let S be a semigroup and let a € S. In this note we describe all
possible commuting generalized inverses of a (in the sense of Definitions 1 and 2).
It turns out that the Drazin inverse of a is the only generalized inverse of a which
commutes with a.

We consider systems of equations in z of the form
(1) ti(a,z) = ti(a,z) (i=1,...,5+1; s€N)

where t;, t; are semigroup terms made up only from a and z.

Definition 1. We say that the system (1) defines a generalized inverse of a if:
(i) in any semigroup S the system (1) for a given a € S cannot have more
than one solution;

(ii) in the case when S is a monoid in which a has its true inverse a1 (that
is to say, its group inverse with respect to the subgroup whose unity is the unity of
the entire monoid S), the system (1) for # = a~! reduces to a system of identities;

(iii) there exists a monoid S in which the system (1) is consistent for at least
one a € S which does not have its true inverse.

Definition 2. If the system (1) defines a generalized inverse and if one of the
equations (1) is ax = xa, we say that (1) defines a commuting generalized inverse
of a.

In this note we describe all possible commuting generalized inverses, thereby
extending the results from [1] and [2].

The equation axz = za implies that any term made up from a and z has the
form a™z™, where m,n € Ny, m+n > 1, and a™z" is, by definition, equal to x™
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if m = 0 and to a™ if n = 0. Furthermore, having in mind the condition (ii) of
Definition 1, we see that if (1) is to define a commuting generalized inverse it must
have the form

(2)  ar=za, a™TTigW T = g™ig™ (myun; €Ny, s EN, i =1,...,5).

Ifm; >0o0rn; >1foralli=1,...,s, the system (2) can have more than
one solution, as shown by the following example. In the matrix semigroup let a = 0
and let A be the subset of {n1,...,ns} defined by: n; € A <= m; =0. If A =10,
the system (2) is satisfied by arbitrary z. If A # (), the system (2) is satisfied by
any z such that 2™ = 0 where n = min A (> 1).

Therefore, in view of the condition (i) of Definition 1 we have to suppose that
there exists ¢ € {1,...,s} such that m; = 0 and n; = 1. We may take m; = 0,
ny = 1, 7y = k and the system (2) becomes

(3) ax = ra, a®zFtt = g, qMiIFTigNATE = Mg (1 =2,... ,5).

Ifn; > 0forall i = 2,...,s, the system (3) can again have more than one
solution. Indeed, in the matrix semigroup if a is nonsingular, the system (3) has
at least two solutions, given by: £ = 0 and = a~!. We therefore take ny = 0, we
put me = m, ro = r and we obtain the system

(4) azx = za, a’z* Tt =z a™FTL" = q™, @MTTignFT = gMig™ (1 =3,... ).

We now prove a number of lemmas concerning the equations which appear
in (4). For positive integers g1, ... ,qs we denote their highest common factor by

(qla s JqS)'

LEMMA 1. If m,r, k € N, there exists a positive integer q such that gk—r # k
and that

am+rxr — am, akmkH =z = ak:ckH — aqkfrmqk7r+1.

Proof. If k =1 we may take ¢ =r + 2. Let kK > 1. If K > m + r, then
ak$k+1 — ak:fmfram+rxrxkfr+l — akfr$k7r+17

andsog=1. If 1 < k < m + r, there exists a ¢ € N such that gk > m + r and
(¢ — 1)k > r. We then have

akmk—i-l — aqkmqk—{—l — aqk—m—ram—i-rxrqu—’r—i-l — aqk—rqu—r—{—l_

LEMMA 2. Ifp,k € N and if n = (p, k), then the system

(5) PPt =z, aFLFt =2
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is equivalent to the equation

(6) a"z"t =
Proof. Suppose that p > k. Since n = (p, k), there exist positive integers A
and g such that A\p — uk = n, and so
T = a”m”+1 — a}\pw)\p—i-l — akp—kakwk—i-lm)\p—k

— a)\p—kxkp—k+1 — .= a/\p—ukx)\p—uk—l—l — anxn—i-l’

which means that (5) implies (6). The converse is trivial.
COROLLARY 1. Ifp1,... ,ps € N and if n = (p1,... ,ps), then the system
aPigPitl =z (i=1,...,s)
is equivalent to the equation a™z"t! = x.

LEMMA 3. If m,k,r € N and if n = (k,r), the systems

(7) a™tg" = a™, afgt ! =g
and
(8) a™tg" = a™, a"z"t =1

are equivalent.

Proof. We only prove that (7) implies (8), the converse being trivial. By
Lemma 1 there exists a ¢ € N such that

T = akmk"‘l — aqk—rqu—r—i-l,
and so, since (gk—r, k) = (r,k) = n, by Lemma 2 we get a"z""! = x. Furthermore,
for some t € N we have r = tn, and so

am+7'xr —

— am+(t71)n$(t71)n —

am+tnmtn m+(t71)nan$n+1$(t71)nfl

=a

c=a™t"p"

LEMMA 4. Ifp,q € Ng, n,7 € N and if h = (n,r), the system
9) a"z" ! =z, aPTTLITT = aPr?
is equivalent to the equation

(10) atzht! = g,
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Proof. Again, (9) follows from (10) trivially. Conversely, let A € N be such
that An > max(p, ¢). We then have

n,.n+1

T =a’z — a)\nx)\n+1 — a)\nfpapmqm)\nfq+1

— a)\n—pap—i-rmq—i-rmkn—q—i-l — ara)\nm)\n—l—lmr — armr—i-l

and using Lemma 2 we get (10).
COROLLARY 2. If m;,n; € Ny, n,7; € N and if h = (n,rs,... ,rs) the system
nmn+1

a =g, @MitTignitTi = gMig™ (j=2,...,38)

is equivalent to the equation alz"*!

=z.
LEMMA 5. Ifp,q € Ng, m,n,r € N and if h = (n,r), the system

(11) a™tng" = g™, a"g" M =z, aPTT I = aPrl?
s equivalent to the system
(12) a™thgh = gm ) ghghtl = g,

Proof. By Lemma 4 the last two equations of (11) are equivalent to the second
equation of (12). Let n = Ah. Starting with (11) we get

m m+n, .n m+n7hahxh+1mnfhfl

a”=a " =a
— gmtn—hpn—h — . _ am+n7(/\71)hmnf(/\fl)h — gmthgh
COROLLARY 3. If mi,n; € Ny, m,n,7; € N and if h = (n,rs,...,rs), the
system
a™ g = a™, "zt = g, a™TTigtT = gMig™ (1 =3,...,5)
1s equivalent to the system
a™thgh = g™ @hghtt =g,

LEMMA 6. If mi,n; € Ny, k,m,r,r; € N and if h = (k,r,73,...,r5), the
system

(13) akrftl =g @™V TET = @™, a™iF i = q™ig™ (1 =3,...,5)
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is equivalent to the system

(14) am™thyh = g™ ahghtt = g

Proof. The implication (14) = (13) is trivial. Conversely, if n = (k,r), by
Lemma 3 the system (13) is equivalent to the system

a"z" T =g, ™" = @™, @™iFTigM T = gMighi (j=3,...,5)
and since (k,7,73,...,rs) = (n,rs3,... ,7s), by Corollary 3, this system is equivalent
to (14).

We are now able to prove the following

THEOREM 1. The system (1) defines a commuting generalized inverse of a if
and only if: it has the form (4) and (k,r,r3,... ,rs) = 1.

Proof. Unless it has the form (4), the system (1) according to Definitions 1
and 2 cannot define a commuting generalized inverse of a. By Lemma 6, the system
(4) is equivalent to the system

(15) ax = za, a™Pgh = o™, aha"tl = ¢

where h = (k,r,r3,...,75). If h > 1 the system (15) may have more than one
solution. An example is provided by the matrix semigroup where a is nonsingular.
For h = 1 the system (15) becomes the Drazin system, introduced in [3], and it is
well known that it defines a commuting generalized inverse of a.

Hence, we arrive at the following conclusion:

THEOREM 2. The Drazin inverse of a, defined by the system

2

tlg=a™, ar? =2z

axr = za, a™

is the only possible commuting generalized inverse of a.
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Errata for the paper

SOME REMARKS ON POSSIBLE
GENERALIZED INVERSES IN SEMIGROUPS

by Jovan Keckié
Publ. Inst. Math. 61(75) (1997), 33-40

An uncorrected version of the above paper was printed by mistake, and so there
are two serious errors.

1. A part of the text was omitted from the Abstract, which should read as follows:

Abstract. For a given element a of a semigroup S it is possible that the system
of equations in z: ara = a, axr = xa is inconsistent and that one or both systems
(Sk): a*Tlz = a*, az = za and (X}): aza = a, a®z = za* are consistent for some
positive integer k, in which case they have more than one solution. Some relations
between those two systems are established. However, the chief aim of this note is to
investigate the possibilities of extending (Sj) by adding new balanced equations, so
that this new system has unique solution. It is proved that if the extended system
has unique solution, then the generalized inverse of a, defined by it, must be the
Drazin inverse. It is also shown that the system (X2) A az? = z2a A Taz = T cannot
be extended into a system with unique solution.

2. At the bottom of page 36 the important formula (B, ,,,) is incorrect. It should
be:

am+rl_n+r — amxn

B
(Bm,n.r) me€{0,1,...,k—1}, re{1,2,... ,k}, 1<m+r <k, neN

3. There are also some other misprints which are not so important.



