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ABSTRACT. Direct product of two amenable groups is considered. If one of

o0 (o)

them is )" Zy, then ) Za X G is amenable. Subadditive processes on such a
i=1 i=1

direct product are studied.

1. Introduction

Basic concepts and properties of amenable groups are given in [3]. We use the
following facts about the class of amenable groups.

1) Subgroups of amenable groups are amenable.

2) Factors groups of amenable groups are amenable.

3) If H is a normal subgroup of G and both H and G/H are amenable, then
so is G. o

HIfG= |G, with Gy C Gy C G3 C --- with each G,, amenable, then G is
amenable.  "=!

5) Each finite group and Z are amenable.

Let G; and G2 be two countable amenable groups. Is the direct product G X Gs
of these groups also amenable or not? In the general case, this problem is rather
difficult and may be there is no affirmative answer.

We consider a particular case, when one of these groups is Y oo, Z» (finitely
generated countable commutative group) and the second group is an arbitrary
countable amenable group. It is proved that the direct product of such amenable
groups is also amenable. We also investigate subadditive processes on direct prod-
ucts of countable amenable groups. Basic definitions and theorems concerning
subadditive processes are given in [1] and [2].
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Let (X,F,u) be a probability measure space, G a countable amenable group
and T' a measure preserving action of G on (X, F, u1), that is, T is a homomorphism
of G into Aut(X,F, i), where Aut(X,F, u) is a group of measure preserving auto-
morphism of (X, F, ). Let U(G) be the family of all finite subsets of G. Evidently,
U (@) is a countable set.

Let us consider the transformation 7 : ¥(G) — L% (X), where L} (X) is the
set of nonnegative integrable functions, that is, for arbitrary H € ¥(G), n(H) =
qu(z) € L1 (X).

DEFINITION 1. A family of functions {gg € L} (X) : H € ¥(G)} is called a
subadditive process, if the following conditions hold:

1) If H = | Bjc¢;, where B; € ¥(G) and ¢; € G, i =1,...,n, then

i=1

v n

qu(z) < Z‘IB,- (T¢z) forae zeX
i=1
2) For each g € G and for a.e. € X, qug(x) = qu(Tyz).
DEFINITION 2. A sequence of finite sets F' = {F}, € ¥(G)}>1 is called a Fglner
sequence, if lim % =0, for all g € G.
n—oo n
2. Main results

o0

In what follows let > stand for ).
i=1
THEOREM 1. Let G be a countable amenable group. The direct product >, Za X
G is also an amenable group.

PROOF. Let us consider K, = Y 7 | Z» with usual coordinately group action.
Then K, is an amenable group. Assume G, = K, x G. It is evident that K, =
K, x {e}, where e € G is the identity of G, is a normal subgroup of G,, and
Gn/K, = {0} x G so, G,, is an amenable group for any n. As Gy C Go C G5 C - --
and )" Zo x G =J,.; Gn, then Y Z> x G is an amenable group.

Theorem 1 is thus proved. O

COROLLARY 1. Let G be a countable amenable group. Then the direct product
(3> Z5)% x G is also an amenable group for arbitrary positive integer d.

Let G; = Y  Z, and G be two amenable groups. We shall consider a simpler
case. Let (X1,F1,pu1) and (X2, Fs, o) be two probability spaces, 7" a measure
preserving action of G4 on (X1,F1,u1) and T” a measure preserving action of G
on (XQ,FQ,,U,Q), that iS, T : G1 — Aut(Xl,Fl,pl), T":. G = Aut(XQ,FQ,Mg) are
homomorphisms. Then 7' x T" is a measure preserving action of }_ Z> X G on
(X1 x X2, F1 @ Fa, i1 X pi2), where Ty, 4,) = (Tg’1 X Tg”Z) for g1 € G1, g2 € G. Let
¥(G1 x G) be a family of finite subsets of Gy x G of the form F' x F"', where F’ is
a sequence of finite subsets of G; and F" is a sequence of finite subsets of G, that
is, ¥(Gh; x G) = ¥(G1) x ¥(G).

DEFINITION 3. A sequence F' = {F! x F }n>1 is called a quasi-direct product
of Fglner sequences, if {F},},>1 and {F}'},>1 are Fglner sequences.
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Let us consider 7' : l:[’(C;l) — L1+(X1,F1,/J,1) and 7' : lI’(CTY) — L1+(X2,F2,/,LQ).
Assume that m : (G1xG) = L (X1, Fy, p1) X LY (X2, Fb, po) such that 7(g1, g2) =
(7' (g1) x 7" (g2)) for g1 € G1, g2 € G.

DEFINITION 4. A family of functions

{qm, xm, € L} (X1) x L} (X3) : Hy € ¥(Gy), H € ¥(G)}

is called a quasi-subadditive process if both {qm, € L1 (X1) : Hy € ¥(G1)} and
{qm, € L1 (X5) : H, € ¥(G)} are subadditive processes.

THEOREM 2. Let G and G be two countable amenable groups. If {qu, xm, €
LY (Xy) x LY (X3) : Hy € ¥(Gy), Hy € ¥(G)} is a quasi-subadditive process, then
for arbitrary quasi-Fplner sequence F' = {F) x F)'}n>1, there ezists a measurable
function § = Gi.G2 such that §; € LY (X;) for i = 1,2; a1 (T, (z1)) = Gi(z1),
¢2(T,, (22)) = G2(z2) for a.e. z1 € X1, 12 € Xo: 711320 mqpﬁxpg =g a.e. and

1 1

lim ———— qdF! x F! dp/l d/l,2 =inf —— qdF! x F!! d,u1 dp/g
1 " n n [ " n n
n—)oo'anFn| X1xXXo n |FnXFn| X1 xXa

=/ d1d,u1/ g> dps.
X1 X2

PRrROOF. By Definition 3 and Definition 4, we can obtain a subadditive sequence
{qF: xF }n>1 converging to § = §1.Gz, i-e.,
1

lim —— F! x F! = inf
novoo [Fp = B 1 T

1

7 x F71| FT,L,|‘1F;,><F;'} =4

n>1

4§ = ¢1-Go is a measurable function. Also 0 < § < mqm xFn € LL(Xl) X
L} (X2).

By Fatou’s Lemma, we have §; € L} (X;) for ¢ = 1,2. Then ¢ € L (X;) x
L} (X3). Tt is easy to see that § = Gq1.Ga is T(g, 4,) = (T, x Tyy)-invariant for
g1 € G1, g2 € G. By Lebesque’s Bounded Convergence Theorem, we can write

li

novoo |1 J,

- . 1 .
grrdpn = / @udpr,  lim —— [ qprdps = / G2dpr.
X3 Fn | Xa X2

n—oo |

Finally, we have

1
lim ——— qr Fuduld,uQ =inf —— qr: Fud,uldpQ
n=oo [FL X FlI| Jx,ux, "0 " n |ELXEY Jxixx, "0
=/ Chdul/ Godps.
X1 Xo
Theorem 2 is thus proved. O

Now we can consider subadditive processes for G; x G, if G; = ) Z>. Let
(X1,F1, 1) and (X2, Fy, us) be probability spaces. Let T be a measure preserving
action of Y Z> X G on (X1 X X, F1 ® Fa, u1 X ps); that is, T is a homomorphism
of Y Z> x G into Aut(Xy x X2, F1 ® Fa, 1 X p2), where G is a countable group.
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Let ¥(3" Z> x G) be the family of all finite subsets of > Z> x G. Consider the
transformation 7 : ¥(}" Z; x G) — L1 (X1 x X3).

DEFINITION 5. A family of functions {gr € L} (X1 x X2) : H € ¥(}_ Zo x G)}
is called a subadditive process, if the following conditions hold:

If H=\J;_, Bi.ci, where B; € ¥(}>>Zo x G) and ¢; € >, Z> x G, i=1,...,n,
then for a.e. € X1 x Xo, qu(z) < Y1y g, (T z).

2) For each g € Y7 Zy x G and for a.e. z € X1 x Xy quy(2) = qu(Tyz).

We have the following theorem.

THEOREM 3. Let G be a countable amenable group. If {qg € L} (X1 x X>) :
H € ¥(}"Zy; x G)} is a subadditive process, then for arbitrary Folner sequence
F = {Fn}nzl, F, € U(Y"Zy x G), there exists a measurable function G such
that qu € LY (X1 x X3), §(T(z1,72)) = §(z1,72) for a.e. (z1,72) € X1 x Xo;
lim II%_n\an =q a.e., and

n—oo
1 1
lim —— qf, d(p1 X p2) = inf —— qf, d(p1 x p2) = / gd(p1 x p2)
n=oo | B, | Jx xxo " n Bl Jxixxa X1 % X>
Proor. Easily follows from Theorem 1. O

REMARK 1. Since ) Z; x G is a amenable, there is a Fglner sequence F' =
{Fn}nz1, Frn € ¥(3° Z> x G). However, it is difficult to construct a sequence such
as mentioned above.

REMARK 2. In the same way, it is possible to prove Theorem 3 for (3~ Z5)? x G.

I would like to thank Professor Nasir Ganikhodjaev for helpful discussion and
many valuable comments.
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