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INTEGRAL AVERAGING TECHNIQUES
FOR OSCILLATION OF SECOND
ORDER NONLINEAR DIFFERENTIAL
EQUATIONS WITH DAMPING
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Communicated by Vojislav Marié

ABSTRACT. New oscillation criteria are established for the second order
nonlinear differential equation with a damping term

[a(@®(x()2’ (1)) + p(t)2'(t) + q(t) f(=(t)) = 0.

These criteria are obtained by using an integral averaging technique. More-
over, we give conditions which ensure that every solution z(t) of the forced
second order differential equation with a damping term

(@)’ O + p(O)e’ (1) + a(t) f(w(t)) = r(t)

satisfies liminfs o0 |2(t)] = 0.

1. Introduction

Consider the nonlinear differential equation with a damping term

(E) [a(®)¢p(x(t)2" ()] + p()2'(t) + q(t) f(2()) = 0

where

(i) a,p € C*([to, 00)), a(t) > 0 for ¢ > to,

(ii) ¢ € C([to, o)) and it has no restriction on its sign,
(iii) ¥ € C*(R), ¥(x) > 0 for = # 0,

(iv) f € CY(R) and

zf(x) >0, f'(z)>0 for z#0.
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We restrict our attention only to the solutions of the differential equation (E)
that exist on some ray [tg, 00). Such a solution is said to be oscillatory if it has
arbitrarily large zeros, otherwise, it is said to be nonoscillatory. The equation (E)
is called oscillatory if all solutions are oscillatory.

Some effective oscillation criteria involve the average behaviour of the integral of
the alternating coefficient. For such averaging techniques for second order nonlinear
oscillation, we refer to the papers [1]-[8] and [18]-[20].

We will present new oscillation criteria in the case where equation (E) is strongly
superlinear in the sense that

du
(F1) 7w < oo and /

as well as in the case where equation (E) is strongly sublinear in the sense that

du
(Fy) f()<oo and /

The special case f(z) = |z|*sgnz with 0 < a < 1 corresponds to the sublinear case
and with a > 1 corresponds to the superlinear case.

Investigation of the second order nonlinear oscillation in this work is motivated
by the most recent contributions in the sphere of weighted averages. Namely, among
numerous papers dealing with averaging techniques in the study of second order
nonlinear oscillation majority involve positive, continuously differentiable function
o such that ¢' is nonnegative and decreasing function and the function (¢ — s)¢,
for a > 1 integer or real, as the weighted functions. It is therefore natural to ask
if it is possible to use more extensive class of functions as the weighted functions.
An affirmative answer to this question has been given for the first time by Ch. G.
Philos [15], who has used averaging functions from a general class of parameter
functions H : D = {(t,s) : t > s > to} — R and proved the following oscillation
criterion for the linear differential equation:

THEOREM A. Let H:D = {(t,s) : t > s > to} = R be a continuous function,
which is such that

H(t,t)=0 fort>ty, H(t,s)>0 forall (t,s) € D

and has a continuous and nonpositive partial derivative on D with respect to the
second variable. Moreover, let h : D — R be a continuous function with

0H

—ﬁ(t,s) = h(t,s)\/H(t,s) for all (t,s) € D

Then, equation ="' (t) + q(t)x(t) = 0 is oscillatory if

/t: [H(t,s)q(s) — hz(i’ 8)] ds = 0.

lim su
t—)oop H(t; tO)
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By using such averaging functions Grace [8] proved oscillation theorems for
second order differential equations with damping, while Li and Yeh [10] proved
oscillation criteria for the undamped differential equation. The purpose of this
paper is to establish new criteria for the oscillation of the equation (E) by using
averaging conditions of type introduced by Philos [15] and following the results of
Grace and Lalli [2].

2. Main results
Let the functions f(z) and () satisfy

P(u) P(u)
(Ch) o f( / ) du < 00.

Furthermore, we define the functions

Y(u) u
. / (u) du, x>0
Y(u) ’
/ (u) du, <0
* du * du
— x>0 —, x>0
Fiz)={ 1o f;ﬁ:)  P) = $*°°f(?zl ‘
D ON A

Also, following the idea of Philos (see for example [11]-[14] and [16], [17]) we intro-
duce the constant My , defined by

I'(@)%(x) I (2)%(2)
[P inf @ inf @
he = 1+ inf F@2e)" ] iy L)2)
T T T v@

and suppose that the functions f and « are such that 0 < My < 1.

THEOREM 1. Let the function p(t) be nonnegative on [ty, 00) and let the func-
tion f satisfies (F1). Suppose that there exists a continuous function

H:D={(t,s)|[t>s>t} >R
such that
(Hy) H(t,t) =0, t >1t9, H(t,s)>0, (t,s) €D

O0H O0H
(HZ) E(tvt) - 07 t Z th E(tvs) S 07 (t7 5) €D
0’H
(H3) W(L 5) 2 07 (t,S) €D
on
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Equation (E) is oscillatory if there exists a positive function o € C*([ty, 00)), such
that for some a € [0, My,y]

(R1) (p('?lf;(t))l <0, t>t,

a'(t) o'(t) a d'() 1 (d®))
() 0 20 > Tow 0 e a) 2
(Cs) ligs;;pﬁ t H(t,s)ga(s)z(—zgds=oo.

PROOF. Assume the conclusion is false. Then there is a nonoscillatory solution
z(t) of (E), with z(¢) # 0 for t > T. If we define w(t) by

(1) w(t) = 0*(H)®(2(t)), t=T

for every t > T we obtain

and consequently

w'(t) = agl((tt) w'(t) + « (Ql(t))lw(t) +

a0 0 b  JG0)
+(50) o e
PRLOYEIED
e b 0 <) 50 0= S T
et (8 oo [ 28 (25)] o
? -0~ O Ty 2~ a0 20
e
Using the definition of «, we have
" FEOB) 5 o
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By the method of completing the square, the previous equality becomes

o ad®) . pl) 2
W0 <=0~ 05 T
a -« o) ad@®)\]?
~ e |90 w0 (255 50|
R G IR W I OA O R LO T I
+a )L_ag@)ua(a(t)) alh g(t)] “

By the condition (R2), we get

" a4t o p(t) 2'(t)
and therefore
/tH(t $)0%(s )ﬁds
@ " ps) o(s)
/Hts "( ds—/H —sf(a:(s))ds
Since
t
—/TH(t,s)w”(s)d / 88 (t, )
= H(t,T)w'(T) - 6 (t T)w(T)
- [ 2Rty as,
condition (H3) implies
© - [ o6y as < e @) - 2 Ty,
T s

Using condition (R;) and applying the Bonnet theorem, we conclude that for any
fixed s > T and for some £ € [T s]

7 ey P _2'(w) p(T
X “) o) Ty ™ oT

(6)
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Since
g (O if 2(6) > #(T)
_ z(T) f
/z(s) f<T)<{ /0+ G @ <am 70
z(T)
/z(g) f(r) <{/0_ %, if z(€) > x(T) for 2 <0,

and 0%(T) 2L > 0, we obtain from (6) that

oy Pu) z'(u) a g P(T) _
(1) _/T o) ey Fraayy 2 < D)y FlE(T) = Ky forall s> .

Now, using (7), we obtain

/H (o) 25) _2(8)

a(3) 7))
_ _ [ japy P _2'(u)
‘/TH“’S” |, 0 2 7ty )

— ta_H s) | — ’ *(u M .’L'I(’LL) U S
== [ o (- [} oo e iy ) ¢

)
< K, <_ /t %—Z(t, 5) ds) — K H(t,T).

From (4), by (5) and (8), we obtain

( ) 0H
H(t ds <Ly Ht,T) — —(t,T)w(T).
[ #9002 a5 < 1@, - S (i)
where Ly = w'(T) + K;. Consequently,
0H
lim su #/tH(t s) a(s)®ds<L —w(T )hmme
sl HET) Jp 07 ey @ = e H(t,T)
which together with condition (H4) contradicts condition (C2). O

THEOREM 2. Let the function p(t) be a nonpositive on [tg,00) and let the
function f satisfies (F»). Suppose that there exists a continuous function H €
C(D,R) which satisfies conditions (Hy1)—-(H4). The equation (E) is oscillatory if
there exists a positive function ¢ € C?([tg,0)), such that for some a € [0, My 4]
satisfies conditions (Ra),

(R3) (IM)I 2 07 t > to,

and (02)
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ProOF. We consider a nonoscillatory solution z on an interval [T, 00), T' > tg
of the differential equation (E) and as in the proof of Theorem 1, we observe that
(4) and (5) hold for all ¢ > T, where the function w(t) is defined by (1).

Using the fact that the function p® (t)% is nonpositive and condition (R3),

by the Bonnet theorem we have for a fixed s > T and for some £ € [T, s]

7 oy P) @' (u) _ oy 2(T) ¢ 2'(u)
o L@ e @ =0 [ ran @
e 2@ (7O dr
="M o /zm G
Since —g®(T) 22% > 0 and
/z(g) dr { 0, if z(&) < z(T)
— < * dr . for = >0,
o) FT) / oy O =)
/z(g) o { 0, if (&) > z(T)
— < > dr . for =<0,
oy 10 / o o O <o)

we have for s > T

b)) o p(T) _
) S Fagy @ <~ D) gy ol = Ko

Hence, for t > T, we get

: o p(s) o(s)
‘/T H{t,5)e™() ) Ty &
t

L OH (bl P
- % “’”( | e aw) F@(w)) d“) s

< K, (— /t %—Ij(t,s) ds> = KyH(¢t,T).

T

Thus, (4) becomes

t
) OH
D ds < - == .
[ B0 8 s < Lo B T) = G Th(T)
where Ly = w'(T) + K3. Then, we come to the contradiction as in the proof of
Theorem 1. O

Next theorem is an oscillation criterion for the equation (E) when no restriction
is imposed on the sign of the damping term p(t).
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We assume that
() Y(x) >c>0 forall z

and for arbitrary positive function o € C?([tg, 00)) we define the functions

() o ) a o't 1 a'(t) 2
n(t) = at) o(t) 1—a ot) 4« (a(t) )
) =p0) | 20+ 215 - o).

THEOREM 3. Let the function H € C(D;R) satisfies conditions (Hq)—(H,). If
there exists a positive function p € C?([to, 00)), such that for some a € [0, My ]

(Ry4) Y2(t) >0 and 7(t) <aca(t)n(t) for t>to

and condition (Cy) holds, then the equation (E) is oscillatory.

PRrROOF. Let z(t) be a nonoscillatory solution of equation (E), with z(¢) # 0
for all ¢ > T and w(t) defined by (1). Then, as in the proof of Theorem 1. we have
that (2) holds. Since

o plt) o
W) F@@) ~ at) pa@)’

~—
8
—~~
~
~—
]
—~~
~
~—
—~~
~
~—

" _ ﬂ o 0"(t) ala— o'(t) ? w
w'() < - 050 + [a £ s a n@@)]w
0 de)  pl) «
+P“aw alt) awwwwﬂQ“) A= ayu ¢ O

" w"(t) < —e (t)&g + |a "”((t’;) +ala—1) (ig;)j w(t)
1—a [Q l_a ()u(t)]2+14_aau2(t)w(t),
where we set that
u(t) = 0,01 _d@® _ p)
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Further, using assumptions (\Il) and (Ry), we have that

o't L (2OY Lo (500 d0p0 i
o' +a(a—1) < ® + ( (t))>
«

ot o) " al) ~ alt)bla
“‘”””*‘E‘mim
[(PO\ 1 p) (@) )
X_(ao) 4¢@@»*lzﬂ<2aﬂ dﬂ)]
-« 1
=@ ImO* = Sem)
(1 (p®)\* , p®) (d®) _ 0O
x _4c a(t) + a(t) (261() “ Q(t))]
l1—a () 1-«a

= (a - Dm(t) + () - caa®)n(®) <0.

o a®)oE®) S caad)

Since the function H satisfies the same conditions as in Theorem 1, (3) holds for
all t > T'. Therefore, for all t > T, we have

/Hts E‘Bdm /Hts Yw"(s) ds

H
< H(, Ty (T) ~ 221, Ty,
which leads us to the contradiction to (C2) by the application of condition (Hq),
as in the proof of Theorem 1. O

Remark 1. Taking H (t,s) = (t — s)” for some constant v > 1, which obviously
satisfies the conditions (H;) — (Hy), Theorem 3 reduces to Theorem 2 in Grace,
Lalli [2].

By choosing various specific functions H(t,s), we can derive several useful
corollaries. Let us consider the function H defined by

t g
H(t,s):(/ Oc(l_z)) for t> s> to,

for some constant v > 1, where 8(t) is a positive continuous function on [tg, o0)
such that

* du

(@) o 0~
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Clearly,
H(t,t) =0 for t>ty, H(t,s)>0 for t>s>t

and

O0H v Eodu \"

—(t = ——— — fi t>s>t

=gt ([ o) <0 otzezm

OH(t,s) |
Os 1 o Eodu 0

liminf —¢%5 — = —1j L — = —o0.

B Hits) e 6(s) </ e(u)> -
Further, if the function 6(t) satisfies the condition

b du
! —>1-

() 00 [ o >1-

then the function H satisfies condition (Hs3). Thus, we have the following corollary:

COROLLARY 1. Let 6(t) be a positive continuous function on [ty, o) that sat-
isfies conditions (C3) and (Cy) for some constant v > 1. The equation (E) is
oscillatory in the strongly sublinear case if p(t) > 0 for t > to and there exists a
positive function g € C?([ty,00)) that satisfies conditions (R1), (R2) and

([ ) [ ([ 25) =

for some a € [0, My y].

By similar arguments, we can formulate corollaries from Theorems 2 and 3.
Moreover, Li and Yeh have proved in [10] that the conditions (H;)—(H,) are
also satisfied by the following functions:

H(t,s) = [A(t) — A(s)]", for t>s>ty, v>1,
A\
H(t,s) = (logﬁ) , for t>s>1t9, v>1,
where A(t) is a positive differentiable function such that A'(t) = ﬁ and also the
following functions

¥
H(t,s):(lniiig) Ai(t), for t>s>ty, v>1

1 1 v
H = — A? fi > 5> 1
(t,S) (Al(t) Al(S)) 1(5)7 or t_s_tOJ ¥>1

where

> ds

Al(t):/ — < 00, tZtO
¢ als)

Therefore, by Theorems 1, 2 and 3, we get many new oscillation criteria for the

equation (E).
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3. Asymptotic behavior of solutions of the forced differential equation
Let us consider the forced differential equation with a damping term

(Er) [a(t)y(z()z' ()] + p(t)='(t) + a(t) f(2(t)) = r(t)

where r € C([to, 00), R).

THEOREM 4. If in addition to the hypotheses of Theorem 1, we assume that

. I 0*(s)
—_— >
(C5) lim sup T /T H(t,s) a(s) [r(s)|ds < oo, forall T > tg,

t—o0

then every solution z(t) of (E;) satisfies liminf;_, |2(¢)| = 0.

PROOF. Assume the conclusion is false. Then there is a solution z(t) of (E)
such that satisfies liminf;_, . |2(¢)| > 0 and therefore, there exist m > 0, M > 0
and T > ty such that

|z(t)] >m and |f(z(t))|>M for t>T.

As in the proof of Theorem 1, we obtain for every t > T

< £ () - 2 20

— a(t)

0*(t) | a4t o p() 2'(t)
< e ¢ Vaw 1)
Consequently,
/ H(t,s) z ds < — / H(t, s)w"(
L s oo P T
* M/TH(t’ )&s / HE92) ) e *
Following the procedure of the proof of Theorem 1, we get
() a g P(T)
[ #0068 ds < (wr) + 02(0) X0 ot A )

_ %—f(t,T)w(T) + % /T Ht, ) 0°(s) '2(3”

which implies

t
imsup 7 [ H(tas).{)a(s)g(—g ds </ (1) + 0°(T) X0 ()
oOH

_ 68 L a |T( )|
w(T)liminf 5 T) o7 HmSUP e /T H(t,s) 0%(s) 7y ds-

In view od conditions (C2), (H4) and (C5), we obtain the desired contradiction. O
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COROLLARY 2. Let conditions (Cy) and (Cs) in Theorem 4 be replaced by

¢ o(s
(Co) lim sup ﬁ/j’ H(t,s) ¢*(s) (q(s) — P|r(s)|) ds = oo,

t—o0

for any T > tg and P > 0; then the conclusion of Theorem 5 holds.

By a similar argument, from Theorems 2 and 3 we can derive the following
results.

THEOREM 5. Every solution x(t) of (Ey) satisfies liminf, o |2(t)| = 0 if the
hypotheses of Theorem 2 hold and the condition (Cs) is satisfied.

COROLLARY 3. Let conditions (C2) and (C5) in Theorem 5 be replaced by
(Cs); then the conclusion of Theorem 5 holds.

THEOREM 6. Every solution x(t) of (Ey) satisfies liminf, o |2(t)| = 0 if the
hypotheses of Theorem 3 hold and the condition (Cs) is satisfied.

COROLLARY 4. Let conditions (Cy) and (C5) in Theorem 6 be replaced by
(Cs); then the conclusion of Theorem 6 holds.
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