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ABSTRACT. We systematically analyze regularization of different kinds of ul-
tradistribution semigroups and sines, in general, with nondensely defined gen-
erators and contemplate several known results concerning the regularization
of Gevrey type ultradistribution semigroups. We prove that, for every closed
linear operator A which generates an ultradistribution semigroup (sine), there
exists a bounded injective operator C' such that A generates a global differ-
entiable C-semigroup (C-cosine function) whose derivatives possess some ex-
pected properties of operator valued ultradifferentiable functions. With the
help of regularized semigroups, we establish the new important characteriza-
tions of abstract Beurling spaces associated to nondensely defined generators
of ultradistribution semigroups (sines). The study of regularization of ul-
tradistribution sines also enables us to perceive significant ultradifferentiable
properties of higher-order abstract Cauchy problems.

1. Introduction and preliminaries

The theory of C-semigroups and cosine functions is an attractive field of in-
vestigations of many authors and becomes unavoidable in the analysis of ill-posed
abstract Cauchy problems. The essential part of the theory is clearly presented
in the monograph [9] of deLaubenfels. On the other hand, the abstract Cauchy
problems in the framework of the theory of w-ultradistribution spaces were studied
by Beals [2}, B], Ciordnescu—Zsidé [7), [8] and Kunstmann [20]. The foundation
of the theory of ultradistribution semigroups with densely defined generators can
be attributed to Beals [3], Chazarain [5], Ciordnescu [6], Emami-Rad [10], Ushi-
jima [30] and it turns out that such a concept plays a crucial role in the analysis
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of abstract Cauchy problems in the spaces of operator valued Denjoy—Karleman—
Komatsu’s ultradistributions. The notions of regular ultradistribution semigroups
of the Beurling class and abstract Beurling spaces were introduced by Cioranescu
in [6] (cf. also [19, Example 1.6], [20, Examples 6.1, 6.2, 6.3] and Example 3.1
given below). The first comprehensive analysis of ultradistribution semigroups and
sines was obtained by Komatsu [13]. The definition of ultradistribution semigroup
and its generator employed therein has been recently reconsidered in [16] following
the approaches of Kunstmann [18] and Wang [31] for distribution semigroups.

The paper is organized as follows. The main objective in Theorem [2.1] and
Corollary 2.1 given below is to precisely profile mutual relations between some sub-
classes of Gevrey type ultradistribution semigroups whose generators possess poly-
nomially bounded resolvent, analytic semigroups of growth order r» > 0 of Tanaka
[29] and global C-semigroups. In such a way, we obtain an extension of the well
known result of Kunstmann (cf. [18, Section 5]) which asserts that every generator
of a distribution semigroup of [18] is also the generator of a global C-semigroup,
and refine several estimates given in [3, Lemma 1], [6, Remark 2.6, Corollary 4.3],
[9] Example 22.31] as well as in the proof of [18 Theorem 5.5]. Although far from
being optimal, we will see in Remark 2.1 how these improvements can be used in a
more detailed analysis of the incomplete higher-order Cauchy problems (cf. for in-
stance [9], Section XXV] and [28]). It is worth pointing out that the essential part of
the proof of Theoremfollovvs from the important analysis of Beals [2, 3], which
contains the explicit construction of global C-semigroups, and the construction of
complex powers of operators presented by Straub in [28]. Furthermore, global C-
semigroups constructed in Theorem [2.I] and Corollary 2.1 are C*°-differentiable in
t > 0 and derivatives of such semigroups possess interesting properties of operator
valued ultradifferentiable functions of the Beurling type; we parenthetically stress
that a similar analysis can be derived in the case of distribution semigroups and
refer the interested reader to the paper [30] of Ushijima.

The central theme of Section 3 is the regularization of ultradistribution semi-
groups whose generators possess ultra-polynomially bounded resolvent. In Theo-
rem 3.1, we reveal the important relation between such classes of ultradistribution
semigroups and local differentiable C-semigroups. The use of local C-semigroups
presents the main tool in proving Theorem 3.2, which precisely profiles the solu-
tion space of a generator of an ultradistribution semigroup of the Beurling class
and extends the assertions of [6, Theorem 4.1, Corollary 4.2] to nondensely defined
operators. The main result of Section 3, and of the present paper, is Theorem 3.3
stating that for every generator A of an ultradistribution semigroup, there exists
a bounded injective operator C such that A generates a global differentiable C-
semigroup whose derivatives possess some expected properties of operator valued
ultradifferentiable functions. Since we mainly work in the spaces of abstract Beurl-
ing ultradistributions, the condition (M.3) is practically imposed throughout the
third section. At this place, it is worth noting that it is not clear whether the
assertions of Theorem 3.1, Theorem 3.2 and Theorem 3.3 remain true if (M.3) is
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replaced by a somewhat weaker condition (M.3)" (cf. [6] p.191]). Finally, in The-
orem 3.4 we adapt several results of Beals [2, [3] to the present-day definition of
regularized semigroups.

Concerning the higher-order abstract Cauchy problems, we recall an old result
of Chazarain and Fattorini (cf. for instance [32]) which asserts that the problem

ue C™([0,00) : E) NC([0,00) : [D(A)]),
(ACP,) : { u™(s) = Au(s), s >0,
u®(0) =2;, i € {0,1,...,n — 1},

is not well posed in the classical sense if A is unbounded and n > 3. Neubrander
[25] was the first who applied integrated semigroups in the analysis of general-
ized well-posedness of the problem (ACP,). In Theorem we extend the well
known result of Xiao and Liang [32], Theorem 6.2, p. 132] which can be viewed as
an essential application of regularized semigroups to (ACP,). As an outcome, we
establish remarkable ultradifferentiable properties of entire solutions of (ACP,).
The assumptions of Theorem [4.3] are no longer applicable to generators of ultradis-
tribution sines whose generators possess an ultra-polynomially bounded resolvent.
This is the main reason for considering Theorem [4.4] which clarifies an interesting
relation between ultradistribution sines and global differentiable C'-cosine functions.

We employ the standard terminology; by E and L(F) are denoted a complex
Banach space and the Banach algebra of bounded linear operators on E. For a
closed linear operator A on E, D(A), Kern(A4), R(A), p(A) denote its domain,
kernel, range and resolvent set, respectively. Put Do (A) := 1, oy, D(A™); [D(A)]
stands for the Banach space D(A) equipped with the graph norm.

DEFINITION 1.1. Let 7 € (0,00]. A strongly continuous family (7'(t)):cjo,7),
resp. (C(t))ieo,r), in L(E) is said to be a (local, if 7 < oo) C-semigroup, resp.
C-cosine function, if:

(i.1) T(t+s)C=T@)T(s), for all t, s € [0,7) with t + s < 7, and
(i.2) T(0)=C,

resp.,

(ii.1) Ct+s)C+C(Jt —s|)C =2C(t)C(s), for all t, s € [0,7) with t + s < T,
and
(ii.2) C(0) =C.

The (integral) generator of (T'(t))ic(o,r), resp. (C(t))ic[o,r), is defined by

{(a@y) EEXE:Tt)x—Czx = /T(s)yds, te [0,7)}, resp.

0

{(w,y) EEXE:Clt)r—Cx= /(t—s)C(s)yds, te [0,7)},

0

and it is a closed linear operator.
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Let us recall now the basic definitions and notions from the theory of ultradis-
tributions. In the rest of the paper, we will always assume that (M) is a sequence
of positive real numbers such that My = 1 and that the following condition holds:

(M.1) Mg < Mpr1Mp—q, p € N. Every employment of the conditions:

(M.2) M, < AH" miny4q—n M,M,, n € N, for some A >1and H > 1,
x M,_

(M.3) > AZ L < 00, and the condition

p=1 p Mo M
= pt+17g—1
(M-3) zsolég ngp;rl pM, M,
explicitly emphasized.

If s > 1, then the Gevrey sequences (p!®), (pP®) and (I'(1 4 ps)) satisfy the
above conditions, where I'(-) denotes the Gamma function. Put m, := M,/M,_1,
p € N; then (M.1) implies that (m,) is increasing and (M.3)" simply means that
210;1 %p <0co. The associated function of (M,,) is defined by M (p) := sup,cy In %,
p € C~ {0}, M(0) := 0. We know that the function ¢ — M (t), t > 0 is increasing
as well as that lim|y|_,o, M()\) = +o0 and that the function M vanishes in some
open neighborhood of zero. Let us point out that the use of symbols A and M in
the continuation of the paper is clear from the context.

Suppose { > 0, o > 0, § € R and denote by A, g,; the ultra-logarithmic
region of type [; notice that such regions were introduced by Chazarain in [5] (cf.
also [23] Section 2.3]) as follows: Ay 5,1 := {A € C: Re(A) = oM (l|Im(N)]) + 5}.
We assume that the boundary of A, g ;, denoted by I';, is upwards oriented. Next,
for given 6 € (0,7] and d € (0,1], put Xy := {A € C : X # 0, |arg(A)] < 6},
By :={X e C: |\ <d}, Qa:=2X9gUDByg, |B] :=sup{k € Z: k < [} and
[B] :=inf{k € Z : B < k}. In the rest of the first section, we assume that (M)
additionally satisfies (M.2) and (M.3)". Recall ([IT]-[13]), the spaces D*») and
DM} of the Beurling, resp. the Roumieu ultradifferentiable functions, are defined
by setting:

DWMr) .= ind linggRDﬁ(M’o), resp., DM} .— ind linggRD}M’”},

< 00, which is slightly stronger than (M.3)’, will be

where

h

D%Mp) = proj limy, D", resp., D§<Mp} = ind limy D",

D" = {¢p € C°(R) : suppd C K, ||¢]la, 1 <00} and
hP|g®) (1)
M,
We refer to [1I]-[13] for a more detailed analysis of locally convex space valued
ultradifferentiable functions defined on R and corresponding ultradistributions of
the Beurling, resp., Roumieu type. The classes of Beurling, resp., Roumieu ultra-
distributions which take values in a Banach space E are denoted by D (M) (E),
resp., D'{MP}(E) or simply D' M) and D'{Mr} in the case E = R. In what fol-
lows, we denote by * either (M),) or {Mp}. The similar terminology is used for
the spaces of Beurling and Roumieu type ultradifferentiable functions. The space

&l az, 1,5 ::sup{ : tEK,pGNO}.
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of all ultradifferentiable functions of %-class with the support in [0, 00) is denoted
by Di (D (E) in the case of E-valued ultradistributions); further on, £* denotes
the space of ultradistributions whose supports are compact subsets of [0,00). The
convolution of operator valued ultradifferentiable functions and operator valued ul-
tradistributions is understood in the sense of [12]. Recall [11], an entire function
of the form P(\) = Z;O:O apAP, A € C, is of class (M,), resp., of class {M,}, if
there exist [ > 0 and C' > 0, resp., for every [ > 0 there exists a constant C > 0,
such that |a,| < CI?/M,, p € N. The corresponding ultradifferential operator
P(D) = Z;O:O a,DP is of class (M,,), resp., of class {M,}.

If f, ¢ : R — C are measurable, put f xq¢ g(t) := fot f(t —s)g(s)ds. Then
xo : D*xD* — D* is continuous and this justifies the following definition introduced
in [16].

DEFINITION 1.2. Let G € Dy (L(E)). If G satisfies

(U.1) G0 ) =G(P)G(Y), ¢.¢ €D,
then G is called a pre-(UDSG) of *-class. If G additionally satisfies
(U2) N(G) = [ Kem(G(6)) = {0},

$ED;

then we say that G is an ultradistribution semigroup of x-class, (UDSG) for short.
Further on, G is called dense if (U.3) holds, where

(U.3) R(G) = U R(G(¢)) is dense in E.
$ED}
The generator A of G is defined by
{(z,y) € Ex E:G(—p,)z = G(p)y for all p € D§}.

Notice that Definition consider ultradistribution semigroups of [5}, [6], [10],
[13], [23] and [30] in a great generality.

Let G be a (UDSG) of *-class and T’ € £*. Then T ¢ € Df, ¢ € D and the
following definition of the operator G(T') makes sense:

G(T) = {(z,y) € Ex E: G(T % ¢)x = G(¢)y for all ¢ € Dj}.

Note that A = G(—4’) and that G(T') is a closed linear operator [16].
The fiollowing definition of a regular (M,,)-ultradistribution semigroup and its
generator was introduced by Ciorénescu in [6].

DEFINITION 1.3. Let A be a closed linear operator and let G belong to the
space Dé)(M”) (L(E,[D(A)])). Then we say that G is a regular (M,)-ultradistribution
semigroup generated by A if:

(i) GxP=¢®@Idpy and P+xG =06 ®Idg, where P=0"® 1 -d® A €
D, (L(D(4)], B)),
(ii) the same as (U.2),
(iii) the linear hull of R(G), denoted by (R(G)), is dense in E.
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It could be of importance to state the following useful facts concerning ul-
tradistribution semigroups. Arguing as in the proof of [6l Proposition 2.6], one
can verify that the polynomial boundedness of ||R(- : A)| existing on a suitable
ultra-logarithmic region implies that A generates a (UDSG) of (M,)-class. The
previous assertion does not remain true in the case of ultra-polynomial bound-
edness; more precisely, there exists a closed linear operator A and an element

Dé)(Mp) (L(E,[D(A)])) so that the condition (i) quoted in the formulation of Def-
inition 3 holds and that (U.2) does not hold for G (cf. [7, p.156] and [16]).
The condition (U.2) plays a crucial role in our investigation. Suppose now G €

D(/)(M”)(L(E, [D(A)])) and A is a closed, densely defined operator. Then G is a
regular (Mp)-ultradistribution semigroup generated by A iff G is a dense (UDSG)
of (M,)-class generated by A [16].

The class of ultradistribution sines can be introduced following the approaches
of Miana [24] and the author [14] for (almost-)distribution cosine functions, or
by means of convolution type equations as it has been done by Komatsu [13].
The concepts presented in [13], [24] and [14] are not so easily comparable in the
ultradistribution case, and in order to simplify our exposition, we shall say that a
closed linear operator A generates an ultradistribution sine in E iff the operator
A= (91) generates an ultradistribution semigroup in E x E.

2. Regularization of Gevrey type ultradistribution semigroups

In this section, we use the construction of complex powers of operators given
by Straub in [28] and refer to [28, 29] for the notion of (analytic) semigroups
of growth order » > 0. Our aim is to find the precise relations between Gevrey
type ultradistribution semigroups, analytic semigroups of growth order » > 0 and
global C-semigroups. In order to do that, suppose that (N,) and (R,) are two
sequences of positive numbers which satisfy (M.1). Following Chou (cf. for ex-
ample [11] Definition 3.9, p.53]), we write N, < R, if and only if, for every
6 € (0,00), sup,en, Npd?/R, < oo. The assertions (i), (iv) and (v) of the next
theorem can be attributed to Straub [28]. Herein we notice that the denseness of
A is not used in the proofs of Propositions 2.2, 2.5, 2.6 and 2.8 as well as Lemmas
2.7 and 2.10 of [28] and that the assertion (v) extends [3, Lemma 1] and some
estimates used in the proof of [18, Lemma 5.4] (cf. also [I Lemma II-1, Theo-
rem II-3]). The main problem in regularization of ultradistribution semigroups
whose generators do not have polynomially bounded resolvent appears exactly at
this place. Actually, if ||R(- : A)|| is not polynomially bounded on an appropriate
ultra-logarithmic region, then it is not clear whether there exists n € Ny such that,
for every x € D(A™"2), the operator Tj(t), defined in the formulation of the next
theorem, fulfills lim; o4 73(t)z = x. Then it is not clear how to show that the
operator Ty(¢) is injective; see also [3, Lemma 3], [18, Lemma 5.4] and the proof of
[28| Proposition 2.8].
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THEOREM 2.1. Suppose, in addition, that there exists a number b € (0,1) such
that

(2.1) PPt < M,

and that (M) satisfies (M.1) and (M.2). If A is a closed linear operator such that
there exist a > 0,1 >0, M >0, 8 € R and n € N satisfying

Ao, g1 € p(A) and [R(A: A)| < M1+ XD, A€ Aa, g1,

then, for every v € (0,arctan(cos(%E))), there are an w € R and an analytic
operator family (Ty(t))ies, of growth order "+1 such that the following holds.
(i) For every t € ¥, the operator Tp(t ) is injective.
(ii) For everyt € ¥, A generates a global Ty (t)-semigroup (Sp(s))s>0-
(i) Let K C [0,00) be a compact set, t € £, and v € E. Then the mapping
s+ Spe(s)x is infinitely diﬂerentiable in s 2 0 and, for every h > 0,

sup

Sbt H < 00.
peNo, se K Mp H

(iv) There is an L > 0 with |Ty(t)] < L(tan(y)Re(t) — |Im(t)])~ """/,
teX,.
(v) If x € D(A™"?), then there exists limy_.o4 (Tp(t)x — x)/t and, in partic-
ular, limy_ o4 Tp(t)x = z.
Furthermore, if A is densely defined, then (Ty(t))iex., is an analytic semigroup of

growth order "Zl whose c.i.g. is —(w — A)°.

PROOF. Let ¢ : R — [0,00) be an inﬁnitely differentiable function satisfying
suppp C [0,1] and [, (t)dt = 1. Put M(t —fo (t —s)p(s)ds, t € R and
notice that My € C*°(R) and that [4, Lemma 2.1.3, (2. 11)] 1mphes that there exists
a constant K > 0 such that

M(t—s)>M(t—1)> M(t—1) 1

2
M)~ M@ T 3L M(t—1)+K_%t%1+M(f_1) 3’

t — 4o0.

Thereby, there exist m > 0 and M > 0 such that:
(2.2) M) <mM(t)+ M <mM(@t)+ M, t>0.

Suppose (0,1) > b satisfies p?/® < M, and designate by N () the associated function
of the sequence (pP/®). Then N(|A|) ~ £[A[%, |\| = co and an application of [11]
Lemma 3.10] gives that, for every p > 0, there exist positive real constants ¢, and
C}, such that lim,_,oc, = 0 and that

(2.3) Mi(IN) < M(IN) < N(uN) +Cp < cu A + Cy A > 0.
Denote, for ¢ > 0 and ¢ € R, AL _; := {A € C: Re(\) > oMy (I|Im()\)|) +s}. By

f, we have AL 5. 000 S Ao, C p(A). Let v € (0,arctan(cos(%)))
and let a € (0, ) satisfy b € (0, 57—y) and 7 € (0, arctan(cos(b(m — a)))). Recall,
Q4,4 = B4 UY,. Thanks to , one obtains the existence of numbers d € (0, 1]
and w € R such that Q, 4 C Aam,6+aM—w,l C p(A —w). Let I'y g and T' denote



16 KOSTIC

the upwards oriented boundaries of €2, 4 and A}xm’ St+aM—w, 1> Tespectively. Define
Tb(t), te E,y by
1
Ty(t)z = — [ e "V R(N: A—w)zd\, z€E.
2ms
T'aa

By the arguments given in [28) Section 2], we have that (7(t)):cx., is an analytic
operator family which satisfies the claimed properties (i), (iv) and (v). Furthermore,

if A is densely defined, we have that (T},(t)):cx, is an analytic semigroup of growth
order "TH whose c.i.g. is —(w — A)° [28]. Define now, for every ¢ = t1 +its € X,
s>0and x € F,
1
SI},t(S) =g eft(f)‘)be)‘sR()\ A —w)xdA.
r
To prove that Sy ,(s) € L(E), notice that, for every A ¢ Q, 4, we have barg(—\) €
(b(—m+a),b(r—a)), cos(barg(—\)) € (cos(b(m—a)), 1], tan(y) < cos(b(r —a)) and

|eft(7)\)b‘ — eftl\)\|bcos(barg(f)\))+t2\)\|bsin(b arg(—2X\))
o~ (t1 cos(barg(—=X))—[t2])| A" Le cos(b(r—a))—|t2)|A[° e tan(y)—[t2])[A]”
This inequality and (2.3]) imply that, for all sufficiently small p > 0:
(24) [ VMR A - w)||
< Mes(ali(HIm()\)\)+,8+aM7w)ef(t1 tan('y)f\tg\)M\b(l + |>\| + |w|)n
< M, esBraM =) gsameu A o= (b tan(=l2DIA® (1 1 |A| 4 |w|)?, A €T, [A| > 7

The use of (2.4) with sufficiently small y implies that Sy (s) € L(E), as required.
Further on, the Cauchy formula and the previous argumentation enable one to see
that

(2.5) /e’\se_t(_’\)bdA =0, s=0,tey,

r
and that Ty(t) = S} ,(0), t € 3. Tt is also clear that S, ,(s)Ty(t) = Tp(t)S; ,(s) and
that Sy ,(s)(A —w) C (A w)S,}t( ), s =0, t € X,. Using the Fubini theorem, the
resolvent equation and , one obtains

(A—w) /Sbt xdr——// Arg—t(=A)" (A—w)R(A: A—w)xd\dr

// Aret= ’\) AR\ : A—w)x —x)d\dr
" 2mi

1 1 /
—//e’\re_t(_)‘)b)\R()\:A—w)xd/\dr——,//eA —tN" 2 dhdr
2w 2w

0T 0T
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/ / M N AR 1 A — w)z dAdr
2m

, s
=-— [/e)‘re_t(_Mb/\R()\ A —w)x dr] X
2mi

r Lo

1
— [ (M —1)e U ='R R(A: A—w)xd)
2772
r
1 As 7t /\)b 1 —t(=\)"
— AN A—w)zd)— e R\:A—w)xdA
2 211
F r

=Sy () —Tp(t)x, s>0,t€N,, x€E.

This implies that (Sbt( s))s>0 is a global Ty(t)-semigroup generated by A — w.
In order to prove differentiability of (S, ,(s))s>0, note that the arguments used
in the proof of boundedness of the operator Sgyt(s) also show that the integral

- fr )\pe’\se*t(’)‘)bR(A : A — w)dA converges for all p € N. Then the elementary

27

inequality [eM — 1] < h|A[eReMP X € C, h > 0 and the dominated convergence
theorem yield

% pa(s) = %//\eAse*t(*’\)bR()\ cA—w)d\, s=0
r
Inductively,
dp 1 b
(2.6) @Sét(s) =5 /Apekse_t(_k) RA:A—w)d\, peNy, s2=0.
r

Taking into account (2.3) and (2.6)), we easily infer that, for every compact set
K C[0,00),t€ X, and > 0:

hP
sup

dv 1 H < M M(h)\) Re()\)s 7(t1cos(b(7r a))—|t2])|A|®
peNo, sei Mp 2

Sy (s
— bt

D em(ttant)=laDIN (1 45| 4 )" ||

< M [ M) gslads (1 Tm() D+ 6+aM—w] (b1 cos(blm—a)— 12|\

27
r x e~ tanM =D (1 N[ + |w])™[dA|
< 2% ooup K (F+aM—w) / (o B IAIP+Cs am sup Kl 27 [P+,
s
r ~ 67(1&1 cos(b(wfa))f|t2\)\/\|b(1 + |/\‘ + |w‘)n|d)\|
< %esupK[,B+aM—w+amC“,]+C,,, ecn L” |)\| (1+sup K)

2m
' e (trcos(b(m=a)=[t2DIM" (1 4 |\| + |w])"|dA.
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Choosing p sufficiently small, we obtain that
h? || d? ( )H <
sup s 00.
pENp, se K M p bit

Put now Sy ;(s) := e“*S} ,(s), s > 0, t € X, and notice that (Sp(s))s>0 is a global
Ty (t)-semigroup generated by A. Since (M,) satisfies (M.1) and My = 1, it can
be easily seen that M, , > M,M,, p,q € Ny (cf. for instance [4, Lemma 2.1.1]).
Hence, we have that, for every h; € [h(2 + 2|w|),00) and = € E:

hP
sup Sb +( H
pENo sE
pPop p—1
T I =0 5 ESEYEN
peNy, s€EK dsP~?
P
CM,_;
<ellswp K gy hP(2 4 2|w|)P Z ﬁp
pENp, s€e K i=0 hﬁ_) Mp
p 3
< e|w\ sup K sup (h(2 + 2‘“‘) )p C(hl
pENy, s€K hy — M,
= 2hy)P
< Ce\w|supK 1 < Ce\w|supK sup (
Z 21 2h1) sup S
< 206|w|supKe]\/[(2h1) < o0,
where
C= sup H xH
peo, seic My Il ds? Si4(9)
Therefore, the property (iii) also holds and this completes the proof. O

Before proceeding further, let us notice that every Gevrey sequence satisfies
(2.1) with b e (%, 1).

COROLLARY 2.1. Suppose that A is a closed operator and that there exist ¢ €
(0,1), 0 >0, M >0, n €N and ¢ € R such that

(2.7) I, s,c == {A € C:Re(N) = o|Im(N)|° +<} C p(A
(2.8) |[ROA:A)| <M+ X)), Aell ..

Then, for everyb € (c,1) and vy € (0 arctan(cos(b;))), there is an analytic operator

family (Ty(t))es, in L(E) satisfying the properties (ii), (iv) and (v) stated in the
formulation of Theorem . Furthermore, the property (iii) holds for every compact
set K C [0,00) and M, = pP/¢, and in the case when D(A) is dense in E, we have
that (Ty(t))tes., is an analytic semigroup of growth order ”Zl and that there exists

w € R such that the c.i.g. of (Ty(t))iex, is —(w — A)°.

Proor. Clearly, p?/® < M, and M(|\]) ~ L|A%, [A| = oo. This implies that
there exist @« > 0, [ > 0 and 8 € R with Ay, 51 C Il. 5. An application of
Theorem [2.1] ends the proof. O
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REMARK 2.1. Suppose A generates a distribution semigroup of [18]. Then one
can employ [18 Corollary 3.12] in order to conclude that, for every ¢ > 0, there
exist 0 > 0, M > 0, n € N and ¢ € R such that and hold. Hence, for
every b € (0,1) and v € (0, arctan(cos(bg))), A generates a global Ty (t)-semigroup,
where we define Ty (¢) as before; let us remind that Kunstmann [18] proved that this
statement holds for every b € (0,1) and v € (0, W) (cf. also [3 p.302]). Our

estimate is better if b € (0, %] This follows from the following simple observation:
™ m 71' m b2m? ™
arctan ( cos (b 5 )) 1 ‘ cos (b 5 sin” (b 1 < 3 b 1

In conclusion, we obtain that there exists w € R such that the solution of the
incomplete Cauchy problem u(®)(¢) = (—1)F+1 (A4 — w)u(t), t > 0, given by T} /x(-),
k € N\ {1}, can be analytically extended to the larger sector Tarctan(cos(bZ))-

3. Regularization of ultradistribution semigroups
whose generators possess ultra-polynomially bounded resolvent

In this section, we assume that (M,) satisfies (M.1), (M.2) and (M.3). We define
the abstract Beurling space of (M,,) class associated to a closed linear operator A

as in [6]. Put EM»)(A) := projlim,, E}{LM”}(A), where

E}{LMP}(A) —. {x € Doo(A) : HxHiMp} — sup hP|| APz|| < OO}

r€Np P
Then (E{M(4), || |11) is a Banach space, B/} (4) € B (4) if 0 < h <
h' < oo and EMr)(A) is a dense subspace of E whenever A is the generator of a
regular (M,,)-ultradistribution semigroup ([6]). In general, we do not know whether
the space EM»)(A) is nontrivial (cf. [3, p.301] and [6, p.185]). Notice that the
simple inequality

P _ p
WA = 2Pl g paruasalelyy ) {00} h>0, zeC,

sup h(2+2|2])’

reNop M,
implies EMr)(A) = EMp)(A — 2), z € C and that, thanks to (M.2), we have that
the part of A in E(M»)(A) is a continuous mapping from EMr)(A) into E(Mr)(A).
The next entire function of exponential type zero [11] plays a crucial role in our
investigation: w(z) = [[;2,(1+ nZTZ,,)’ z € C. We know the following (cf. for instance
[6] pp. 169,171,182 and Lemma 3.2, p. 179]):

(P.1) there exist [y > 1 and ¢y > 0 such that [w"(z)| < cpAn~LeMUH" "2,

zeC,neN,

(P.2) there exist L > 0 and o € (0,1] such that |w(iz)|] > Llw(|z])|7, z €
(Aa,,0)% '

(P.3) due to [11], Proposition 4.6], the operator w(ID) = H;O:1 (1+ %), leC,

is an ultradifferential operator of class (M),). Denote w™(z) = Z;O:o ap p2?

t (loanl)p

and notice that |a, | < Cons fy

, » € Ng, n € N, which implies



20 KOSTIC

that, for every n € Nand ! € C, the operator w™(ID) is an ultradifferential
operator of class (M) as long as (M,,) satisfies (M.3),

(P.4) for every o > 1 and z € C: |w(]z])|* > %|w(alal|z|)|, and

(P.5) eG+DM(Iz) < AbMHM D), ¢ C.

Herein H denotes the constant appearing in the formulation of the condition (M.2).
Suppose that A is the generator of a (UDSG) G of (Mp)-class. Then there exist
constants [ > 1, « > 0 and 8 > 0 (cf. [5], [6, Theorem 1.5 and p. 181}, [13], [16]
and [23]) which satisfy:

M (HIA))
AR

Let n € N and n > Hlglo~!. Following the proof of [6, Proposition 3.1], we
A A, where T
denotes the upwards oriented boundary of Ay g;. Then D) = DfL, k € N and pro-
ceeding similarly as in the proofs of [6] Proposition 3.1] and [6] Theorem 3.8], one
can prove: R(G) C R(D,,), EM»)(A) = M,y R(Dyi), and since we have assumed
that G satisfies (U.2) (cf. Definition [L.2)), D, is injective. Unfortunately, it is not
clear whether R(D,,) € E»)(A). Now we clarify the following important relation-
ship between ultradistribution semigroups and local differentiable C-semigroups.

(3.1)  An 1 Cp(A) and |R(X: A)| < Const A€ Ay 1, keN.

define a bounded linear operator D,, by setting D,, := % fl‘z

THEOREM 3.1. Suppose that A is the generator of a (UDSG) G of (M,)-class.
Then, for every T € (0,00), there exists an injective operator C, € L(E) such that A
generates a local Cr-semigroup (S(t))icjo,r)- Furthermore, (S(t))icjo,r) 8 infinitely
differentiable in [0,7) and there exists an h € (0,00), independent of 7 € (0, 00),
such that the next inequality holds:

p
(3.2) su d

hP
P —H—S t H < 00.
t€[0,7), pENg MP dtp ()

PROOF. The arguments given in the final part of the proof of Theorem [2.1]
imply that we can translate A by a convenient multiple of the identity and assume
that constants [ > 1, & > 0 and 8 > 0 satisfy (3.1)). Clearly,

(3.3) \w(5)|=H’1+£ >SupHi:sups—>eM(s), s> 0.
k=1 e peN i Mk peN Mp

Put ng = |Hlplo™t] + 1, k = max([ra],2) and fix afterwards an element x € E,
an integer n € N with n > H* 4+ 2 and a number ¢ € [0, 7). Then we have

(3.4) (n—1)ngo =2 (n—1)Hllg>n—-1>1,
(3.5) (n — Dngolyt = (H* +1)Hlglo ™ olyt > HI.
We define the bounded linear operator S(t) (cf. also [6], pp. 188-189]) by
1 A A
S(t) = /eMM dA.

T 2mi w0 (§\)
1]
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In fact, S(0) = Dyy, := C; € L(E) is injective since G satisfies (U.2) (see the
previous discussion). Notice that ngo > 1 and that (3.3)-(3.4), (P.2) and (P.4)-
(P.5) together imply that, for every p € Ny:

‘ \ et(aM(UA])+B) oM (HIA|)
w0 (i) o ()]
A[ta]716M(H“°”’ll\A|)eM(Hl|)\|)
wn=Hmo (i) wmo (i))]
Const | A[Petf Altel-1 2M (H M)
Ao e[ mes
Const [\|[Pet? L=mm0 Alte] colw(HFIN)|
= w(ADNw(ADmo = Jw((n — 1)nealy A
Const [\|[PetP Lm0 ATte] colw(HFIN])|
w(IA[)[eM Moo =1D) " o((n — 1)ngaly * A])]
1
M Gror D) A2

LeR(N: A)
W (4))

H < Const [A|P

< Const | APet?

< Const [A|P

where Const. is independent of p € Ny. The Fubini theorem implies S(s)C, =
C:5(s), s € [0,7), and furthermore, it is checked at once that S(s)A C AS(s),
s € [0,7). Since p(A) # 0, we have C;'AC, = A. In order to see that (S(£))tepo,r)
is a local C--semigroup generated by A (cf. [9], [L7] and [22]) it is enough to prove
that Afot S(s)xds = S(t)x — Crx, t € [0,7). To see this, we will first prove the
next equality:

(3.7) /eM d\ = 0.

w™o (G))
Iy

For a sufficiently large R > 0, put 'r = {z € C: |2| = R, z ¢ A, g,1}. As above,
(3-4) and (P.4) imply

1
(3.8) (|27 >~ fuo((n — Dneoly 2], =€ C.
0

Taking into account (P.2) and (3.3), we have the following:
w0 (@A) = WD (@A) " ()]
> Lo Hnoo(R)|eM(FInoe > Const [w™ 107 (R)|R2, X € Tg.

An employment of (P.5) implies

At @MU ImND+8)  Const 5 otaM(IR)

e
< <
‘w”"o By ’ om0 (3] B2 ¢ Jw—Dnoo (R)]
Const A[m]qu(H“”]—llR)
< e’
R2 |w(r=Dnoo (R)|
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Owing to (3.8), we can continue the calculation as follows:

‘w(Hft(ﬂ—llR)l
w((n = )noaly 'R)|

Const
- coetﬁA[toﬂ—l

The last inequality and (3.5 imply

e/\t
/ ———d\— 0, R — +oo.
g W' (M)

Then the Cauchy theorem yields (3.7)). Applying the Fubini theorem, the resolvent
equation and (| @, one obtains:

t
A/S(s)xds— // as AR : A A d\ds // aARN: Ao =
wnmo (4 T 2mi wnno ( z)\)
0

OFL 01

t
// ASARA A // d\ds
nno nno )
0 Iy

AR(A: A)x AR(A: A)x
_ As As
- / / S s = 5 / [ / e [0
I

IR ! R(A: A)x
= 3mi ) & T Doy

I
1 RO Az 1 / R\:A)x
“ami ] © oy P 2w | oy P S0 O

I n

As before, we have that, for every p € N, the integral

L/ AP RO : A) d\, te[0,7)

2mi wnmo (§\)

is convergent and that

d 1 R(\: A)

—S(t) = NeM 2 g\

dtS() 27m/ wnmo (§0)
Inductively,

dp 1 R(\: A)
. —S(t) = — [ APeM T2 ) No, ¢ .
B9 S0 =g [¥N TR pem e
Iy

It remains to be shown (3.2)). Choose arbitrarily a number h € (0,790 — 1). An
application of (3.6)) and (3.9) gives

hP || dP 1 hP |)\|P|e’\t| IR(A: A
S|S0l < 52 s S / TV
T telo,7), peNo P w ¢
1

sup
t€[0,7), pENg
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eM(hIX)
Const/ YIONCI Sy |/\|2\d)\| Const/ |/\|2

The proof is now completed. O
ExampLE 3.1. ([19], [20], [15]) Define

1 e
B, = { £ € 020115 1y, = sup I < ool
p=0 Mp

Apg, = —d/ds, D(Am,) =:{f € En, : f € En,, f(0)=0}.

Proceeding as in [19, Example 1.6], one can verify that Ay, is not stationary dense
and that Ay, cannot be the generator of a distribution semigroup. Furthermore,
{A € C:Re(N) =0} C p(A,) and |[R(X : Apg)|| < CeMTRD ] Re(A) > 0, for
some C >0 and 7 > 0 [11, 19]. Put now

x

(G ) () = / ole—)f(t)dt, eDMD, fe By ze0 1.
0
Clearly, G(p)f € C*°[0,1] and

TGN = [P - 010 d+ Y S0 a),

dxP
s k=0
for every ¢ € DWM») | f ¢ En,, © € [0,1] and p € No. Since My, > M,M,,
p,q € Ny, the preceding equality implies that, for every p € Ng, z € [0,1], ¢ € DMy)
and f € Ep,:

dap
dzp

(C@) @)1

p:1,[0,1]

p—1
1
<lells, o (143 k)llfl so|Mp71,[01](1+Z e LILL

k=0 P~ p=0

Ly (p—-1— k:
'Ilfl

Hence, [G()Il < ll¢llag, 1001 + 357, mip) and G € D (Mo)(L(E)). The condi-
tions (U.1) and (U.2) can be proved trivially, and consequently, G is a (UDSG)
of (Mp)-class whose generator is obviously the operator Ay, . By Theorem
we have that there exists an injective operator C € L(FE Mp) such that Ay, gener-
ates a differentiable local C-semigroup (S(t)):e[o,2)- Put, for every fixed f € Ey,,

€ 10,1] and t € [0,1], u(t,z) := (S(¢)f)(z). According to the differentiability
of (S())te[0,2) and the proof of Theorem one immediately obtains that u is a
solution of the problem

u € C1([0,1] x [0,1])
(P):< ug+u =0
u(0,2) = (Cf)(x), u(t,0) =0.
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Hence, for every (t,z) € [0,1] x [0, 1],

In particular, S(t) = 0, t € [1,2). Define now S(t), t > 0 by S(t) := S(t),
t €[0,1] and S(t) := 0, ¢t > 1. Then (S(t));>0 is a global differentiable C-semigroup
generated by Ajz,. The previous analysis and Theorem given below imply that
there exists an injective operator C; € L(E) such that Ap;, generates a global
differentiable C}-semigroup (S (t))e>0 such that S (t) =0, t > 1 and that

hP ) dP o
sup —Sl )‘ < 00
20, peNo M,

for every fixed number h > 0.

The proof of the following lemma essentially follows from the corresponding
one of [6l Theorem 3.8].

LEMMA 3.1. Suppose G is a (UDSG) of ( p) class generated by A, | >

a>0,08>0n¢cN, n> Hillo™! (¢f (P.1)~(P.5)) and ( . holds. Then
EM)(A) = ey Duk(D>(A)) and
(3.10)
P|| AP
D (E;IMI’}];L,CH) - {az € D*®°(A) : sup AT < oo foralls € (O,QZOH”k)}.
PENg My,

PROOF. Fix an integer & € N and a number ¢ € (0,2lgH™"). Further, put
h = 2lgH" 1 and suppose that y € E{M"} and that w"k(iz) = Z;o_o ak,p2",
z € C. By (P.3), we have that |ay | < Const (loHi
> oo ak,pAPY := x is convergent since
he|| APy (loH”’“>P )

M, h 2H )

Proceeding as in the proof of [6, Theorem 3.8, p. 187], one gets that y = D,z and
the proof is completed if one shows that z € D>°(A) and that (3.10) holds with <.

First of all, let us observe that the series Z;O:O ag,p APy is also convergent for all
m € N. Indeed, (M.2) yields

(3.11) axp [|A™Pyl|

, p € N and that the series

o1l 142 < Const < Const [y{" (=

R LAP | T H P My (01 ( 1\ My
<o A M 0 (L
ons My ym h M,h™ onst [|y[, 2H) M,h™

M, PAHP+mM M, 1 m
< Const [yl }(QH) g S < Const [y }(2) (QZOan) M.

By (3.11), we have that

[e%e} . v 1
> lanpl 1477y | < Const [ly[[{7 (
p=0

2o H"*

)mMm, z € D®(A)
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and A™x = Z;O:O ap pA™TPy. Then the proof of Lemma completes an employ-
ment of the estimate (3.11):
m 147'”1A
sup % < Const ||y|\£M 2 sup (
meENg m

S \™ (M}
< .
o, an) < Const ||y|[,, O

Now we are in a position to clarify the following analogue of |6, Theorem 4.1,
Corollary 4.2] for nondense ultradistribution semigroups of (Mp,)-class.

THEOREM 3.2. Suppose that A generates a (UDSG) of (Mp)-class. Then the
abstract Cauchy problem
u € C*([0,00) : E) N C(]0,00) : [D(A)]),
(ACP) : ¢ u/(t) = Au(t), t >0,
u(0) = z,
has a unique solution for all x € E(MP)(A). Furthermore, for every compact set
K C[0,00) and h > 0, the solution u of (ACP) satisfies

hP | dP
sup —u t)H < 00.

te K, peNg

PROOF. We basically follow the terminology given in the proofs of Theorem [3.1]
and Lemmal[3.1] (cf. also (P.1)—(P.5)). The uniqueness of solution of (ACP) is a con-
sequence of the Ljubich uniqueness theorem (cf. for instance [23] p.29]). To prove
the existence of solutions of (ACP), let us observe that the proof of Theorem
implies that there exist a number ng € N and a strictly increasing sequence (k)
in N such that ng > Hlplo~! and that, for every [ € N, the operator A is the
generator of a differentiable Dy, y,-semigroup (Si(t)):ef0,1)- This implies that the
abstract Cauchy problem

w € C1([0,1) : E)n C([0,1) : [D(A)]),
uj(t) = Aw(t), t >0,
u(0) = z,

has a unique solution for every x € D, 1, (D(A)) given by w(t) = nolel( )z,
€ [0,1). If x € EM»)(A), then Lemma implies that w;(t) = Si(t)D nokz
€ [0,1), and due to Theorem we get u; € C*([0,1) : E). Therefore, we

automatically obtain the existence of a solution of (ACP) for all z € E(MP)(A).

Let K C [0,00) be a compact set, K C [0,1) for some I € N, h > 0, ' e N, I’ > ]

and 2lgH™"*’ > h. Then Lemma and the proof of Theorem imply that, for

every t € K:

o Hdtp H - Hdtp H = *HAP“I’ )| = 7HApDnokl/Sl’(t)xH

’nokll ’ngk‘l/xH < S

st, (AP DL al| < sup 1Sy (s |fHA”D
s€[0,l]

for all z € EM»)(A), which completes the proof of the theorem. O
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LEMMA 3.2. There exists a sequence (N,) of positive real numbers satisfying
No=1, (M1), (M.2), (M.3) and N, < M,.

PROOF. Define a sequence (rp,) of positive real numbers recursively by:

1
r1:=1and rpqq = rp[ My + min (1 — ﬂ, f&)}, peN.
Mp41 Mpt1 P Mpt1
Then:
1
(3.12) 13 Ty and 741 <rp(1+ )P pEN.
Tp Mp+1 P/ Mp+1

Using (3.12)), one obtains inductively:

P 4
my my

rp < p— and Ilrigp!—,pEN.
myp Py M,

Since p! < M, (cf. [11l p. 74] and [4, Lemma 2.1.2]), one gets that, for every o > 0:
P
(3.13) sup oP Hm < o0.
pE€No oy
Put now Ny :=1 and N, := M, [["_, r;, p € N. Keeping in mind (3.12), one can
simply prove that (N,) satisfies (M.1), (M.2) (with the same constants A and H)
and (M.3). By (3.13)), N, < M, and this completes the proof. O

Now we are able to state the following important result.

THEOREM 3.3. Suppose that A generates a (UDSG) G of (M,)-class. Then
there exists an injective operator C € L(E) such that A generates a global differen-
tiable C-semigroup (S(t))i>0. Furthermore, for every compact set K C [0,00) and
h > 0, we have:

dap
sup

s
B0 ) < o
teK, peNg Mp dtp

PrOOF. By Lemma we have the existence of a sequence (N,) of positive
real numbers satisfying Ny = 1, (M.1), (M.2), (M.3) and N, < M,,. As in the proof
of Theorem 3.1} we may assume that numbers [ > 1, a > 0 and g > 0 satisfy .
Denote by N(-) the associated function of (V) and notice that the previously given
arguments combined with [1I, Lemma 3.10] indicate that there exist a; > 0 and
B1 > 0 such that AL 5 ; C Aa 1 C p(A). Furthermore, one has that, for every
p > 0, there exists C;, > 0 such that M(\) < N(uX) + C,,, A > 0, and thanks to
[26] Lemma 1.7, p. 140] (cf. also [4, Lemma 2.1.3]), we know that, for every L > 1,
there exist a constant B > 0 and a constant E;, > 0 such that

(3.14) LN\ < NBE'N)+EL, A=0.

Let I'y and I'y denote the upwards oriented boundaries of A, g ; and Al

at, B1, 1
respectively. Suppose that ¢ € D[(évf]) satisfies o(t) > 0, t € R, [; o(t)dt =1 and
put 9,(t) := no(nt), t € R, n € N. Then it can be simply verified that, for every

0 € DMp) we have g, * ¢ € DWNp) C DIMp) e N and that lim, e 0 * =
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in DM»). Define G1(p) = G(p), p € Do), Then G, € DQ(NP)(L(E)) and
satisfies (U.1). To prove (U.2), suppose Gi(p)z = 0 for all ¢ € D(()Np). Then
G)xr = limp_oo G(on * ¥)x = limy_00 G1(0n * )z = 0 for all ¢ € D(()M").
So, x = 0, G1 is a (UDSG) of (N,)-class and it can be simply checked that the
generator of Gy is A. Set wy,(z) := Hfil (1 + ”]I\(fi’;‘l), z € C and notice that
lwn, (s)] = eV, s > 0 and that, owing to (P.2), there exist L; > 0 and oy € (0,1]
such that |wn,(i2)| > Lilwn, (]2])|7, 2 € (AL, 5 )¢ Since Gy is a (UDSG)
generated by A, we have that there exists a sufficiently large n € N such that
n > fg%l and that the bounded linear operator
1 R(\: A)

=— | ——=dX
2mi Jp, wiy, (iA)

is injective. An elementary application of the Cauchy formula implies that

1 :
=;= B:4) ,A) dA.
2mi Jr, wy, (iA)

Set now N
t :
S(t)z == L/Mdm t>0, z€E.
2mi wy, (iX)

Taking into account the simple equality

AP
r; YN, (i)

one can repeat literally the proof of Theorem [3.1]in order to deduce that (S(t))i>o
is a global differentiable C-semigroup generated by A and that, for every p € Np,

dr 1 R(A: A)
—8(t)=— [ WML dN, peN, t>0.
i = o / o (N P&

r, P
Suppose now that K C [0,00) is a compact set and that h > 0. By (3.14)), we get
that, for every p > 0, there exists M), > 0 such that:

sup . ﬁS(t)H <ConsteﬁS“PK/eM(hA|)+asupKM(l/\|)eM(H“}\l) d\|
ere.pendy 7V S p Wi, VA2
M (hA)+a sup KM ([|A])+M (HI|A|)
< Const fsuP K / ¢ )|
[APLY Jwn, (A
1
eM(hXN)+asup KM(IX)+M(HI|X|)
< Const/ I\Eermm i N d\|
I
eN (RIAlpn)+asup KN (LA ) +N (HUA )
(3.15) < u/ IX[2enor N D dA

Iy
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eN(hIA[)+N (B =™ KUA|p)+ Erc, 0+ N (HIA| 1)
u/ |>\‘2€n01N(\>\|)

3N (IA|u[h+1B> =P K4 HI))
/ ax]

|)\|26n01N(|M)

I

< MHeE"‘ sup K +E3 /

ry

5 B N (B2 u[h+1B="> K 1))
asup K 3
¢ / IA2eN D X

N (BN ulh+1B="> K 1+ HI))

|)\|26n01N(|)\\)

|dA|

< M;L

I

Suppose now that p € (0,1/B?(h 4 (B**"PX + HI)). Then we obtain from (3.15):

h? | dP dX
sup —S(t H < Mye “““PKJFES/‘—J < 00
te K, peNg RY
Iy
The proof of the theorem is completed. O

Finally, we consider regularization of w-ultradistribution semigroups in the
sense of [3]. We use the terminology given in [3], p.308] and suppose that w :
[0,00) — [0, 00) is a continuous, concave, increasing function satisfying

t < w(t
lim w(t) = oo, tlim %) =0 and / w(t) dt < oo.

t—oo t2
Let xg € (0,00) be fixed. Put Q(w) := {\ € C: Re(A) > max(zo,w(| Im(N)]))}.

THEOREM 3.4. Suppose A is a closed, linear operator which satisfies Q(w) C
p(A) and [|[R(A: A)|| S ML+ |\, A € Qw), for some M >0 and n € N. Then
there is a family of bounded injective operators (C(k,€))e>0 such that, for every
e >0, A generates a global C(k,¢)-semigroup.

PROOF. Let I" be the curve employed in the proof of [2 Theorem 1]; note that
T" is oriented from the lower to the upper half plane and that zero lies to the right
of I'. If W is the region to the left of I', then, without loss of generality, one may
translate A and assume that R(- : A) exists for all z ¢ W. We refer to [2] pp. 287
290] for more details. If ¢ > 0 is given, define the function h.(-) in the same way as
in the proof of [2 Theorem 1] (cf. [2] p.290]) and an operator C(k,t,e) € L(E) by

C(k,t,e)x —/ YeMR(N: A)zd\, €>0,t>0, z€E.

Put C(k,e) = C(k,0,e), € > 0. It is obvious that the operator C(k,e) is injec-
tive; see also [3, Lemma 3 and p.308]. Put G*(k,¢) := R(C(k,¢)) and G*(k) :=
Uesg G*(k,€). Although we do not have the intrinsic characterization of G*(k)
as a subspace of E, we know that the abstract Cauchy problem (ACP) is well-
posed if x € G*(k) [3]. An application of [9, Theorem 4.15] gives that, for every
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e > 0, A generates a global C(k,¢)-semigroup (C'(k,t,€))i>0. Furthermore, the
constructed C(k,¢e)-semigroup (C(k,t,€));>o is infinitely differentiable for ¢ > 0
(cf. [2 p.290]). O

4. Ultradifferentiable properties of entire solutions
of higher-order abstract Cauchy problems
and regularization of ultradistribution sines

First of all, we recall the assertion of [32, Theorem 6.2, p. 132] with &« = N € N:

THEOREM 4.1. Supposen € N,n >2,0¢€ (0,%), M >0, zo € C and z # 0.
If a closed linear operator A satisfies:

(4.1) ¢80 (20| + £g) C p(A),
(4.2) IR A < ML+ DN, X e eh2rel)(|z] + 5p),

(i) For every € > 0, there exists a unique solution u of the abstract Cauchy
problem (ACP,,)) with initial data xo,...,xn—1 € R(C¢) and

n—1
(4.3) lu()| < M(#) Y IC ill, ¢>0,
=0

for some non-negative and locally bounded function M(t), t > 0.
(i) Ueso Ce(D(ANT2)) is dense in D(ANT2).

Our essential contribution is related to the estimate quoted in the for-
mulation of Theorem Actually, by inspecting the proof of [32] Theorem 6.2,
p.132], we are in a position to conclude that, for every e > 0, the solution u of
(ACP,) can be analytically extended to an entire function taking values in E. Fur-
thermore, the derivatives of such a solution possess some interesting properties of
operator valued ultradifferentiable functions and this is the substantial part of the
following assertion which reads as follows:

THEOREM 4.2. Let (M,) satisfy (M.1) and (M.3)". Supposen € N, n >2,0 €
(0,5), M >0, 2€C, 2 #0, N €N and A is a closed linear operator satisfying
(1) and [@2). Then, for everyb € (L, ﬁ) and v € (0,arctan(cos(b(r —0)))),
there exists an analytic operator family (Ty(t))iex., so that:

(i) For every t € ¥, Ty(t) is injective and there exists C' > 0 with ||T(t)]| <
C(tan(y) Re(t) — | Tm(t)[)~NV+D/b t e 3.

(ii) Ifx € D(ANT2), then there exists lim;_.o4 (Ty(t)x—2)/t, and particularly,
we have lim;_,o4 Tp(t)x = x.

(i) For every t € X, there exists a unique solution u(-;t) of the abstract
Cauchy problem (ACP,) with initial data xo,...,xn—1 € R(Tp(t)) and
u(+;t) can be analytically extended to the whole complex plane. Further-
more, for every compact set K CC, h >0 andt € X,:

n—1 hP

dl n—1
4.4 sup 7HAp—u z;t H < Const Ty(t) L.
CED SR el K LLCL > 107
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PROOF. Let t € ¥, and d € (0,1] be fixed. Choose a set of initial data
{zo,...,xn_1} C R(TH(t)), an w € (|z0] + d,00) and an a € (0,0) such that b €
(,5-=—) and v € (0,arctan(cos(b(m — a)))). Here we would like to notice that

n’ 2(r—a)

% < ﬁ since n > 2. Put Ay := e~*?'8(20) 4. Then we know that |2z0] + o C

p(Ap) and that R(\ : Ag) = el28o) R(eiarg(z0)\ © A) X € |20 + Xy. Thereby,
RO\ : Ao)|l < M(1+|A)N, X € |20] + Zg. Designate by I', 4 the upwards oriented
boundary of Q, 4 and define the bounded operator Ty (t) by:

1
Ty(t)x = 51 e*t(*/\)bR()\ cAg—w)zdh, € E.
i
Taa

As before, Ty (t) is injective and (Ty(z2)).ex., is an analytic operator family which
satisfies the items (i) and (ii) stated in the formulation of the theorem. In order to
prove that there exists a solution u(-;t) of the abstract Cauchy problem (ACP,)
with initial data xg, ..., 2,1 and that u(-;t) can be analytically extended to C, we
will slightly modify the arguments given in the proof of [32 Theorem 6.2, p. 132].
Put, for every 2 € C and k € {0,1,...,n—1}:

1 b= 2RO\ W)l
Sy (z:t)w = — —t(=A) 22T RO Ag — w)zdA E
it = g [ S TR0 A ear, a e E

Fa,d -

where 0° := 1 by common consent. Notice that:

> znj-i-k()\ +w)?

(45) ’Z < |Z|ke\z\|)\+w|1/n < |Zlkelzl(l)“l/"—i_‘w‘l/"),

= (nj + k)!
Put n := Re(t) tan(y) — | Im(¢)|. Then n > 0 and, for every A € T' 4:
—t(=2)® — Re(t)|A]? cos(barg(—A)-+Im(t)|A|° sin(barg(—\))

e |=e

< e~ (Re(t) cos(barg(=A) —[ Im()NIN" = (Re(t) cos(b(m—a))—| Im(t) )IAI"

< e~ (Re(®) tan(y) | Im() )" _ o—nlAl”

These arguments and (4.5) imply Sk(z;t) € L(E). An elementary application of
the Cauchy formula (see also the proof of Theorem yields:

1 ey 2T w)
— ———d\=0
omi | © z_: (nj + k)! ’
Fa,d J_O

and the argumentation given in the proof of [32, Theorem 6.2] (cf. [32] (6.5)—(6.12),
pp. 132-133]) implies that, for every z € C and k,l € {0,1,...,n— 1}:

dn
(4.6) T Sk(zi1) = ApSi(2:1) and S0 1) = i To(t),

2

where ; is the Kronecker delta. Define

n—1
Carg(zg) -k arg(2q)
u(zt) = 3 S (¢ 2 1) So(0:6) e TRy, z e C
k=0
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Clearly, the mapping z — u(z;t), z € C is analytic and the use of (4.6) en-
ables one to show that the restriction u(z;t)j0,00) solves (ACP,) with initial data
Zo, .-, Zn—1. The uniqueness follows as in [32] and it remains to be proved (4.4)).

In order to simplify the notation, let us reach the agreement % =0, if z € C,

k,le{0,1,...,n—1},j € Ny and nj + k — 1 < 0. Put My := S0V ||Tp(t)
and assume K C C is a compact set, p € N and |z| < L, z € K for an appropriate
L > 1. Due to the resolvent equation and Cauchy formula, we get:

4l =1 i(pt1) arg(z0)
o o] <
z

27,
k=0
O njtk—l (i ZEED itk p+i
—t(=x)° J ( ) ()‘+w) R iarg(zo) A - A)d)
x [y TR (A 4 w) s A) A

Pa,a 7=0

Since |A + wPH (1 4+ A+ w)V < (1 4+ w)PTHN(1 + |A))PHHN 5 € Ng, A € C, one
can continue the calculus:

HA”—U z;t) H
<SS L| [ e Z (0w (1 A
= ! 27 (nj+ k-1 “
k=0 Ta.q
n—1 oo ; ;
|21 4 w) | 1 N ,
< MM (1+w)N Py o AT (1 4 AP G|,
k=0 j=0 o

and by the proofs of [28] Proposition 2.2] and Theorem

2i / =M (1 4 AP g
™
Taa

aranil {(1 _ d)efnd" 4 1F<p tit N +2 1>W*W} 4 op+j+N —nd®

b b
ooy (BRI e
Hence
dl n—1 oo Ln3+k_l(2+2w)]
AP — it H < MM 2p+N+1 1 N+p
H pRLICH) 1 (1+w) ;;o; (nj +k—1)!
MMy (2 + 2w)NFP kg LM+k=L(2 4 2u)d F(W)
+ N+4p+1 Z ( +k‘— l)' 7 .
vb k—0j=0 4 ' nt
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n—1 oo Ln]-i-k l(2 4 2&))
Denote A =
kEO j;O (ng +k—1)!

= Lkl LMI+h=4(2 4 2)7
e (e X )

i
<el + Z Z @+ 2w L < el 4 neBr2IL  (n 4 1)eBH2L
j=

. Then

Fix an A > 0. Then

AhP
sup MM 2PN (1 4 )NFP—

peN P
< MM 251 + w)N (n + 1)eBH2)LM2h1+0) o o

which simply gives

Ah?P
sup MM 2PTNFL (1 L )N P < o0,
peN an71+l

Denote k = (2 + 2w)n~/?; the proof is completed if one shows that:

) n—1 oo Lnj+k_l ) - N 1
( . Zz(nﬁk—zy“jr(pﬂz . )><°°

(4.7)  S:=sup
M1 357

peEN

Note, the choice of b implies W >(p+j+N+1) 2r=a) > 9 and since I(-) is
increasing in (&, 00), where £ ~1.4616..., we have F(W) < ([ )L,
Further on, My = 1 and (M.1) imply M,+, > MpyM,, p,q € Ny and, as a
consequence of (M.1) and (M.3)’, we obtain p! < My, ie., for every h; > 0:
sup, ey My p!/ M, < co. Therefore,

S<Supnp(np+n]\7 nii Lrith=lg <[p+j+N+1"_1)'
\PEN Myp—1 k=0 j Ml(”]+k_l) (np+nN) b
9"k (np — 1))(nN
o 20~ DI 1)

N
<2"
peN an—l

n—1 oo nj+k—l, ;
x> Mi(nj +ij—z) I(np + nN)! (VH‘H@NHW 71)!

k=0 j=0

2" k)P - 1!
< 2"V(nN +1)!'sup (K)]w(#
peN np—1
. nz:l oo Ln]+k lK]2n7+np+nN+k l (’rp_;'_l]_’_N_i_l-‘ B 1>'
Mi(nj +np+nN+k—1)! b )

k=0 j=0

4" K)P — 1!
peEN anfl
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n—1 oo

Lrith=l(ong)d p+j+N+1
X/;%Mlnj—&—np—an—i—k—l)!({ b —‘_1>!

4"k)P(np — 1)!
< 2(2N+1)"(nN + 1)!'sup —( )’(np — 1) X
peN an,1

n—1 oo Lnj N e [ W[an+np+nN+kfl+|'l'|

Ln— 1
8 ZZMl (nj+np+nN+k—1+[3])!

({p+j+N+1w _1)!

b
k=0 5=0
< P"‘!Lnf12(3N+1)n+n—1+[%1(nN+ 1)!'sup (8"kK)P (np — 1)!
b peEN an,1
xnii L™ (47 k)7 ("p+j+N-|—1—‘_1>'
== My (nj+np+nN+k—1+V[{])! b
n—1
< ConstZCp)k,
k=0

where Const. is independent of k, j and p and

N L (4"k)! pHi+N+17
C””“'_jz_:OMl(nj+np+nN+k—z+m)!([ b W 1>!'

Let k € {0,1,...,n — 1} be fixed. It is clear that (4.7) holds if we prove that
SUpPpen C’p r < oo. This follows from the next computation:

Cop < (L"4" k)7 ‘
' ]=0Ml nj—l—np—!—nN—H—[]—[%}—kl)!
< i (L"4" k)7 _
= Mi(ng +np+nN =1+ 131 =[5 = T3] = [§1 = [T+ 1)
i (L4 k)71 <2 sup ml o~ (8"L"k)

— 7 < ,
metty M & (nj— 1]+ 1)!

<
= M (nj — 2] =1+ 1)1 :

since p! < M) and, for every s € R: Z?io W;b]-kl)' < 00. O

Concerning regularization of ultradistribution sines whose generators possess
ultra-polynomially bounded resolvent, we have the following analogue of Theo-

rem [3.9]

THEOREM 4.3. Suppose (M) satisfies (M.1), (M.2) and (M.3). If A generates
an ultradistribution sine of (M,)-class, then there exists an mjectwe operator C €
L(E) such that A generates a global C-cosine function (C(t))i>0. Furthermore,
the mapping t — C(t), t > 0 is infinitely differentiable and, for every compact set
K C[0,00) and h > 0:

p+1
18 | e+ [ gom]) <
(“8) pENST;lIt)eK M, ( dtp'H dtp c® ) o0
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Proor. We will use the same terminology as in the preceding section. The
operator A generates a (UDSG) of (M),)-class and one can argue as in the proofs
of Theorem and [14, Lemma 1.10] to deduce that there exist constants I > 1,
a >0 and 8 > 0 such that Ay, g,; C p(A) and that:

|R(N2: A)| < [|R(A: A)|| < Const eMHIAD| N7k X e A, 54, keN.

By Lemma we infer that there exists a sequence (V) of positive real numbers
satisfying Ny = 1, (M.1), (M.2), (M.3) and N, < M,,. Furthermore, there exists
n € N such that the operator D,, € L(E x E), defined by

1 [ R(\:A

D, T.=
@) =55 r Wh (0N

(x yrd\, z,yeE

is injective (cf. Section 3) and that the following expression defines a bounded linear
operator for every ¢ > 0:

1 h 2. A
Ot = ./)\cos ()\t)R'()\ ) dx,
2mi wh (IA)

I, P

ze k.

(4.9)

By standard argumentation, C(t)A C AC(t), t > 0, (C(t))¢>0 is strongly continu-
ous and:
1 eTA)\P

omi | Wi (i)
I, P

(4.10) dA=0, peNg,s=0.

Let us prove that Afg(t—s)C(s)x ds=C(t)x—Czx,x € E, t >0, where C = C(0).
Fix, for the time being, a number ¢ > 0 and note that, for every A € I';, we have
A3 fot(t — s)cosh(As)ds = Acosh(At) — A. Then the Fubini theorem, the simple
equality AR(A?: A)z = N2R(\?: A)x —x, A €Ty, z € E and imply:

t t

_ . 1 cosh(s MNR(AN: Az —x .
Ao/(t—s)C(s)mds—o/(t )2m,r/[/\ e X0) d)\]d

o 1 ROZ: A)e

O/(ts)Qm_F/ [)\3 cosh(As)Wd/\} ds

= L 3 | — S) COS S S 7R<>\2 ; A)x

“ai l)\ O/(t )eosh(As) s | iy

= L [ (eosh) = ) EQZAT 0 o — e,

211

Wi (@A)
I o
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for every z € E. Arguing as in the proof of Theorem one can differentiate (4.9)
under the integral sign and, in such a way, one gets that, for every t > 0 and z € E:

d” 1 [ APFleosh(M)R(A? @ A)x
4.11 — O = — d\, 2 d
( ) dtp ( )SC 27TZ.F w%p(@/\) s | p, pE N an
1
dr 1 NP Flginh(A)R(A? : A)x
4.12 Y ot = — D 201 N
(4.12) dtp () 27rz'r Wi (iA) ) lp—1,pe
1

The proof of (4.8]) follows by means of (4.11)—(4.12)) and the estimations given in
the proof of Theorem [3.] It remains to be shown that the operator C' is injective.

Suppose Cx = 0, for some x € E. Put C(—t) := C(¢), ¢ > 0 and notice that the
previous argumentation simply implies that, for every y € E and t,s € R:

s t
[ =newie-cpdr =) - [t -rcer
0 0
Now an application of [27 Theorem 1.2] yields:

Ct+s)Cy+C(t —s))Cy=2C(t)C(s)y, yeE, t=0,s>0.
Thereby, C(t)z =0, t > 0 and the use of , with n =1 and t = 0, gives:
1 [ A2R(M\2: A)

x
— d\ = 0.
2mi wh (iA)
I, P

(4.13)

According to the proof of [14] Lemma 1.10]:
x AR(N?: A)x
: = A
R(A:A) (o) (AR()\Q : A)m)’ A€ ha st

and, as a consequence of (4.10)), (4.13) and the resolvent equation, we easily infer
that

1 AR\ : A)x (-1) d\ 1 MR\ : Az
Py - dX\ = - . — [ ————d\=0.
271 Wi (@A) 2mi ) W (IN) - 2mi Wi (iX)
I i r i 1 i

Therefore, D,,(z0)T = 0 and x = 0, as required. This completes the proof of the
theorem. 0

It can be straightforwardly justified that the following profiling of the abstract
Beurling space associated to the operator A holds whenever the corresponding
sequence (M,,) satisfies (M.1), (M.2) and (M.3):

(E2)(MP)(.A) - E(MP)(A) ~ E(Mﬂ)(A).

Keeping in mind Theorem the preceding equality immediately implies the fol-
lowing theorem which ends the paper.
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THEOREM 4.4. Suppose that (M) satisfies (M.1), (M.2) and (M.3) and that
G is an ultradistribution sine of (Mp)-class generated by A. Then, for every x €
EM)(A) and y € EM»)(A), the abstract Cauchy problem

u € C®([0,00) : B)NC([0,00) : [D(A)]),
(ACPy) : { w(t) = Au(t), t >0,
u(0) =z, u'(0) =y,

has a unique solution. Furthermore, for every compact set K C [0,00) and h > 0,
the solution u of (ACPy) satisfies

o, o (0] + [ gmo]) <o
tEKJPENo Mp dtr diptt .
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