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CONVOLUTED C-GROUPS

Marko Kostié

ABSTRACT. We introduce and systematically analyze the class of convoluted
C-groups unifying the well known classes of fractionally integrated groups and
C-regularized groups. We relate convoluted C-groups to analytic convoluted
C-semigroups and present illustrative examples of differential operators which
generate exponentially bounded convoluted groups.

1. Introduction and preliminaries

The theory of convoluted C-semigroups is an attractive field of research of
many authors and becomes inevitable in the analysis of various kinds of ill-posed
abstract Cauchy problems in a Banach space setting.

Local convoluted C-semigroups were introduced and studied in the papers of
Cioranescu and Lumer [11]-[13] as a unification concept for local integrated semi-
groups and local C-semigroups ([1], [48]). The class of exponentially bounded con-
voluted semigroups was introduced independently by Keyantuo, Miiller and Vieten
[22] and the author [27] while global convoluted semigroups which are not neces-
sarily exponentially bounded have been recently analyzed in [27] and [29]. The
important researches of Badumer, Lumer and Neubrander ([7]—[8], [40]) are related
to the use of asymptotic Laplace transform techniques in the theory of convoluted
semigroups. Of importance is also to stress that K-regularized resolvent families,
analyzed by Lizama and his collaborators ([37]-[39]), allow one to consider in a
unified treatment the notions of convoluted semigroups and cosine functions as well
as to enquire into the abstract Volterra equations of convolution type.

On the other hand, global integrated groups (cf. [2], [4]-[6], [15]-[16], [20]-
[21], [28] and [42]) were introduced and investigated by El-Mennaoui in his doc-
toral dissertation [16]. We especially refer the reader to the paper [21] where
Keyantuo briefly considered an abstract Laplacian in LP(R™)-type spaces as well
as the relations between exponentially bounded integrated cosine functions and
global integrated groups. Further study of global a-times integrated groups with
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corresponding growth order and smooth distribution groups ([4]-[5]) was obtained
by Miana in [42] by the use of fractional calculus. More generally, one-parameter
groups of regular quasimultipliers, introduced recently by Galé and Miana [20] in
the framework of the Esterle quasimultipliers theory [17], present a relevant tool
in the analysis of regularized and integrated groups. It is also worthwhile to accent
that many authors related global integrated groups to functional calculi and proved,
in such a way, different generalizations of Stone’s theorem. Some references on this
subject are [6], [14]-[15], [18] and [20]. Local fractionally integrated groups and
distribution groups have been recently investigated in [28].

In this paper, we deal with the notion of (local) convoluted C-groups and prove
several generalizations of results known for integrated groups and global regularized
groups (cf. [14], [20], [28] and [42]). In Section 1, we recall the definitions of a
local convoluted C-semigroup and an analytic convoluted C-semigroup which are
necessary in our further work. Several interesting properties of subgenerators of
convoluted C-semigroups are also proven in this section. Section 2 is devoted to the
study of structural properties of (exponentially bounded) convoluted C-groups and
their relations with analytic convoluted C-semigroups. Motivated by the analysis
of the backward heat equation given in [7] and [29]-[31], we discuss in Section 3 the
polyharmonic operator A%", n € N acting on L?[0, 7] with appropriate boundary
conditions. We also connect (local) fractionally integrated cosine functions to global
differentiable regularized groups and prove that derivatives of constructed groups
possess some properties of vector-valued ultradifferentiable functions of the Beurling
type (cf. also [26] and [49]).

Finally, let us point out that convoluted C-groups can be used in the analysis
of different kinds of abstract Cauchy problems within the theory of generalized
function spaces.

NoTATION. In this paper, F and L(E) denote a complex Banach space and
Banach algebra of bounded linear operators on E. For a closed linear operator A
acting on E, D(A), N(A), R(A) and p(A) denote its domain, kernel, range and
resolvent set, respectively. We assume C € L(FE) and C is injective; recall, the
C-resolvent set of A, denoted by pc(A), is defined by

pc(A):={AeC|R(C) C R(A—A) and A — A is injective}.

Suppose Y is a subspace of F and Y C D(A). Let us recall that Y is a core for
D(A) if for every x € D(A) there exists a sequence (z,,) in Y satisfying lim z, =z
and lim Az, = Ax. nee

n—oo

Henceforth we assume that K is not identical to zero and put

O(t) :z/0 K(s)ds, te€][0,7).

DEFINITION 1.1. [31] Let A be a closed operator and let K be a locally
integrable, complex-valued function on [0,7), 0 < 7 < oo. If there exists a
strongly continuous operator family (Sk(t)):eo,r) such that, for every ¢ € [0,7),
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Sk(t)C = CSk(t), Sk (t)A C ASk(t), [y Sk(s)zds € D(A), x € E and
t
A/ Sk(s)rds = Sk(t)x —O(t)Czx, z€E,
0

then (Sk(t))icpo,) is called a (local) K-convoluted C-semigroup having A as a
subgenerator. If 7 = oo, then it is said that (Sk(%)):>0 is an exponentially bounded,
K-convoluted C-semigroup with a subgenerator A if, in addition, there exist M > 0
and w € R such that ||Sk(t)|] < Me“t, t > 0.

We refer the reader to [31] for the notion of (local) K-convoluted C-cosine
functions.

Notice that the function © is absolutely continuous in [0,7) and that ©'(t) =
K(t), for a.e. t € [0,7). The following fact is easy to prove ([29]-[31]): If A is
a subgenerator of a K-convoluted C-semigroup (Sx(t))te[o,r), then Sk (0) = 0,
CA C AC and Sk (t)z € D(A), t € [0,7), z € E. Since K # 0 in L{. ([0,7)), we
have that the semigroup (Sk(t)):eo,r) is non-degenerate, i.e.,

if Sk(t)zr =0 for all t € [0,7), then z = 0.

The integral generator A of (Sk(t))tefo,r) is defined by

{(x,y) € B Stz — O(1)Cx = /0 S (s)yds, ¢ € [0,7)}.

It is straightforward to see that A is a closed linear operator which is an extension
of any subgenerator of (Sk(t))ep,r)- In what follows, we denote by p(Sk) the
set of all subgenerators of a (local) K-convoluted C-semigroup (S (t)):epo,r)- We
know that A € p(Sk) and that C~*AC = A ([31]). In general, p(Sk) need not be
a singleton, and moreover, p(Sk) can possess infinitely many elements ([31]).
Furthermore, it is well known that the semigroup (Sk(0))se[o,r) fulfills the
next composition property (cf. [27, Proposition 5.4] and [35, Proposition 2.4]):

Sic(t) S (s) x = [/Om—/ot—/j K(t+ 5 — ) Sic(r) Cx dr,

for every x € F and t,s € [0,7) with ¢t + s < 7. The strong continuity of
(Sk(0))oeo,r) implies Sk (t)Sk(s) = Sk(s)Sk(t), for t,s € [0,7) with t +s5 < 7
(cf. also [22, p.400] and the assertion (a) given below).

The following proposition generalizes [27, Prop. 5.4 (1), Prop. 5.5 (3)—(4)], [561,
Coroll. 2.9, Prop. 3.3], some statements given in [31, Section 2] and has the natural
analog in the theory of convoluted C-cosine functions.

PROPOSITION 1.1. Suppose A is the integral generator of a (local) K -convoluted
C-semigroup (Sk (t))iepo,-) and {A, B} C p(Sk). Then:
(i) The integral generator of (Sk(t))icpo,r) is C1AC.
(i) C*AC = C~'BC, C(D(A)) € D(B) and A C B < D(A) C D(B).
(iii) If A # A, then p(A) = 0.
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(iv) For every A € po(A):
(1.1) A=A TCSK(t) = Sk(t)(AN—A)~tC, telo,1).

(v) A and B have the same eigenvalues.
(vi) If AC B, then pc(A) C pc(B).
(vii) |p(Sk)| =1, if C(D(A)) is a core for D(A).

PROQF. Obviously, CA C AC, A C C~'AC and C~'AC is closed. Assume
(z,y) € A, ie.,

Sk(t)xr —O()Cx = /t Sk(s)yds, t €0,7).
Consequently, ’
A/t Sic(s)wds = /t Sic(s)yds, t € [0,7),
which simply implies SZ (t)z € D(A), XSK(t)x = Sk (t)y and

A[@(t)0x+/0t SK(s)yds} — Sklt)y, t€[0,7).

Since fg Sk(s)yds € D(A), t € [0,7) and © # 0 in C([0,7)), one gets Cx € D(A)
and O(t)ACz + Sk (t)y — ©(t)Cy = Sk(t)y, t € [0,7). This implies ACz = Cv,
(r,y) € C7*AC and A C C~tAC. Further,

¢
/ Sk(s)xds € D(A) C D(CTAC)
0
and
¢ t
C_lAC/ Sk(s)xds = A/ Sk(s)rds = Skg(t)x —O(t)Cx, t €[0,7), x € E.

0 0
Suppose now x € D(C71AC) and t € [0,7). Since Cz € D(A) and Sk(t)A C
ASK(t), one obtains CSk (t)x = Sk (t)Cx € D(A) and

ACSk(t)r = ASk(t)Cx = Sk (t)ACx
Sk (t)C[C™rAC]x = CSk(t)[C1AC)z € R(C)

and [CT'AC)Sk(t)x = Sk(t)[C~TAC]z. So, SK(t)[C_lAC]AQ [C_lAC]SKA(t),

C~1AC is a subgenerator of (Sk(t))eo,r) and C~'AC C A. Therefore, A =
C~1AC and the proof of (i) is completed.

(ii) and (iii) follow automatically from (i).

To prove (iv), assume A € po(A4), t € [0,7) and = € E. Then

A= A)"'Cx € D(A), Skt)(A\—A)"'Cxc D(A),

(A= A)Sk ()N — A) 10z = Sk (t)(\ — A)(\ — A)"'Cx = Sk (t)Cx = CSk(t)z.
This gives (1.1).

To prove (v) and (vi), observe only that N(A — A) € N(A — A) and that
C~1BC = A implies C(N(A — A)) € N(A— B), A € C. Suppose now A € p(Sk),
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x € D(A) and C(D(A)) is a core of D(A). Let (x,) be a sequence in D(A) such
that lim, ., Cx, = z and that lim, ., ACz, = Az. Since C(D(A)) C D(A), we
obtain that lim,_,. Cz, = z and that lim,,_,.. ACz, = Az. The closedness of A
implies = € D(A), D(A) C D(A) and A = A. O

REMARK 1.1. Even if K (t) = t, there exists an example of a local twice inte-
grated C-semigroup whose integral generator has the empty C-resolvent set [35].

Let us recall that a function K € Ll _([0,7)) is called a kernel if, for every

loc
¢ € C([0,7)), the assumption fot K(t—s)¢(s)ds =0, t € [0,7) implies ¢ = 0;
owing to Titchmarsh’s theorem, K is a kernel if 0 € supp K. Suppose now that
(Sk(t))tefo,r) is a (local) K-convoluted C-semigroup and that K is a kernel. Then
we have:

(a) Sk(t)Sk(s) = Sk(s)Sk(t), 0<t, s<T.
(b) (Sk(t))tefo,r) is uniquely determined by one of its subgenerators.

REMARK 1.2. (i) Define the operator A; by:

m te
D(Ay) = {Z/o Sk(s)xpds:x, € E, t, €10,7), k= 1,...,m}
k=1

m

A {é /O " Sk (3)k ds} = S [S(t)a — O(t)Cine.

k=1
It is straightforward to verify that A; is well-defined and closable. Suppose, ad-
ditionally, 7 = oo or K is a kernel. Then we know Sk (t)Sk(s) = Sk(s)Sk(t),
t,s € [0,7) and this enables one to see that:
Sk (t)(D(Ay)) € D(Ay), Sk(t)A; C A1Sk(t), Sk(t)A; C A1Sk(t), te[0,7)

and A; € p(Sk). Obviously, A; C A, if A € p(Sk).
(ii) Suppose |p(Sk)| < 00. Proceeding as in [51, Section 2], one can prove the
existence of a non-negative integer n satisfying |p(Sk)| = 2™.
We use occasionally the following condition for K :
(P1) K is Laplace transformable, i.e., K € L ([0,00)) and there exists 3 € R
so that K(\) = L(K)()) := bllrgo f(f e MK (t)dt == [ e MK (t) dt exists
for all A € C with Re A > 3. Put abs(K) := inf{Re X : K()\) exists}.

Suppose K satisfies (P1) and A is a closed linear operator. We know the
following [31]:

(o) A is a subgenerator of an exponentially bounded, ©-convoluted C-semi-
group (Se(t))i>o satisfying the condition

|Se(t + h) — Se(t)|| < Che* ™™ >0, h >0, for some C' > 0 and w >0,
if and only if there exists a > max(w, abs(K)) such that
(1.2) {AeC:ReX>a, K()\)#0}C pc(A),
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(1.3)  A— f(()\)(A —A)7IC, A >a, K()\) # 0 is infinitely differentiable and

ME!

(14) oo

YA — A) 10H\ keNo, A>a, K(\)#0.

[

(8) Assume additionally that A is densely defined. Then A is a subgenera-
tor of an exponentially bounded, K-convoluted C-semigroup (Sx (t))i>0
satisfying ||Sk(t)] < Me“!, t > 0, w > 0, if and only if there exists
a > max(w, abs(K)) such that (1.2), (1.3) and (1.4) are fulfilled.

(v) Suppose that A is a subgenerator of an exponentially bounded, K-convol-
uted C-semigroup (Sk(t))i>o satisfying [|Sk(t)|| < Me*t, t > 0, w > 0.
Put a = max(w, abs(K)). Then:

(1.5) {AeC:ReX>a, K(\)#0}C pc(A) and

1
K(\)
(6) Let (Sk())t>0 be a strongly continuous operator family and ||Sk(t)] <

Me“t, t > 0, w > 0. Put a = max(w,abs(K)). If (1.5) and (1.6) are
fulfilled, then (Sk(t))i>o0 is an exponentially bounded, K-convoluted C-
semigroup with a subgenerator A.

If 0 € (0,7], put Tg :={A € C: A#£0, |arg \| < 0}.

DEFINITION 1.2. [29]-[31] Suppose a € (0, ] and (Sk (t))¢>0 is a K-convoluted
C-semigroup with a subgenerator A. Then we say that (Sk(t)):>0 is an analytic
K-convoluted C-semigroup of angle a having A as a subgenerator, if there exists
an analytic function Sk : ¥, — L(E) which satisfies:

()SK() SK()t>Oand
(i)  lim _ Sk(z)xz =0, for every v € (0,«) and z € E.

z—0,2€X,

(1.6) AN—A)"'0x =

/ e NS (t) dt, ReA > a, K(\) 0.
0

It is said that A is a subgenerator of an exponentially bounded, analytic K-con-
voluted C-semigroup (Sk(t))i>o of angle a, if for every v € (0,«), there exist
M, >0 and w, > 0 such that ||Sk(2)|| < M e Rez 2%,

2. Convoluted C-groups

DEFINITION 2.1. Let A and B be closed operators and let K be a locally
integrable, complex-valued function on [0,7), 0 < 7 < oo. A strongly continuous
operator family (Sg (t))ie(—r,r) is called a (local, if 7 < 00) K-convoluted C-group
with a subgenerator A if:

(1) (Sk,+(t) == Sk(t))ico,r), resp. (Sk,—(t) = Sk(—t))iejo,r), is a (local)
K-convoluted C-semigroup with a subgenerator A, resp. B, and
(ii) for every t,s € (—7,7) with t <0 < s and x € E:

SK(t)SK(S>$ = SK(S)SK(t>$
B f;s K(r—1t—s)Sk(r)Czdr+ fto K(t+s—r)Sk(r)Cxdr, t+s>0,
UK+ s —1)Sk(r)Cadr + [ K(r —t — 8)Sk(r)Cadr, t+s < 0.
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It is said that (Sk(t))ter is exponentially bounded if there exist M > 0 and w > 0
such that ||Sk (t)|| < Me“l*l, t € R.

A closed linear operator A is the integral generator of (Sk(t))te(—rr if A is the
integral generator of (Sk(t))¢cjo,r). Put in Definition 2.1 C'= I and K(t) = %,
t € [0,7), where a > 0. Then (Sk(t))ic(—r,-) is an a-times integrated group
generated by A (cf. [20, Definition 3.6], [28, Definition 4.1] and [42, Definition 5]).

Suppose (Sk(t))ie(—rr) is a (local) K-convoluted C-group. Then o(Sk) des-
ignates the set of all subgenerators of (Sk(t))ie(—r,7), i-e., P(Sk) = ©(Sk+)-
Let us observe that there exists an exponentially bounded, K-convoluted C-group
(Sk(t))ter such that p(Sk) has a continuum many elements ([31]).

The proof of the following proposition is omitted.

PROPOSITION 2.1. Suppose (Sk(t))ic(—r,r) is a (local) K-convoluted C-group
and A € p(Sk). Put Sk(t) == Sk(—t), t € (—7,7). Then (Sk(t))ic(-rr is a
K -convoluted C-group, B € p(Sk) and the integral generator of (Sk(t))ie(—rr)
coincides with that of (Sk,—(t))ie[o,r)-

PROPOSITION 2.2. Suppose T € (0,00], K1 € C([0,7)), A is the integral gen-
erator of a K -convoluted C-group (Sk(t))ie(—r,r) and A € p(Sk). Put

t
SK*OKl(t)x:/ Ky(t—s)Sk(s)xds, tel0,7), z€FE
0

—t
Skiok, (t)T = Ki(—t—8)Sk(—s)xds, te(—7,0), z€E.
0

Then (Skxok, (t))te(—rr) 15 a (K %o K1)-convoluted C-group, A € p(Sk«,k,) and
the integral generator of (Skworc, (t))te(—r,r) 15 A.

PROOF. It can be easily seen that (Sk«,x,,+(t) = Sk«,k, (t))te[0,r) and that
(Skxoky1,—(t) = Skxor, (—1))tefo,r) are (K *o Ki)-convoluted C-semigroups whose
integral generators are A and B respectively. Furthermore, A € O(SKwoki +)s
B € p(SK*oKh—) and SK*OKl (t)SK*OKl (S) = SK*0K1(S)SK*0K1 (t)’ T < t < O <
s < 7. So, it is enough to prove the composition property for S, x, (t)Sk i, (5),
T<t<0<s<7. We will do that only in the case t + s > 0 since the proof of

composition property in the case t + s < 0 can be derived similarly. Fix an z € E.
Then:

—t
Skttt (D)Sicaoiy (5)2 = / Ky (—t — 0)Sk (—0) Skag iy (8) o
0

_ /O_t /0 K (—t — ) Ky (s — 1) S (—v) S (w) du do
_ Ot Ki(—t —v) [/O Ki(s — u) Sk (—v)Sic (w)z du} dv
+ O_t Ki(—t —v) [/ Ki(s — u)SK(—v)S’K(u)xdu] dv
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/ Kq( tfv/Klsfu

K(u—v—r)SK( )C’xdr—i—/ K(r—u+v)Sk(r )der]dudv
+ O_ Kl(—t—v)/J K1 (s — )

u 0

K(r—u+v)Sk(r)Cxdr +/

LY u—v —v

=51 + Sy,

K(u—v—r)Sk(r)Cx dr] du dv

where

Sy = /tKl(—t—v)/vKl(s—u)/uK(r—u+U)SK(r)Ca:drdudv

+ Ki(— t—v/K1 s—u/ K(r —u+v)Sk(r)Cxdrdudv,
Sa 7/ K ( tfv/Kl s—u) K(u—v—7r)Sk(r)Cxdrdudv

+ Kl( t—U/Kl s—u/ K(u—v—r)Sk(r)Cxdrdudv.
0 —v

The proof is completed if one shows:

s ¢
(2.1) 51:/ (K %x¢ Kl)(f—t—s)/o K1(§ — 2)Sk(2)Cx dz dE,

t+s
0 —£
(2.2) sgz/t (K Kl)(t+s—§)/0 Ky (=€ — 2)Sk(—2)Ca dz de.

To prove (2.1), one can use the equality

s 13
| ke == [ Kl - )kl dde

t+s

_ /t+ M“S Ki(6—t—s— 0)K(0) da} /; Ky (€ — 2) Sk (2)C dz de

and the substitution v = s+ 0 — &, u = s+ z — £ and r = z; the proof of (2.2) can
be obtained along the same lines. O

PROPOSITION 2.3. Suppose A is the integral generator of a (local) K -convoluted
C-group (Sk(t))ie(—r,r), A € 9(Sk), B € p(Sk,~) and B is the integral generator
of (Sk,—(t))teo,r)- Then:

(i) ASk(t)

x = Sk(t)Az, x € D(A), t € (—7,0] and
BSk(s)z = Sk(s)Bx, v € D(B), s € [0,7).
(i) Sk(t)A C ASk(t), t € (—7,0] and Sk (s)B C BSk(s), s € [0,7)
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PROOF. Put ©(¢ fo s)ds, t € 10,7), Se,(t)x = fo (t — 8)Sk(s)zds,

€[0,7), z € E and S@l x = fo —t — 5)Sk(—s)xrds, t € (—7,0), x € E. By
Proposition 2.2, (Se, ())te(—r,r) is a ©1-convoluted C-group, A € p(Se,), the inte-
gral generator of (Se, (t))ie(—r,r) is A and the integral generator of (Se, _ (t))eeo,m)
is B. Clearly,

Se, (t)A /OS So, (r)xzdr = Se, (t) (S@l (s)x — /OS O1(r) der)
— So. ()6, ()7 — /O " 01 (r) drCSe, (1)
=A /O Se, (r)Se, (t)z dr + /0 01(r) drCSe, (t)x — /0 O1(r)drCSe, (t)x

:A/ S@l(r)Sel(t)xdT:ASel(t)/ Se, (r)xdr,
0 0
te(-7,0), s€[0,7), z € E.

Suppose now x € D(A). We obtain Se, (t) [ Se, (r)Az dr = ASe, (t) [ Se, (r)z dr,
t € (—7,0), s € [0,7). The previous equality and ClObednebb of A imply

So, (t)Se,(s)r € D(A), te (-7,0), s€]0,7),
ASg, (t)Se,(s)z = Se, (t)Se, (s)Az, te€ (—7,0), s€[0,7).

Suppose, for a moment, t € (—7,0), s € [0,7) and t + s > 0. The composition
property of Se, () allows one to establish the following equality:

s 0
O1(r —t—5)Se, (r)CAzdr + / O1(t+s—1)Se, (r)CAzxdr
t+s t

s 0
:A[ @1(r—t—s)S@1(r)der—|—/ ©1(t+s—r)Se,(r)Cxdr|.
t+s t

Since Se, (r)A C ASe,(r), r € [0,7) and CA C AC, one gets
O1(r —t —s)Se, (r)Cxdr € D(A),
t+s

A O1(r —t —s)Se,(r)Caxdr = O1(r —t — s)Se, (r)C Az dr.
t+s t+s

Hence, ft t+s—r)Se,(r)Cxdr € D(A) and:

(2.3) A/O O1(t+s—1)Se,(r)Caxdr = /O O1(t+ s —r)Se, (r)C Az dr.

Put now Q = {(¢,s) € (—7,0) x (0,7) : t+ s > 0} and

0
/ O1(t+s—r)Se,(r)ydr, (t,s)€Q, ye E.
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The dominated convergence theorem implies:

0
G u(t:5) = [0t 5= 1)So, (rhydr — €4(5)Se, (1

0
%fy(t,s) = / Ot +s—r)Se,(r)ydr, (t,s)eQ, yeE.
t

By the closedness of A and (2.3), one gets A%f(;z(t, s) = %fc,%(t, s), (t,s) € Q.
In other words,

0 0
(2.4) A/ @(t—i—s—T)S@l(r)der:/ O(t+s—r)Se,(r)CAzdr, (t,s) € Q.

Analogously, A%fCZ(t, s) = %fCAz(t, s), (t,8) € Q, i.e., for every (t,s) € Q,

(2.5) A [/to Ot +s—r1)Se, (r)Cxdr — ©1(s)Se, (t)Cm}

0
= / O(t+ s —1r)Se, (r)CAx dr — ©1(s)Se, (t)C Az dr.
t

An employment of (2.4) and (2.5) gives ©1(s)Se, (t)Cz € D(A), (t,s) € Q and
A(O1(s)Se, (t)Cx) = O1(s)Se, (t)CAz, (t,s) € Q. Similarly, A(01(s)Se, (t)Cx) =
01(s)Se, (t)C Az, if (t,s) € (—7,0) x (0,7) and t + s < 0. Thus,

(2.6) A(O1(s)Se, (t)Cx) = O1(s)Se, (t)CAz, te (-7,0), s €[0,7).

It is evident that there exists s € [0,7) with ©1(s) # 0 and one can apply (2.6)
in order to conclude that A(Se, (t)Cz) = Se,(t)CAz, t € (—7,0). Differentiate
the last equality twice with respect to ¢ to obtain that Sk (t)Cz € D(A) and
that ASk(t)Cx = Skg(t)CAx, t € (—7,0). The last equality gives ACSk(t)z =
CSk(t)Ax, Sk (t)r € D(C7TAC) and [C~1AC]|Sk (t)x = Sk (t)Ax, t € (—7,0]. On
the other hand, Proposition 1.1 implies A=C"1AC, and consequently, Sk (t)z €
D(A), z € D(A), t € (—,0]. Since A € p(Sk) and C~*AC = A, one obtains that
Sk (t)Az = [C7TAC)Sk (t)x = ASk(t)z, t € (=7,0], z € D(A). The remnant of
the proof follows by the use of Proposition 2.1. O

Assume r > 0, (S, (t))+er is an exponentially bounded, r-times integrated group
generated by A and B is the generator of (S.(—t)):>0. Let us evoke that El-
Mennaoui proved in [16] that B = —A; the author has recently established in [28]
the validity of this assertion in the general case of a (local) r-times integrated group;
now we state:

THEOREM 2.1. Suppose A is the integral generator of a (local) K -convoluted
C-group (Sk(t))te(—r,r), B is the integral generator of (Sk —(t))icjo,r), A € 9(Sk)
and B € p(Sk,—). Then:

(i) Sx(t)x € D(B) and BSk(t)r = —Sk(t)Az, = € D(A), t € (—,0];
Sk(s)x € D(A) and ASk(s)x = —Sk(s)Bz, x € D(B), s € [0,7),

Cx=—CAz, z € D(A); ACx = —CBz, x € D(B),
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(iv) fo Sk (r)Czdr € D(A), t € (—7,0] and
Jy Sx(r)Czdr € D(B), s € [0,7).

PROOF. Let

0,(t) = /t(t —5)"7tO(s)ds, i=1,2,tc]0,7),
0
Se, (t)x = /0 (t—s)Sk(s)xds, te[0,7), x€E,

Se. () = /07 (=t — 5)Skc(—s)zds, te (—r,0), z € E.

Suppose now t < 0 < s, t+ s <0 and z € E. Proposition 2.3 and the composition
property of Se, (+) imply:

S

(2.7) Se,(t)(Se,(s)x — /OS O1(r)drCx) = S@l(t)A/O Se, (r)zdr
— ASo. (1) / " So, () dr = A / " So. (t)Se, (r)z dr
_A/ [ t+T@1 (t+r—v)Se, (v )Cmdv—f—/ O1(v—t—71)Se, (v )dev}

:/ O1(t+s—r)Se, (r )C’xdr—!—/ @1(7“—15—5)5@1(T)der—/(j@l(r) drSe, (t)C.

t 0
Differentiate (2.7) with respect to s in order to conclude that:

t+s S
A[ O1(t+s —T)Sel(r)der—I—/ O1(r —t—s)Se, (r)Cx dr}
t 0

t+s s
= O(t+ s —r)Se, (r)Cxdr — / O(r —t—s)Se, (r)Cxdr
¢ 0

(2.8) + 01(—t)Se, (s)Cx — ©1(s)Se, (t)Cx.
Further on, it is clear that [ ©1(r —t — 5)Se, (r)Czdr € D(A) and that
A/OS O1(r —t—s)Se, (r\Cadr = /0 O1(r—t— S)A/OT Se(v)Ca dv dr
= /OS O1(r —t —s)(Se(r)Cz — ©4(r)C?z) dr
= /S O1(r—t—s)Se(r)Cxdr — /S O1(r —t — )0, (r)C?x dr.

This equality and (2.8) imply ft \(t+ s —7)Se, (r)Cxdr € D(A) and

t+s t+s
(2.9) A/ O1(t+s—1)Se,(r)Caxdr = / O(t+s—r)Se,(r)Cxdr
t t

— /S O(r —t —s)Se, (r)Cxdr — /S O1(r —t —5)Se(r)Cxdr
0 0



84 KOSTIC

+ ©01(—t)Se, (s)Cx — ©1(s)Se, (t)Cx + /05 O1(r —t — 5)O4(r) drC?x.
The partial integration gives
- /0S O(r —t—3s)Se, (r)Cxdr — /OS O1(r—t—15)Se(r)Cxdr = —01(—t)Se, (s)Cx
and, due to (2.9), one gets:

t+s
(2.10) A/ O1(t+s—r1)Se, (r)Cxdr
¢

t+s s
= @(t—i—s—r)S@l(r)der—i—/ O1(r—t—s)01(r) drC?z—01(s)Se, (t)Cx.
¢ 0

Next,
t+s t+s —r
B O1(t+s—r)Se,(r)Cxdr =B O1(t+s—1) So(—v)Cx dvdr
¢ ¢ 0
t+s
- / O1(t+s—1)[Se(r)Cz — ©1(—r)C?z]dr
t

t+s t+s

= O1(t+ s —1r)Se(r)Cxdr 7/ O1(t+ 5 —1)O1(—r)C%x dr
¢ ¢

t+s t+s

= 04(s)Se,(t)Cx — O(t+ s —r)Se,(r)Caxdr — O1(t+ s — )01 (—r)C?%z dr,

t t
where the last equality follows from integration by parts. Hence,

t+s
(2.11) B/ ©1(t+s—r)Se,(r)Cxdr
t

t+s s
= @1(3)Sgl(t)0x—/ @(t—i—s—r)S@l(r)der—/ O1(r—t—5)0,(r)C*x dr.
¢ 0

By (2.10) and (2.11), we have:

R t+s t+s
(2.12) A/ O1(t+s—1r)Se,(r)Cxdr = —B/ O1(t + s —r)Se, (r)Cx dr.

¢ ¢

Suppose & € D(A); then Cz: € D(A). Proposition 2.3 and (2.12) yield:

t+s t+s
(2.13) / O1(t+s—r1)Se,(r)ACz dr = —B/ O1(t + s —r)Se, (r)Cx dr.
t t

Differentiate the previous equality with respect to s to conclude that

t+s
O(t+s—r1)Se,(r)Czdr € D(B),
ti—s R t+s
(2.14) Ot +s—r)Se,(r)ACx dr = —B/ Ot +s—r)Se,(r)Czxdr.
t t
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On the other hand, differentiation of (2.13) with respect to ¢ leads us to the follow-
ing:

/H_S Ot +s—r)Se,(r)Cxdr + ©1(s)Se, (t)Cx € D(B),

(2.15) /HS O(t 4 s —1)Se, (r)ACz dr + ©1(s)Se, (t)ACx

t+s
=-B { O(t+s—r)Se, (r)Czdr+ 01(s)Se, (t)Cz|.
¢

One can employ (2.14) and (2.15) to see that ©1(s)Se,(t)Cx € D(B) and that
—B(01(s)Se, (t)Cz) = O1(s)Se, (t)ACz. Using the similar arguments, one obtains
that the last equality remains true in the case: t+ s > 0 and = € D(/Al) So,
01(s)Se, (t)Cz € D(B) and

(2.16)

—B(01(5)Se,(t)Cx) = ©1(s)Se,(t)ACz, t€ (-7,0], s €[0,7), x € D(A).
Choose a number s € [0,7) with ©1(s) # 0; (2.16) implies Se, (t)Cx € D(B) and

(2.17) —B(Se, (t)Cz) = Se, (t)ACz, tec (—7,0], z € D(A).
A consequence of (2.17) is
—t —t

Se, (t)Cz — Oy(—t)C%x = B Se, (—v)Cadv = — Se, (—v)ACz dv
0 0

—t
= ,0/ Se, (—v)Az dv, t € (—7,0], = € D(A).
0

Therefore,
—t
(2.18)  Se,(t)x — Ox(—t)Cx = — Se, (—v)Az dv, t € (—7,0], = € D(A),
0

which clearly implies
—t —t

B Se, (—v)zdv = — Se,(—v)Azdv, te (-1,0], z € D(A).
0 0

The closedness of B enables one to see that Se, (t)x € D(B) and that BSe, (t)x =
—Se, (t)Az, t € (—7,0], 2 € D(A). Differentiate the last equality twice with respect
to ¢ in order to conclude that Sk (t)z € D(B) and that BSk(t)x = —Sk(t)Axz,
t € (=7,0], = € D(A). This and Proposition 2.1 imply: Sk(—s)z € D(A)
and ASk(—s)x = —Sk(—s)Bz, s € [0,7), © € D(B), ie., Sk(s)z € D(A) and
ASk(s)x = —Sk(s)Bx, x € D(B), s € [0,7). The proof of (i) is completed.

Further on, it is evident that (2.18) implies —A C B. Now one can apply
Proposition 2.1 and the first part of the proof to obtain that —B C A; hence,
B = —A and this ends the proof of (ii).

Finally, (iii) and (iv) are simple consequences of the assertion (ii) of this theo-
rem and Proposition 1.1(i)—(ii). O
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PROPOSITION 2.4. Suppose K satisfies (P1) and A is the integral generator of
an exponentially bounded, K-convoluted C-group (Sk(t))ier. If there exist M > 0
and B > 0 such that |K(t)| < MePt, t >0, then C~A2C is the integral generator
of an exponentially bounded, analytzc K -convoluted C-semigroup (Sk, (t))i>0 of

angle 5, where

0 86—82/4t

e (S (s)a 4 Sic(—s)a) ds, t>0, 7€ .

Sk, (t)x = 2\/*

Proor. By Theorem 2.1, +A are the integral generators of exponentially
bounded, K-convoluted C-semigroups (Sk 4 (t))t>0. Now one can apply [31, Propo-
sition 8] to conclude that A? is a subgenerator of an exponentially bounded, K-
convoluted C-cosine function (Ck (t))ier, where Ck (t) = 2 (Sk (t)+Sk(—t)), t > 0.
By [31, Theorem 11], A? is a subgenerator of an exponentially bounded, analytic
Ki-convoluted C-semigroup (Sk, (t)):>0 of angle 5. The proof ends an application
of Proposition 1.1(i). O

REMARK 2.1. It could be worth noting the following facts: K; fulfills (P1),
abs(K1) < 2 and K;(\) = K(V)), ReA > 32

THEOREM 2.2. Suppose T € (0,00] and +A are the integral generators of K-
convoluted C-semigroups (S +(t))icio,r). Put Sk(t) := Sk, (t), t € [0,7) and
Sk (t) :== Sk,—(—t), t € (=7,0). Then (Sk(t))ic(—r,r) is a K-convoluted C-group
whose integral generator is A.

PROOF. Suppose —7 <t < 0 < s <7 and t+s > 0. We will prove the
composition property for Sk (t)Sk(s). Fix an x € F and define

f(r):SK(t+sfr)/O k(o)xdo, r €[t +s, 9]

Evidently, ASk(0) € Sk(0)A, o € (—7,7) and the semigroup property of a K-
convoluted C-semigroup implies:

din(T) =Sk(t+s—1)Sk(r)z

ASK(t+sr)/OTSK(J):EdJ+K(rst)C/OTSK(J)xda

=0(r)Sk(t+s—r)Ce+ K(r—s— t)C’/T Sk (o)zdo,
0

for a.e. 7 € (t + s,s). Integrate the last equality with respect to r from ¢ + s to s
to obtain:

t) / Sk(o)xdo = O(r)Sk(t+s—r)Cxdr
0 t+s

+ K(T—s—t)C’/ Sk (o)xdo dr.
t+s 0
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Since A € ©(SKk,+), the last equality allows one to conclude that:

(2.19) Sk (t)Sk(s)x = Sk (t) {A /0 ) Si(o)zdo + @(S)Cx]

—A{ S@(T)SK(tﬁ’S*T)CiﬂdT‘F SK(rst)C/TSK(U)dedT} +0(s) Sk (t)C
0

t+s t+s
—Aif O(r)Sk,—(r—t—s)Cxdr + K(r—s—1t)[Sk(r)Cz — ©(r)C?z]dr
t+s t+s
+ O(s)Sk(t)Cax.
Furthermore,

s —t
(2.20) A/ @(T)SK,_(rftfs)der:/l/ O(v +t + 5)Sk. _ (v)C dv
t+s 0
—t —t

:A{G(s) ; Sk,—(r)Cxdr — ; K(t—|—s—|—r)/0 Sk,—(v)Cxdvdr

= —0(s)[Sk(t)Cz — O(—t)C?z] + /O_K(t + 54 1) [Sk(—r)Cz — O(r)C?z]dr.
A consequence of (2.19) and (2.20) is:
SK(t)SK(S)JJ

= —0(s)[Sk(t)Cz — O(—t)C?z] + /Ot K(t+s+r)[Sk(-r)Cz — O(r)Cz]dr
+ ) K(r—s—1)[Sk(r)Cz — ©(r)C?z]dr + O(s)Sk (t)Cx

t+s
s

= K(r—t—S)SK(T)deT+/0K(t+s—r)SK(r)Cmdr
t+s t

0 s
+[@(s)@(t)02x+ K(t+ s+ r)0(r)C?%z dr — K(r—s—t)0(r)C?zdr|,

—t t+s

and the composition property for Sk (t)Sk(s) follows from the next computation:

0 s
@(s)@(—t)C’2x+/ K(t+s+r)0(r)C?xdr — K(r—s—t)0(r)C?zdr
—t t+s
= 0(s)0(—t)C%x — K(r)O(r —t — s)C%x dr — K(r—s—1t)0(r)C%xdr
t+s t+s

= 0(s)0(—t)C%x — {@(s)@(—t)CQx - tj_ K(r—s—1)0(r)C%z dr]
_ [ K(r —s—t)0(r)C%xzdr = 0.
t+s
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The proof of composition property in the case t + s < 0 can be derived as follows.
Since Afo Sk (o)xdo = Sk(r)z — ©(—r)Cx, r € (—7,0], we obtain

%f(r) = Si(t+s—71)Sk(r)e — ASk(t +5—7) /0 S (o) do

+K(’I"St)C/OTSK(0')LEdO'

— O(r)Sk(t+5—1)Ca+ K(r— s — t)C/T Sk (0)z do,
0

for a.e. r € (t + s,s). Integrate the last equality with respect to r from ¢ + s to s
to obtain

(2.21) Sk(t) /0S Sk (o)xdo
0

0 r
= O(—r)Sk(t+s—r)Cxdr+ K(r—t—s)/ Sk(o)Cx dodr
t+s +s 0

+/( @(T)SK(t—I—S—’I‘)Cl’d’F—I—/k K(r—s—t)/ Sk (o)Cx do dr.
0 0 0
Clearly,

Sk (t)Sk(s)z = Sk(t) [/SK )z do + O(s )cx}

= ASk(t) /O S (o) do + O(s)Sk (1),

and a tedious computation involving (2.21) leads us to the next equality:

(2.22) Sk (t)Sk(s)x = H_s K(t+s—r)S(r)Cxdr+ / K(r—t—s)S(r)Cxzdr

+ {@(s)@(—t)—/tHsK(t—i-s—r dr—/ K(r—s—1) ()dr}CQx.

t+s s
oo - | K(t—i—s—r)@(—r)dr—/o K(r— s —1)0(r) dr

Jr/OK(T)@(r —t—s)dr— {@(t)@(s) 7/56(7" —t—s)K(r) dr} =0,

0

(2.22) 1mphes the composition property for Sk (t)Sk(s). By the foregoing,
Sk (s)Sk (t)r = Sk (=) Sk (~t)z

{f r+t+s)SK( )C’zdr—FfESK(—t—s—r)S'K(r)C’xdr, t+s<0,
[T K(—t—s—7)Sk(r )Ca:dr+f07tK(r+t+s)5'K(r)C’zdr, t+s>0,
{ UK (t+ s —r)Sk(r)Cadr + Jo K(r—t—s)Sk(r)Cadr, t+s <0,
S K(r—t —)Sk(r )der—&—ffK(t—i—s—r)SK(T)den t+s>0,
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for every x € E. The composition property for Sk (t)Sk(s) and previous equality
imply Sk (t)Sk(s) = Sk(s)Sk(t), t <0 < s, finishing the proof of the theorem. O

QUESTIONS. (i) Suppose A is the integral generator of a (local) K-convoluted
C-group (Sk(t))ie(—rr)y A € p(Sk) and A # A. Is —A a subgenerator of
(SK,*(t))tG[O,T)?

(ii) Suppose A is the integral generator of a (local) K-convoluted group
(Sk(t))te(—r,r)- Does there exist an injective operator C' € L(FE) such that A
generates a global C-group?

COROLLARY 2.1. Let 7€ (0, o0], A be a closed linear operator and (Sk(t))te(=rr)

a strongly continuous operator family. Then A is the integral generator of a K-con-
voluted C-group (Sk (t))ie(—r,r) iff A are the integral generators of K -convoluted
C-semigroups (SK,:t(t))tE[Oﬂ')‘
The following theorem is a straightforward application of Corollary 2.1 and the
assertions («)—(8) quoted in the first section.
THEOREM 2.3. Let K satisfies (P1) and let A be a closed linear operator. Then:
(al) A is the integral generator of an exponentially bounded, ©-convoluted
C-group (So(t))iecr satisfying the condition
[Se (£t £ h) — Se(xt)|| < Che? ™M+ >0, h >0, for some C >0 and w >0

iff there exists a > max(w, abs(K)) such that

(2.23) {AeC:ReX>a, K(\) #0} C po(+A),

(2.24) A= KA+ A7, X > a, K(\) # 0 is infinitely differentiable,
ME!

(2.25) HW N+ A)~ 10]” < keNo, A>a, K(\)#0.

(B1) Suppose, in addition, that A is densely defined. Then A is the integral
generator of an exponentially bounded, K -convoluted C-group (Sk(t))ier satisfying
ISk )]| < Me*ltl, t € R, w > 0 iff there exists a > max(w,abs(K)) such that
(2.23), (2.24) and (2.25) are fulfilled.

(v1) Suppose that A is the integral generator of an exponentially bounded, K-
convoluted C-group (Sk (t))ier satisfying ||Sk(t)|| < Me“!!l, t € R, w > 0. Put
a = max(w, abs(K)). Then:

(2.26) {AeC:ReX>a, K(\)#0}C po(£A),
Dlog— L [T e o) a R
(2.27) A+ A)"'Cax = 700 /0 Sk (Ft)dt, ReX>a, K(\)#0.

(01) Suppose (Sk(t))ier is a strongly continuous operator family and || Sk (t)]|
< Me*l!l t e R, w > 0. Puta = max(w,abs(K)). If (2.26) and (2.27) are fulfilled,
then A is the integral generator of an exponentially bounded, K -convoluted C'-group
(Sk (t))ter-

Finally, let us also observe that Proposition 1.1 can be easily transferred to
convoluted C-groups.
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3. Applications

We employ the next auxiliary notations.

1. Let @ > 0 and b > 0. The exponential region E(a,b) is primarily defined
as F(a,b) :== {\ € C | Re) > b, |[Im)| < e*B¢*} by Arendt, El-Mennaoui and
Keyantuo in [1]. Put E%(a,b) := {)\? | A € E(a,b)}.

2. Suppose s > 1. Following Chazarain [9] (cf. also [10], [25] and [41, Sec-
tion 2.3]), we use the ultra-logarithmic regions of type I:

Aagii={A€C:ReA>aM(ImA])+ 3}, 1 >0, a>0, BER,

where M (t) := sup,ey, In(t?/p!*), t > 0 and M(0) = 0.

3.If0 € (0,7] and d € (0,1], put By :={A € C: |A| < d} and Qg 4 := Xy UBy.

4. We recall a family of continuous kernels (cf. [2, p.107]):

1 r+100
Kj(t) = 5~ NN, £>0,6€(0,1), r >0, where 1° = 1.

T Jr—ico
Put, for ¢ > 0 and ¢ € (0,1), Ks.(t) := Ks(ct), t > 0. It is well known that, for
every § € (0,1), ¢ >0 and s =1/4:

| K5 (V)] =

1;75@) = Lemover = L - costaamsovepiner®
c c c c
< }e—(cos(w/zs)c*“)uﬂ/s7 ReA > 0.
c

For the sake of simplicity, in the following theorem, we consider only Gevrey
type sequences p!°, s € (1,2) and the functions Ky ., ¢ > 0. Actually, the argu-
mentation given in [26] and [41, Section 1.3] can be applied in proving a more
general result.

THEOREM 3.1. Suppose o > 0 and A generates a local a-times integrated cosine
function. Then:
(i) For every b € (1,1) and v € (0,arctan(cos(%))), there exist two analytic
operator families (Ty 4 (t))tes, € L(E) and (T, (t))ies, € L(E) which satisfies:
(i1) For everyt € X, Ty 4 (t) and Ty, —(t) are injective operators.
(i2) ||t Tho(t)| = 0(1), t — 0+
(i3) For every ty € 3, and ta € ¥, 1A is the generator of a global
(To,4 (t1)Tb,— (t2))-group (Sbty,t(7))rer-
(i4) For every x € E, t1 € ¥, and ta € X, the mapping r — Sy, +, (1),
r € R is infinitely differentiable in (—o0,0) U (0, c0).
(i5) Suppose K is a compact subset of R and 0 ¢ K. Then, for every h > 0
and s € (3,2):

o LS00
pENp, re K p'

< 00.

(ii) For every s € (1,2) and 7 € (0,00), there exists c¢; > 0 such that A generates
a local Ky, ., -convoluted group (Sk,, . (t))te(—rr) which satisfies:

(iil) The mappings t — Sk, . (+t), t € [0,7) are infinitely differentiable.



CONVOLUTED C-GROUPS 91

(ii2) There exists h > 0 such that

h® || dtp SKl/s er (t) H

Sup TS < 0.
te(—7, 7)~{0}, pENg p-
PROOF. The operator A = (4 ) generates a local (o + 1)-times integrated

semigroup in E? (cf. [30]) and an application of [34, Theorem 2.1] gives the
existence of positive real numbers a, b and M satisfying E(a,b) C p(A) and
|ROA: A)|| < M|A|*“*L, X € E(a,b). This implies E?(a,b) C p(A),

) AN R(\?: A)(\x + )
R(A'A)(y) - (AR(AQ:A):c—k)\R()\?:A) ) .y € B, A€ Bla,b),

and ||[R(A\? : A)| < ||R(/\ Al € MA|“*L, X € E(a,b). Hence, E%(a,b) C p(A)
and ||[R(A: A)|| < M|/\|7 A € E?(a,b). Suppose now s € (3,2). Proceeding as
in the proof of [30, Theorem 4.3], we get the existence of numbers § > 0, ¢ € R
and | > 1 (cf. also [9] and [10, Theorem 1.5]) which fulfill:

Aéel - p(iiA) and ||R( iZA H M|)\| , AE Agel.

Further on, it is clear that there exist numbers a € (0,%), d € (0,1] and w € R
so that: b € (0 ,m) ~v € (0,arctan(cos(b(m — a)))) and Quq C Ase—wy C
p(£iA — w) (cf. [26]). Let the curve I'y ¢ = 9(Q4,4) be upwards oriented. Define
Tb,:l:(t); te 27 by:

1

— TN RN +iA — w)zd), € E.
2mi Jr, ,

T+ () =
The arguments given in [46, Section 2] show that (T}, +(t)):cx, are analytic operator
families which fulfill the claimed properties (i1) and (i2). Assume K is a compact
subset of (0,00), t € 3, and x € E. Arguing as in [26, Section 2], we get that
+iA generate global T}, 4 (t)-semigroups (Sp.¢,+(7))r>0. Furthermore, the mappings
7+ Spr.+(r)x, 7 > 0 are infinitely differentiable and, for every h > 0:

(3.1) sup W s S+ ()] < 0.

pENp, re K p!S
Lett; € ¥, ty € ¥, and x € E be fixed. Evidently, Tj, 4 (t1)(£iA4) C (£iA)Tp 4+ (t1),
Ty, (t2)(F£iA) C (£iA)Ty,_(t2) and Ty 1 (t1)Tp,—(t2) = Tp,—(t2)Tp.+(t1). One ob-

tains

Tb’,(tg)(sb’tth(T)fL' - Tb’Jr(tl)m) = Tb’,(tz)iA/ Sb’tl’J’»(/U)x dv
0

:iATb,,(tg)/ Sty + (V) dv,
0

and consequently,

iA/ Ty, (t2)Sp 1y ,+ W)z dv =Ty _(t2)Sp 4y + (1)x — Tp 4+ (t1) T, (t2)z, r > 0.
0
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Clearly, we have [Ty, _(t2)Sp 1y + ()| To+ (1) = Ty +(t1)[To,— (t2)Sp.t, +(r)], 7 = 0,
and [Ty, —(t2)Sp 4, +(r)]iA C 1A[Ty,—(t2)Sps,,+(r)], 7 = 0. The above given ar-
guments simply imply that (Tp_(t2)Se.t; +(7))r>0 is a global (Tp 4 (t1)Th,—(t2))-
semigroup generated by iA. Analogously, we have that (Tp 4+ (¢1)Sp.t,,—(7))r>0 is a
global (T}, 4+ (t1)Tp,— (t2))-semigroup generated by —iA. Hence, iA generates a global
(To,4-(t1)Tb,— (t2))-group (Sh,uy,1,(r))rer given by: Sy, 4, (1) = Ty~ (t2)Sb,t,,+(r),
r >0 and Spyy 4, (r) = Tp 4+ (t1)Se,t,,—(—7), 7 < 0. This yields (i3) and (i4), while
the proof of (i5) follows immediately from (i4) and (3.1).

To prove (ii), choose arbitrarily numbers 7 € (0,00) and s € (1,2). Denote by
I'; the upwards oriented boundary of As.; and notice that there exists an appro-
priate constant d; > 0 such that M(\) < d;AY$, A > 0. Put

1 1 -
e = { _ T5d111/s:| :
cos(z—s)

1 —
Sicyer (1) = 5 /F AR (VRO £id)dA, € [0,7),
1

SK]/S,CT (t) = SKl/s,cTa+(t)7 te [OaT) and SKl/s,cT (t) = SK1/s,cT,*(_t)7 te (_T7 0)'
By [41, Theorem 1.3.2, p.58], one obtains that Sk,  +(t) € L(E), t € [0,7)
and that +iA generate local Ky ., -convoluted semigroups (Sk,, . +(t))ie(o,r)-
Further, an employment of Theorem 2.2 shows that iA generates a local Ky . -
convoluted group (Sk,, . (t))te(—r,). The elementary inequality |e* — 1] <
h|A|eReA X € C, h > 0 and the dominated convergence theorem imply that
the mappings t — Sk, . (£1), t € [0,7) are infinitely differentiable and that

(3.2)
dr 1 P
S (£) = 5 / N (VRO : +iA)dA, ¢ € [0,7), p € No.
Iy

Due to the choice of ¢, there is a number h € (0, 00) satisfying:
(3.3) dyhY® 4 76dy1M® < cos(m/2s) eV,
Taking into account (3.2) and (3.3), one gets:

W || 5 Srrsove. D

— atr 1
te(—7,7)~{0}, p€ENg p:
hIADP —
<C sup / %eRe’\lt“Kl/s,cT()\)‘ |R(A : £iA)|| |dA]
te(—r,7)~{0},peNo JI,  P*

<C sup /eM(h|)\\)e|t\(6M(l\Im)\|)+e)e—cos(7r/2s)c:l/s|)\‘1/s|)\|(a+1)/2|d)\|
te(—7,7)N{0} JT;

1/s)y1/s 1/s)y|1/s _ —1/s|y|1/s
<C sup /6d1h By e\t|(6d1l By +5)6 cos(m/2s)c; /7| A
te(—7,7)~{0} JTI;

>\|(a+1)/2|d>\|

<C€|E\T/ (Y by —cos(r/25)e AN |3 (012G | < oo,
r

where C' = const. O
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REMARK 3.1. Suppose, additionally, that A is densely defined. Then —(wFiA)®
are generators of analytic semigroups (7T} +(t))iex, of growth order % (cf. the
formulation of Theorem 3.1 and [46]-[47]).

The next example is inspired by [31, Example 6.1].

EXAMPLE 3.1. Suppose E := L?[0, 7] and A := —A with the Dirichlet bound-
ary conditions (cf. [2, Section 7.2]). It is well known that there exists an exponen-
tially bounded kernel K € C([0, 00)) so that A generates a K-convoluted semigroup
(Sk(t))i=0 with ||Sx ()| = O(t +t2), t = 0 ([7], [29]). This fact has been essen-
tially utilized in [31, Section 6] where the authors proved that, for every n € N,
there is an exponentially bounded kernel K, € C([0,0)) so that the polyharmonic
operator A2" generates an exponentially bounded, analytic K,-convoluted semi-
group of angle 5. On the other hand, an old result of Goldstein (see [14, p. 215]
and [31, Section 6]) says that —A2" generates an analytic Cyp-semigroup of angle
Z. This enables one to see that there exists an injective operator C,, € L(L?[0, )
such that A?" generates an entire C,,-regularized group (cf. [14, Section VII, Theo-
rem 8.2]) and that A2" generates an exponentially bounded K,,-convoluted group.
Finally, it is also worth noting that the operator —A, considered in the first part of
this example, generates an exponentially bounded, convoluted group and that, in
the meantime, —A cannot be generator of any exponentially bounded, convoluted
cosine function [31].

It is an open problem to obtain further properties of polynomials of —A in
the framework of the theory of convoluted operator families, even in the case of
Hurwitz polynomials.
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