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ABSTRACT. We consider the problem of global uniform convergence of spectral

o .

expansions and their derivatives, > fn ugf)(:v) (j =0,1,...), generated by
e

arbitrary self-adjoint extensions of the operator £(u)(z) = —u"(z)+ q(z) u(z)

with discrete spectrum, for functions from the classes Hpk’a (@) (k € N,

a € (0,1]) and W¥(G) (1 < p < 2), where G is a finite interval of the
real axis. Two theorems giving conditions on functions ¢(z), f(z) which are

sufficient for the absolute and uniform convergence on G of the mentioned
series, are proved. Also, some convergence rate estimates are obtained.

1. Introduction

1.1. On the problem. Let G = (a,b) be a finite interval of the real axis R.
Consider an arbitrary self-adjoint extension L of the formal Schrédinger operator

(1) L(u)(z) = —u"(z) + q(z) u(z)
with a real-valued potential ¢(z) € L;(G), defined by the self-adjoint boundary
conditions

(2) 10 u(a) + a1 u'(a) + ﬂlO U(b) + ﬂn Ul(b) = 0,

au(a) + asy u'(a) + Baou(d) + B21 u'(b) =0,

where (o, i1, Bio, Bi1) € R* (i = 1,2) are linearly independent vectors. (By this
we mean a self-adjoint extension L of the corresponding symmetric operator Lg
in the sense of [1, §18]; the spectrum of such extension is discrete. Recall that
the operator L is defined in the following way. Let us denote by D(L) the set of
functions g(z) € La(G) such that functions g(x), ¢’'(x) are absolutely continuous
on G, L(g)(x) € Ly(GQ), and g(x) satisfies the boundary conditions (2). If g(z) €
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D(L), then L(g)(x) def L(g)(z). Recall also that the conditions (2) are self-adjoint

if and only if

Q10 021 — Q11 Q0 = 510 ﬂ21 - 511 520 )

Denote by {un(z)}{° the orthonormal (and complete in Ly(G)) system of eigen-
functions of the extension L, and by {\,}$° the corresponding system of eigenval-
ues enumerated in nondecreasing order. (By definition, u,(z) € D(L) and satisfies
the differential equation

3) —Up(®) + () un(2) = Ap un(z)

almost everywhere on (a,b).)
Let f(z) € L1(G@) and let u be an arbitrary positive number. We can form the
partial sum of order p of the expansion of f(z) in terms of the system {w,(x)}$°:

U“(.’L',f) © Z In un(:c),

An <p2

b
where f, def J f(z)up(z)dz are the Fourier coefficients of f(z) relative to the

system.

In this paper the classical problem of uniform convergence on G of the functions
a,(Lj) (z,f) (4 =0,1,...), as p — 400, is studied. We prove two theorems giving
conditions on functions ¢(z), f(x) which are sufficient for the absolute and uniform
convergence on G of the corresponding series. Also, we give some uniform, with
respect to z € G, asymptotic estimates of the differences f)(z) — af,j) (z,f), as
u— +00.

1.2. Main results. Let us denote by C*® (G) the set of functions f(z) from
the class C*)(G) such that f*)(z) € Lipa (G),0 < a < 1. We say that f(z)
belongs to W P(G) if f(z) € CH=D(G), f*V(z) is an absolutely continuous
function on [a,b] and f*)(z) € L,(G),1 < p < +00. Let H}(G) be the Nikol’skii
class: f(z) € Lp(G) belongs to H(G) if there is a constant D(f) > 0 such that

(4) I f(@+t) = f(@) |, < D) - [E]*
for every t € ((a — b)/2,(b — a)/2), where G|y = (a + [t|,b — [t]). Also, we
say that f(z) € Hy"*(G) if f(z) € W?(G) and f®(z) € HX(G). Then

cka) (@) c B (G).
In the sequel, we will use the symbol

def def
LEf) (@) = (Lo-0Lo L))  (L2()(x) = f(2));
k times
o stands for the composition of mappings.
If L is a self-adjoint operator defined in the preceding section, then the following
propositions are valid.
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THEOREM 1.1. (a) Let us suppose that q(z) € L1(G), f(z) € Wl(l)(G), and
fl(z) € Lo (GYNHFG), 0 < a < 1. If f(a) = 0= f(b), then for every x € G
the equality

n=1

holds, and the series converges absolutely and uniformly on G .
Also, the following estimate is valid:

1 1
©) max | 1) = 0u(2.0)| =0 2 ) +o (17 )
(b) Let q(x) € L1(G) and f(x) € D(L). Then, for every x € G the equalities

™ @ =Y foud@),  0<i<l,
n=1

are valid, and the series converge absolutely and uniformly on G.
Moreover, the following estimates hold:

. . 1
) _ 5 — - ;
(8) r;l:%df (z) — oy (w,f)|—0<ug/2j>, 0<j<L.

€ Lo (G)NHX(@G), where k € N, 0 < a < 1. If the functions f(z),
LEL(f)(x) satisfy the boundary conditions (2) and L*(f)(a) = 0= L*(f)(b), then
for every x € G the equalities

9) f9(z) = i fauld(z),  0<j<2k,
n=1

are valid, and the series are absolutely and uniformly convergent on G ..
Moreover, the estimates

. ; 1 1
(1) max If(”(w)—o,S”(w,fH:O(m) +0<m)
hold, where 0 < j < 2k.

() If q(z) € W2(2k_2) (@), f(z) e W2(2k) (@) (k>2), and the functions f(x),
L(f)(x),..., LE"Y(f)(x) satisfy the boundary conditions (2), then the equalities

(11) fO>) =) fauif (@), 0<j<2k—1,
n=1

hold on G, the series being absolutely and uniformly convergent on G.
Also, the following estimates hold:

(12 max | [9(0) = 0@, 1) | =0 (i ).

zeG
where 0 < j <2k—1.
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REMARK 1.1. If the boundary conditions (2) additionally satisfy
a11 B21 — 021 B11 # 0,

then conditions f(a) = 0 = f(b) in proposition (a) of Theorem 1, and conditions
LE(f)(a) =0 = LF(f)(b) in proposition (a) of Theorem 2 can be removed.

REMARK 1.2. Let us note some important special cases. Proposition (a) of
Theorem 1 is valid if f(z) € C»* (@), and proposition (a) of Theorem 2 holds
if g(z) € CPF=1a)(@), f(z) € CCH1LA(G). (Of course, the other conditions
imposed have to be satisfied.) Proposition (b) of Theorem 1 holds if ¢(x) € L2(G),
f(z) € WQ(Z) (@), and f(z) satisfies the boundary conditions (2).

REMARK 1.3. The problem we study was considered in papers [6] and [8]-[9]
for a different class of functions. The ”final” results are contained in paper [9,
Proposition 4], where some assertions stated in Theorems 1 and 2 (“then” parts,
without the estimates) have been proved under the following assumptions:
(a) g(2) € L(G) (1 <p <2); f2) € W(G), fa) =0 = f(b), and
z) is a bounded, piecewise monotone function on its domain D(f') C G or
z) € BV(G) (in the case of Theorem 1 (a));

(b) ¢(z) € AC(G); f(x) € Wl(s)(G) and satisfies the boundary conditions (2),
L(f)(a) =0=L(f)(b), and L(f)'(x) is a bounded, piecewise monotone function
on its domain D(L(f)") C G or L(f)'(z) € BV(G) (in the case of Theorem 2 (a)
for k=1).

Here AC(G) denotes the class of absolutely continuous functions on the closed
interval G = [a,b], and BV (G) is the class of functions having the bounded vari-
ation on this interval.

Note that condition g(z) € L,(G) (p > 1) in the case (a) can be improved by
a(z) € L1(G).

In this paper the above results are completed by the estimate

F(
f(

1
(13 max | () = 0,(2.0)| =0 (),
zeG 17
which holds in the case of assumptions (a), and by the estimates
) ; 1
(D () — 5 - ;
W a0 -0 @) | =0 (5 ) 0<isz

which are valid in the case of assumptions (b).

These estimates will be proved in Section 6.

Let us add that the part of Theorem 1(b) concerning the convergence of series
(7) has been established in [9, Proposition 4(b)], under assumptions g(x) € La(G),
f(z) € W;,(2)(G), and f(z) satisfies the boundary conditions (2). The estimates
(8) are new.

REMARK 1.4. Samarskaya [5] has established the absolute and uniform con-

vergence on [0, 1] of a biorthogonal expansion for functions f(z) € W2(1) (0,1) cor-
responding to a non-selfadjoint operator defined by (1), with ¢(z) = 0, and certain
non-local boundary conditions.
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Using a technique based on some “equiconvergence” arguments, Lomov [7,
Theorem 6] has obtained results that are close to the Theorem 1(a). They are con-
cerned with biorthogonal expansions corresponding to non-selfadjoint Schrodinger
operators (1).

Our approach to the problem considered is based only on uniform and exact
(with respect to order) estimates for the moduli of the eigenfunctions and their
derivatives (see Propositions 1-2 bellow). This allows us to consider arbitrary
regular self-adjoint operators defined by differential expression (1) and boundary
conditions (2). For such an operator we establish the global uniform and absolute
convergence of eigenfunction expansions for a large class of functions not necessarily
belonging to its domain (Theorem 1(a)). For every function from the domain
of the operator it is possible to establish not only the uniform convergence of
its eigenfunction expansion(which is a known fact), but also the global uniform
and absolute convergence of “the first derivative” of the eigenfunction expansion
(Teorem 1(b)). (By increasing the smoothness of ¢(z) and f(z) properly, we obtain
an expansion for higher order derivatives of the function.) Finally, we give some
uniform on G estimates of the convergence to zero of the differences

fO@) = ol (@, f),  p—r oo,

From the point of view of applications, Theorem 1 and Theorem 2(a) (for
k = 1) may be used to prove the existence and uniqueness of classical solutions
to a large class of ”self-adjoint” mixed boundary problems for one-dimensional
hyperbolic or parabolic equations of second order. In the hyperbolic case, for
example, these problems have the form:
2 2
Tt et) ~ T ) +a@) (e t) = [, (n,0) €Gx (0,7),

u(x,O) = QO(:E), u;&(xao) = ¢($)7 S 67

10 u(a, t) + a1 U; (Cl, t) + ,610 u(b, t) + 511 u; (b, t) = 0,
Q20 U(CLJ t) + o2 u!v (a7 t) + /320 u(ba t) + 521 ulz(b: t) =0, te [O,T],

where 7" > 0 is an arbitrary number. Note that, following this line, in papers
[8]-[10] we have established the existence and uniqueness of classical solutions to
the mentioned boundary problems for classes of functions cited in Remark 3.

Let us add that the method used is applicable in the case of an arbitrary
self-adjoint extension of the Sturm—Liouville operator

L1(u)(z) = =(p(z) v'(2))" + q(z) u(x)

with a discontinuous coefficient p(z), as well as in the case of a nonself-adjoint
Schrédinger operator defined by (1) (with a complex-valued potential ¢(z)) and by
a large class of nonself-adjoint boundary conditions (2).

1.3. Auxiliary propositions. Proofs of the theorems are based on known
estimates concerning the eigenvalues and eigenfunctions (and their derivatives) of
the operator (1), which have been obtained in papers [2]-[4]. The central point is
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the following: uniform estimates of eigenfunctions and their derivatives (see (15),
(17) bellow) allow us to derive necessary upper—bound estimates for the Fourier
coefficients f, .

Let {u,(z)}$° be the system of eigenfunctions of an arbitrary non-negative self-
adjoint extension of the operator (1), and let {A,}{° be the corresponding system
of eigenvalues enumerated in nondecreasing order. Then the following propositions
hold.

ProrosITION 1.1. [2], [4] (a)If q(z) € Li(G), then there exists a constant
Co > 0, independent of n € N, such that

(15) max [un() | < Co, neEN.
zeG
(b) If q(z) € L1(G), then there exists a constant A > 0 such that
(16) > 1< A4
t<VAn <t+1

for every t > 0, where A does not depend on t.

ProPpoOSITION 1.2. [3] (a)If q(z) € L1(G), then there exist constants po =
o(G) >0 and Cy > 0, not depending on n € N, such that

Ci v, ’Lf )\n>/10,

z€G Ch ’Lf 0< An < lo.

(17) max | u,(z) | < {

(b) Suppose q(z) € C*=2(G) (k > 2). Then uy(x) € C®(G), and there exist
constants C; > 0(2 < j < k), independent of n € N, such that

Ci N if A > o,

Note that the constants A, C; (i =0,1,...) depend on G and q(z).

The estimate (16) has been first obtained in paper [2], under assumption that
g(z) € Ly(G)(p > 1). In paper [4] that estimate has been extended to a class of
nonself-adjoint operators (1) with a complex valued potential ¢(x) € L1(G).

Let us now suppose that L is an arbitrary self-adjoint extension of the operator
(1). In this case only a finite number A, ..., A,, of negative eigenvalues of L can

exist. Let d % max{ |A1], ---, [Ano| }, and let Ly be a self-adjoint operator defined
by (1), with g(z)+d instead of ¢(z), and by the same boundary conditions (2) that
define the operator L. Then the operators L and Ly have the same eigenfunctions,
and all the eigenvalues of Ly are non-negative. So we see that Propositions 1 and
2 are valid in the general case also, with obvious minor changes in formulation.

For the sake of simplicity we will work with a non-negative operator L, and
estimates (17)—(18) will be used supposing that pg =1.

(18) max |uf)(z) | <
zeG

2. Proof of Theorem 1(a)

2.1. A mean-value formula. Suppose x € G is a fixed point and h > 0 is
a number such that z + h € G. Let A\, # 0 be a fixed eigenvalue. We wish to
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establish a ”mean—value” formula for the function w},(§). We will start from the
integral wfhu;{(f) sinv/A, (£ —z — h) d¢. Using the integration by parts twice, we
can obtairgi the equality

z+h

€) sin/Ap (€ =z — h)dé = u(z) sin /A h — V/ Anun(@ + h) +

z+h

v An tn(z) cos v/ Aph— Ap - / €) sin /A, (€ —z — h)dE.

T

But ul(§) = q(§) un(§) — A un(§) a.e. on G, by differential equation (3). So we
have

z+h

/q &) siny/A, (E—z—h )dé = ul( (z) sin /A, h —
~ VAntun (@ + h) + v/ Ay un() cos /An h,

or, if VAnh # kn(k € Z), the desired formula

VAn VAn cosSv/An h
19 ! = Uy h)— ———F——u,
(19) wh(w) = s un(o o+ h) = I ) +
1 z+h
+7sin Tnh' / q(& &) siny/ A, (6 —x — h)dE.

T

This formula will be used in the next section for obtaining an appropriate
estimate for the modulus of the Fourier coefficient f,.

2.2. An estimate for f,. Let the functions ¢(x), f(x) satisfy conditions
imposed in proposition (a) of Theorem 1. Suppose A, # 0. Using differential
equation (3) and the integration by parts, we obtain the equalities

[ =/f(m) un(2) dz = ,\_1n : (—/bf(w) Uy, () dw+/bf(w) q(2) un(2) dm)

(20) -5 ( / F(@) () da + / F(@) 4(@) un(a) dx).

(Recall that f(a) = f(b) =0.)
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b
Consider the integral [ f'(z)ul,(z)dz. Let h € (0,b— a) be a number which
a
will be defined bellow. By formula (19) we have

/f dm—/f d:c+/f

b
= ! "(z)d / n h)dz —
‘/f@Mm@)m+$n¢—h F'@) n(z + ) do
(21) b—h b
_VAq cosV A h I ,
n(z) d
o /f(:z:)u (2) do +
z+h
sm\/ sin v/, b /f (/ ) sin Soaoh E)d%
There is a number ng € N such that
(22) 4\/_<b—a if n>mne.
Now, let A, satisfies (22). Define h = h(n) in the following way:
(23) %<h\//\n<%.
That is why we have the estimate
\/ 1 2
(24) h , where S def —\/_
sinv/ A, h

In the sequel we will estimate 1ntegrals on the rightfhand side of (21). In the
case of the first one, using estimates (17) and (23), we have

‘/f x) dz

The second integral can be transformed in the following way:
b

/f’(:z:)un(:c+h)da:: /[f’(t—h)—f’(t)]un(t)dt+

C’ ™
<O (@) VAnh < =

N N (c)-

a+h
b b
(26) +/fwwmw=/wv—m—ﬂmmmﬁ—
at+h a+h
a+

h b
- / T (t) un () dt + / F'(t) un () dt.
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According to the estimates (4) and (15), the following is valid:

b

[0 = £ it < CollF =)~ S Ollscasnan +
a+h
+2C0 1 f'lLa(a) - B < CoD(f') - h* +2Co || w(a) - s

a+h

‘ [ F@um®de] < ol i b

a

Therefore, by the force of equality (26) and estimate (24), one can obtain the

estimate

o s1n\/_h ‘ / ' (z) up(z + h)dz
CoD(f') 1 3Co||f ltwe , 1 1 ,,

S ﬂ -hl—a+ ,8 +,B E(f)n
According to the equality

b—h b
[ 1@ u@ds == [ 1@ @ dz+ (1),
a b—h

for the third integral the following estimate holds:

(28)

(29)

f@gﬂﬁwybw%@m

sin v/, h
Co||f lLo(e) r
< 7ﬁ 41 3 h “(fn -

In the case of the fourth integral on the right—hand side of (21), we have

b—h z+h

e | [ somosnic-o-nac)

a

z+h

o e /If </|Q(€)|d€)dm

1
<Cob=a)lf'leece - L. e) - 3



68 LAZETIC

Finally, from relations (21), (23), (25) and (27)—(29) the following estimate
results:

N ‘ / 1'(@) () da

Cim  4Cy  Co(b—a)llqllzy(ae) ' 1
< L
< ( it gt 5 1120 N,
16 1 ,,  8-2CyD(f) 1
+ﬂ_7r : W (f )n + Bri-o ’ )\%l—i-a)/Q :

Let us return to the equalities (20). These equalities, the condition (22), and
the preceding inequality give us the final estimate for f,:

1 1
(30) |fn|SK(G;f';(I)'(W+W'(f')n>;

where the constant K (G, f',q) is defined as the maximum of the numbers

C 4Cy,  (b—a)Colldllz, 4(b—a)\"™*
(G, Lol Yy, g (1220 s

T E
4b-a)\'"* 16  8-*CyD(f'
+Golflo -lale (2022 ), 2, EE020)

In order to simplify the use of estimate (30), we can suppose, with no loss of
generality, that it is valid for every A, > 1. In this case, the multiplicative constant

(4(b— a)/w)lfa may be replaced by 1.

2.3. Convergence of the spectral expansion. Now we can prove the part
of proposition (a) of Theorem 1 concerning the convergence of series (5).

The absolute and uniform convergence of this series will result from the follow-
ing formal chain of inequalities, which holds for every point = € G':

Yo lhu@ = Y O+ Y () <ACH e +
n=1 <V, <1 VAR >1
1

1
QK@ S0 Y S ORGS0 Y S| ()l
Vi>1 T VAiL>1 T

= 1
SD1+D2-Z( Z W)‘F

k=1 " p<v/X,<k+1 77

1\ /2 1/2
(X ) (T ur)
V>t " Vin>1

o0

I 1 1\ 172
<Di+AD;- Y k1+a+Al/2D2'(Z ﬁ) M Nlzae) -
k=1 k=1
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Here the estimates (15)—(16) and (30) are used; the constants Di, D, have an
obvious meaning.
Therefore, there is a continuous function g : [a,b] — R such that

g(z’) = Z fnun(m)

on G. But using completeness of the orthonormal system {uy,(x)}$°, one can easily
prove that g(z) = f(z) almost everywhere on G, and then, by continuity of f(z),
that g(z) = f(x) for every z € G.

2.4. Proof of estimate (6). Having equality (5) established, we can write

(31) f(x)_au(xaf): Z fnun(m)
Vin>u

for every z € G. Let us suppose p > 2. Now, using estimates (15)-(16) and (30),
as in the preceding section, we obtain

1 1
‘ 2 f"““(m)‘SD” 2 smwap D 2 aml
VAn2p VAn2p )\n VAn2p )\n

> 1
<D Z ( Z 2\(+a)/2 ) +
k=[] “k<vVAn<k+1 7T

oo 1 1/2 1/2
o[ (X S (X )
k=[u] N k<VA,<k+1 VAn>p
o) 1 "™ %} 1 1/2
(32) <ADy- Tita + AY2 D, . ( > k—2) “ 91,5 (1)

k=[p] k=[u]

—+oo

o s dt \ '/?
<ape [ gzl oeasw-( [ %)

[u]-1 [p]-1
2% 1 1/2 _1
< AD, o e + (24)'/2 Dy - g1 4 () - Pk

1/2
where gy ¢(1) < < > () |2> . Note that lim gi1,7(p) = 0 by the
V> p——+o00

o0

convergence of series Y. | (f')r|?. Therefore, by virtue of (31)-(32), we conclude
k=1

that estimate (6) holds.

Proposition (a) of Theorem 1 is proved.

2.5. On Remark 1. In this section we will prove the assertion stated in
Remark 1 and related to the proposition (a). Suppose f(a) # 0 or/and f(b) #0.
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Let the coefficients «;;, ;; from boundary conditions (2) satisfy

(33) a1 B21 — az1 f11 # 0.

Then for f, (A, > 1) an estimate of the form (30) is still valid. Indeed, in this
case instead of (20) we have the equalities

fn = /bf(x) un(z) dz

b b
By =1 (—f(x) u@) o+ [ 1@ @ o+ [ 16)0@) i) ds )

By (33), equations (2) can be solved with respect to u),(a) and ul, (b):
un(a) = Ria(ij, Bij) un(a) + Rup(ij, Bij) un(b),
uy, (b) = Raa(aij, Bij) un(a) + Rap(aij, Bij) un(b),

where the constants R do not depend on n. Using estimates (15), from (35) we
can obtain that

| fa) up(a) = F(B) up(b) | < 2Co Ro (| f(a)|+]F(B)]),

where Ry % max{|Ria(-)], | Rio(-)| | k& = 1,2}. Let D3(G,f,q) denote the

constant on the right-hand side of the above inequality.
Hence, by virtue of (34), the following inequality holds:

[ fr| < —<—— (Gf’ ‘/f dw+/f (z)dz |.

But for the second term the estimate (30) is valid. So we see that for | f,| an
estimate of the form (30) holds, with K (G, f',q) replaced by

K(G,f,f',q) ¥ K(G, f',q) + Ds(G, f,q).

The rest of the proof of proposition (a) is the same as before.

(35)

3. Proof of Theorem 1(b)

3.1. Convergence of the spectral expansion. Assumptions stated in The-
orem 1(b) are fulfilled if, especially, q(z) € Lo(G), f(z) € Wi?(G), and f(z) sat-
isfies the boundary conditions (2). As it was said in Remark 3, in this special case
the part of proposition (b) of Theorem 1 concerning the convegrence of series (7)
had been obtained in [9, Proposition 4(b)]. There is no essential difference in the
proofs of both cases. However, in order to keep the exposition complete and to
prove estimates (8), and having in mind proof of Theorem 2, we describe here the
idea behind the proof of the proposition.
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Let f(z) belongs to the domain of the operator L considered. Then, applying
the integration by parts to the first integral appearing on the right—-hand side of
the second equality (34), we obtain the equality

fn=—-(—f() 1@ I+ (@) un() || —

/f” x) un( da:+/f )d;c)

But —f(x)u), () |Z + f'(z) un(x) |Z = 0 because of the self-adjointness of L.
Therefore we have the equalities

(36) fo= o / (/) (@) un(z) do = Ai L(f)n

These equalities, combined with estimates (15)-(16) and inequalities of Cauchy-
Schwarz and Bessel, allow us to prove the uniform and absolute convergence on G
of series (7) in the case j = 0: as in section 3 §2, we first obtain
1/2 1\ /2
Z|fnun nso+a( X 1eonk) (X )
(&%) 1 1/2
<Di+GltDlne | (X )]

Via>1 Van>1
k=1 “Mp<y/Aa<k+1 "

oo 1 1/2
<D+ A2 G LDl (X 7 )
k=1
and then the equality (7) for j = 0.
Now we can prove the estimate (8) for j = 0. It follows from

1/2 1 1/2
@ - i<a( X iemr) (T %)
Van>p Vanzp "
1 1/2
< Co- 9251 [Z( > %)
k=[ E<VAn<k+l "
Ly oo 1\ 1/2 sy o0 dt \ /2
< AY Co‘!h,f(ﬂ)‘(Z F) < AY CO'QLf(N)'(/ t—4)
k=lul [ul-1

8\ /2 " 1
S o A C . g s (IU/) . )
(3) O IR I e
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1/2
where z € G, > 2, and g2 5(11) def ( 1 L(f)n |Z) . Note that the equality

Vi >p
o0
lim go ¢(u) = 0 by the convergence of series Y | L(f)r |-
p——+o00 k=1

3.2. Convergence of the differentiated spectral expansion. Let us con-
sider the convergence of series (7) in the case j = 1. Using equalities (36), estimates
(15)—(17) (for j = 1) and the inequalities of Cauchy—Schwarz and Bessel, we obtain
that for every = € G the following holds:

Yo lfuw@l= Y O+ X0

0<VA. <1 Vaa>1

L(f)n
<ACHC | flleey +CoCr Y ] ;J;) |

Van>1 n

R XU Do D DS |

k=1 N p<y/a <kl

o0

1/2
1
<Dy +AY2CoCy L) zaca) - (Z = ) .
k=1
Hence the series considered is uniformly and absolutely convergent on G. This fact
and equality (7) for j = 0 give us equality (7) for j = 1.
Now, as above, we have

L(f)n
| f@) —ol@ ) [ <CCi- Y l,\(l/)2|
VAin>p n
12 1\ 1/2 oo di \ /2
<AV Co Crg2,5(p) - Z 2 < Ds-g2,5(u) - 2
F=lud [l 1
1
§21/2D5'92,f(ﬂ)'m;

where z € G, > 2, and ga,¢(p) is defined in the preceding section. So, estimate
(8) is valid when j =1.
Proposition (b) of Theorem 1 is proved. Proof of Theorem 1 is completed.

4. Proof of Theorem 2(a)

4.1. An estimate for f,. We already have a model for the proof of Theorem
2. Let q(x), f(z) satisfy assumptions stated in the proposition (a), for k¥ € N and
a € (0,1] arbitrarily fixed. Then functions £7(f)(z)(0 < j < k — 1) belong to the
domain D(L) of the operator L considered. Hence, starting from the first equality
(36), after the multiple use of equation (3) and the integration by parts, we can
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obtain
b b
=i / £()(@) un(2) dmzé / C2(f) (&) un(z) do
b
(37) - =$ / £ (f) (@) un(z) de

b
— s ([EW@u@ds+ [ EN@ @ e s ).

where A\, # 0. (Note that £¥(f)(a) = 0 = L*(f)(b); the intermediate terms of the
form

—L(f)(@) un(@) | + £ (F) (@) un(o) [,
vanish by the self-adjointness of the operator L.)
Now, having in mind that £*(f)'(z) € Loo(G) N H¥(G) and using equalities
(37), one may repeat, step by step, the procedure described in Section 2.2 and
obtain the estimate

1 1
3 1 < KG LU0 ( ~rerrays + s | (01 ).

where )\, satisfies condition (22) and the constant K (G,L*(f)’,q) has the same
structure as the constant K (G, f', ¢) appearing in estimate (30), with f replaced
by £*(f). Asin the case of estimate (30), we can suppose, with no loss of generality,
that estimate (38) is valid for every A, > 1.

4.2. Convergence of the spectral expansion and its derivatives. Let
us prove now the assertion of Theorem 2(a) concerning the convergence of series
(9).

By virtue of estimates (15)—
equalities holds for every j € {0,

Z'f u(J) (z)| = Z Z )SACOCJ'Hf”c(@)+
0<VAR<1 \/_>1

(18) and (38), the following formal chain of in-
1,...,2k} and 7 € G:

k 1 k i
+C; K (G, L \/Z: <2k+1 s TRz | )|

= 1
< Dg + Dr- [ Z Z (2k+1—j+a)/2 )+

=1 NN, <itl An

(ST ) o]

=1 Nig/Aa<itl T
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oo 1 0o 1 1/2
5D6+Ds-[2 m*(Zm) ]
i=1 i=1

Therefore, the majorizing numerical series being convergent, we can conclude that

the series E fau$(z) converge absolutely and uniformly on G.

Flnally, usmg completeness of the orthonormal system {u,(z)}°, one can
establish, as before, the equality (9) in the case j = 0, and then prove, by the
known theorem on differentiability of uniformly convergent functional series, the
equalities (9) in the cases 1 < j < 2k.

4.3. Proof of estimates (10). Having equalities (9) established, we can write
(39) f(j)( ) — U(J) (z,f) = Z fn u(])
VA >

for every © € G, where 0 < j < 2k. Let us suppose x4 > 2. Then applying
estimates (15)—(18) and (38), we can obtain, as in the preceding section, that

‘ S il (@)

VAn>p

A o 1 1/2 2\
420 (Y oy ) (X 1€ 00aF)

i=[u] VAn>p

+o0 &t +oo dt 1/2
1/2 __
(40) < Ds- / PEr gra T AY2 Dy - g3, 5 (u) - ( / t4k+2-2j )

[pu]—-1 [p]—1
1 1
< Dy - [2k—i+a + Do - 93,7 () - 2h—i+1/2

> 1

< Ds- Z P2kl jta +
i=[u]

1/2
where g3 7(u) ef ( > (LR )n |2> . By lim g3 () =0, the estimates
\/EZu p——+o0
(10) follow from (39)—(40).

Proposition (a) of Theorem 2 is proved.

Proof of the assertion stated in Remark 1 and related to the proposition (a)
is based on the same arguments as the proof given in Section 5.2. So we omit the
details.

5. Proof of Theorem 2(b)

5.1. Equalities (11). The proof has the same structure as the proof of The-
orem 1(b). If functions ¢(x), f(z) satisfy assumptions stated in proposition (b) of
Theorem 2, then instead of (36) the following equalities hold:

(1) fo= i [ L@ unle)do = S5 - LD,
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where A\, # 0. Now, using estimates (15)—(18), equalities (41), and the inequalities
of Cauchy—Schwarz and Bessel, we can obtain

Z | fruld)(z)| < AC, C i Iflle@ +Cii- Z )\(zk J))/2|
Vin>1 7
1/2 1 1/2
SD11+CJ'(Z|£k n|2) ( Z )\Zk—j)
Van>1 T
) 1 1/2
<Dy + A1/2Cj : ||£k(f)||L2(G) : (Z j4k—2j ) )

i=1
where 0 < j < 2k—1. Therefore, the series (11) converge absolutely and uniformly
on G. Proof of equalities (11) is based on the same arguments as the proof of
equalities (9).

5.2. Estimates (12). It follows from equalities (11) that
9 (z) — (J) (z,f) = 2 Fnuld (z
Van>p

for t € G and 0 < j <2k —1. Let g > 2. Then, as in the preceding section, we
have

‘ 2 f"“g’(@‘écj( > |£’“(f)n|2>1/2-< ) %)”2

V> Nowe Va7
oS} 1 1/2
SAI/ZCJ'!MJ(M)'(Z 1”4’“—21')
i=[u]

1/2 dt 2 :
<4 Cj-g4,f(u)'</ m——n) < Dra 000 i

[p]-1

1/2
where g4, 7 (1) Lef ( > LE(f)n |2> . By lim g4¢(n) = 0, we conclude
Vi >p poroo
that estimates (12) are valid.
Proof of Theorem 2(b) is completed. Theorem 2 is proved.

6. On Remark 3

6.1. Proof of estimate (13). If functions g¢(z), f(z) satisfy conditions (a)
described in Remark 3, then the estimate

1
|f"| SKl(GJflaq))\_

is valid if A\, # 0, and the equality f(z) = Z frnun(x) holds on G, the series
being absolutely and uniformly convergent (see [9 §1]). Now, the estimate (13)
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results from the following;:

|f( _Uu$f|—‘ Z Jnun(z

VAR >p
1 — 1
! !
<CKi(Gfh0) 3 - SAGKG9) ) 5
VA > i=[p]
T at 1
< D3 - / S @ <2Dy3-—,
2 I
[w]—1
where p > 2. B
Recall that a real-valued function g, defined on a set D(g) C G, is called
piecewise monotone on D(g) if there is a set {zo,21,...,%n(y) } C G such that
a=1x9 <21 < < Tp) = b and functions g |p(g)n[z;_,,2;] are monotone for

every i =1,...,n(g).

6.2. Proof of estimates (14). Let the functions ¢(z), f(z) satisfy condi-
tions (b) formulated in Remark 3. Then the estimate

| fn | < KI(GJE(f)I:q) ) 1//\fz
holds if A, #0 (see [9, §1]). Using this estimate and estimates (15)—(18), one can
prove that the equalities f\)(z) = Z Fau?(2)(j = 0,1,2) hold on G, and that

the series are absolutely and unlformly convergent on this closed interval. Now, the
estimates (14) result from the following:

|f(j)(w)—rf£j)(w,f)|=‘ Y o)

Vi >u
1 <1
SCEGLD 0 Y m SACGK(GLWD 9 Y 75
Viazp i=[p]
I dt 23— 1
< Dyy- dt < Dy, - :
= Vg / = =375 14 e
[e]-1

where p > 2.

Note that results presented in this paper were reported on the Seminar for real
and functional analysis (Faculty of mathematics, Belgrade) in the spring semester
1999.
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