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ABSTRACT. Assume that X and Y are independent, nonnegative d-dimen-
sional random vectors with distribution function (d.f.) F(Z) and G(Z), respec-
tively. We are interested in estimates for the difference between the product
and the convolution product of F' and G, i.e.,
D(Z) = F(Z)G(Z) — F x G(Z).
Related to D(Z) is the difference R(Z) between the tail of the convolution and
the sum of the tails:
R@)=01-F«G@)—-(1—-F&@) +1-G().

We obtain asymptotic inequalities and asymptotic equalities for D(Z) and
R(Z). The results are multivariate analogues of univariate results obtained by
several authors before.

1. Introduction

Assume that X and Y are independent, nonnegative d-dimensional random
vectors with distribution function (d.f.) F(Z) and G(Z), respectively. In this pa-
per, we are interested in estimates for the difference between the product and the
convolution product of F' and G, i.e.,

D(%) = F(7) G(@) — F * G(Z).

Here, and throughout the paper, we set

F*G(f)=P(f+?<5)=/xF(f—g‘)dG(gj).

0
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20 OMEY AND VESILO

Clearly, we have D(Z) > 0. Related to D(Z) is the difference between the tail of
the convolution and the sum of the tails:
R(¥) = F x G(&) — F (&) + G(&),

where, here and elsewhere, we use the notation F' = 1 — F for the tails of d.fs.
Clearly, we have

R(Z) = D(Z) — F(%) G(Z).
In the case of one single d.f. F'; we are interested in the following differences:
D, (%) = F*(Z) — F*™(Z), and R, (&) = F™ (&) — nF(Z).
Note that we have
- - on(n—1)
|[Bn (%) = Dn()| < (1 = F())* =

The interest in D,, and R,, comes from the class S(R?) of subexponential distribu-
tions. In Omey (2006) and Baltrunas, Van Gulck and Omey (2006, section 4) we
studied the class of d.f. satisfying

1— F*(%) .
—
1—F(2) ’
as 20 = min(zy1, 22,...,74) — 00. See also Daley, Omey and Vesilo (2007, Sec-

tion 5). In dimension d = 1, this is the usual subexponential class S. In Omey,
Mallor and Santos (2006), we considered d.fs satisfying a relation of the form

1 _ F*n =g ~
lim (e +a)

—_——~ =, for each @ and each # > 0, with 2° < co.
t—oo 1 — F(tZ)

Using R, and D,,, we are able to study the rate of convergence in these definitions.

We are interested in two types of results. In the first place, we are interested in
general inequalities and upper bounds. Secondly, we are interested in asymptotic
equalities. In the next section, we briefly discuss the one-dimensional case, which
has been studied, among others, by Omey (1994), Daley et al. (2007) and Baltrunas
and Omey (1998).

2. Results in the one-dimensional case

In the one-dimensional case, we start from nonnegative random variables X and
Y with d.f. F and G, respectively. We are interested in the following quantities:

D(z) = F(z)G(x) = FxG(z);  Dn(x) = F"(x) = F™"(2);
R(z) = F+G(z) — F(x) — G(x); Rn(x) = F™(x) —nF(z).

To state some of the known results, we need the following classes of positive and
measurable functions, cf. Omey (1994): (throughout, we assume limits as © — 00.)
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feL: for all y we have f(z +y)/f(z) = 1;
f€0D(m): for all y we have |f(x +y) — f(x)] = O(1) m(z);
f€D(m,a): forall y we have (f(z +y) — f(z))/m(z) — ay;
f €ORV: for all y > 0 we have f(zy) = O(1) f(z);

f€RV(a): forall y >0 wehave f(zy)/f(x) = y*;
felly(m): forall y >0 we have (f(zy) — f(z))/m(z) = alog(y).
Note that f € D(m,«a) with a # 0 implies that f(log(z)) € I, (g(x)), where
g(x) = m(log(z)) € RV(0). For a measurable function f, the upper and lower
Matuszewska indices are defined as follows:

a(f) = lim 12BHMSUPo f(E2)/F ()

A log() ’
and
B logliminf f(tz)/ f(t)
G e R

It can be proved that f € ORV if and only if a(f) < oo and B(f) > —oo. Properties
of these indices can be found in the books of Bingham et al. (1987) or Geluk and
de Haan (1987).

We have the following representation theorem for the classes OD(m) and
D(m, a).

THEOREM 2.1 (Omey 1994, 1995). (i)(Representation theorem for OD(m) and
D(m,0)) Assume that f € OD(m), resp.f € D(m,0) and suppose that m(log(x)) €
ORV. Then there exist constants C and z° > 0 such that

f(@) = C +(z /¢ v a0,

where the measurable functions n(x) and ¢(x) are bounded, resp. n(x) = o(1) and

p(z) = o(1).
(ii) (Representation theorem for D(m,«), a # 0) Assume that f € D(m,«)
and suppose that o # 0. Then there exist constants C and z° > 0 such that

f(@) = C +(z /¢ v a0,

where 1 and ¢ are measurable functions satisfying n(z) = o(1) and ¢(x) — «
The representation theorems can be used to obtain upper bounds.

PROPOSITION 2.1 (Omey 1994, 1995). Suppose that f € OD(m) and assume
that m(z) € ORV . Then there exist constants C and z° such that

lf@+y) - f(@) <CA+yl)m(z), ==z, |yl <z/2.
If f € D(m,0), for each € > 0 we can find x(g) such that
lfl+y) = f@) <e(l+yl)m(z), =« =), [yl <z/2.
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If F(x) is a d.f. such that F' € OD(m), respectively F' € D(m,0), with m €
ORV and a(m) < —1, then F(z) = O(1)am(x), respectively F'(z) = o(1)xm(z)
(Omey, 1994, Prop. 3.1.1). In the proposition below, we use integrals of the form

mmzélﬂw»

If m € ORV, it is clear that FF € OD(m) if and only if F; € OD(M), where
M(z) = am(z). If m € ORV, with 8(m) > —2, one can prove that Fj(z) — oo
and that Fy(z) = O(1)z?m(x).
Using these propositions, Omey (1994) proved the following results.
THEOREM 2.2. (a) Suppose that F' € OD(m), G € OD(n), with m,n € ORV.
(i) We have D(z) = O(1) m(x) G1(z) + O(1) n(x) Fi(z).
(ii) If B(n) > =2, B(m) > =2, then E(X) = E(Y) = o0 and D(z) =
O(1)z?n(z) m(z).
(iii) Vn = 2, Dp(z) = OQ)m(zx)Fi(z). If B(m) > —2, then Dp(x) =
O(1)z?m?(x).
(b) If F € D(m,0), G € D(n,0), with m,n € ORV, then the results of (a)
hold with the O(1)-terms replaced by o(1)-terms.
(c) Suppose that F' € OD(m) with m € ORV'.
(i) We have Ry (x) = O(1) m(z)Fi(x) + O(1)F?(x).
(i) 1F 3(m) > =2, then Raa) = O(L)am? () + O()F* (o).
(iii) If B(m) > —2 and a(m) < —1, then R,(x) = O(1)z*m?(z).
Related results can be found in Baltrunas and Omey (1998) or Baltrunas et al.
(2006).
In the next result, we reformulate some results related to asymptotic equalities.

THEOREM 2.3 (Omey, 1994, 1995). Suppose that F € D(m,a), G € D(n,b)
with myn € ORV N L. Also, suppose that E(X)+ E(Y) < co.
(i) We have D(z) = aE(Y)m(z) + bE(X)n(z) + o(1) m(x) + o(1) n(x).
(i) For alln > 2, we have Dy (z) = 2a(}) E(X) m(z) + o(1) m(z).
(iii) If a(m) < —1, we have Ry, (z) = 2a(3) E(X)m(z) 4+ o(1) m(z).

3. Results in the multidimensional case

3.1. Inequalities. We denote by F; and G; (i = 1,...,d) the marginal distri-
butions of F' and G and let D;(x) = F;(z) G;(x) — F; * G;(x). The following lemma
is easy to prove.

LEMMA 3.1. We have 0 < D(Z) < Zle Di(x;).

PROOF. In the bivariate case, let F(x,y) = P(X1 < z, X2 < y) and G(z,y) =
P(Y1 < z,Y2 <y). We have D(z,y) = I + II, where

I= P(maX(Xl,Yl) x, max(Xs,Ys2) < y) P(X1+Y1 x,max(Xs,Ys) < y)
and
II = P(Xl +Y: < x,max(Xg,Yg) < y) — P(X1 +Y <2, Xo4+Ys < y)
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First consider I. Define the following events A = {X; + Y7 < z},
B = {max(X1,Y1) < 2} and C = {max(Xa, Y3) < y}. Since A C B, we have

I=P(BNC)—PANC) < P(B)— P(A) = Dy(x).
In a similar way, we have IT < Da(y). d

From Theorem [Z.2] we have the following upper bounds for the marginals.

LEMMA 3.2. Suppose that m;,n; € ORV.
(i) If F; € OD(m;) and G; € OD(n;), then

Di(x) = 0(1) (mm:) | v+ o) | Idei(y)> .
(ii) If F; € D(m;,0) and G; € D(n;,0), then
Di(a) = o(1) (mi<x) /0 "y dGi(y) + mi(a) /0 xdei(y)) .

Combining Lemmas B.1] and B2l we obtain our first new result. We consider
limits as 29 — oo.

THEOREM 3.1. Suppose that for each i we have m;,n; € ORV.
(i) Suppose that for each i, F; € OD(m;) and G; € OD(n;), then

D(&) = 0(1) (2; m;(z;) /O“’i ydGi(y) + i:m(m) /Ox

(ii) Suppose that for each i, F; € D(m;,0) and G; € D(n;,0), then

D(Z) = o(1) <§; mi(a;) /0’” ydGi(y) + ii;m(xi) /Ox

To prove a result for D, (&), we need the following closure properties.

i

dei(y)).

i

| ydﬂ(y)).

LEMMA 3.3 (Omey 1994, Corollary 3.3.3). Suppose that m; € ORV .
(i) If F; € OD(m;) and G; € OD(m;), then F; « G; € OD(m;) and F;™ €
(ii) If F; € D(m;,0) and G; € D(m;,0), then F; x G; € D(m;,0) and F}™ €

D(mi, 0)
Now we can formulate a result for D,,(Z). Again, we consider statements as
2% — oco.

THEOREM 3.2. Suppose that for each i we have m; € ORV.

(i) Suppose for each i that F; € OD(m;); then for alln > 2,

D() = O(1) (Z i) [ ydmy)).
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(ii) Suppose for each i that F; € D(m;,0); then for alln > 2

1)@ mte) [ vdEw)

PrOOF. For n = 2, this is the content of Theorem Bl Now let G(Z¥) =
F=1(#) and X;; (j=1,--- ,n—1) be i.i.d. random variables with d.f. F;. From
Lemma B3] we have that G € OD(m;). Also note that

/ozde <{2“x”<z}ZXJ> (= e <“1{2“xi,j<x}>

< (n-1DEXiilix,,<ny) = (n— 1)/035de1‘(2/)-

Using Theorem [B.I] we obtain that

GE)F(F) — F+G (Zmz o /idei(y)).

Now note that D, (%) = G(Z)F(Z) — F * G(Z) + F(Z)Dy,—1(Z). The proof now
easily follows by induction on n. O

If the means are finite, we obtain from Theorem [3:2(i) that

Dy (%) = 0(1) (Ed; mi(:ci)>.

If m;(x) € ORV with —2 < (m;), then the means are infinite and then (cf. The-
orem [Z2)) it follows that D, ;(z) = O(1) 2?mZ(z;). In this case, Theorem BZ(i)

gives
D(#) = 0(1) @m())

In order to formulate a result about R(Z), recall that R() = D(%)— F(Z) G(&).
We have to deal with F(Z) G(Z). First note that F(&) < E?Zl Fi(x;). Now sup-
pose that F; € OD(m;), G; € OD(n;), where m;,n; € ORV with a(m;) < —1
and a(n;) < —1. In this case, we have Fy(z;) = O(1)z;mi(x;) and Gy(z;) =
O(1)xini(z;), cf. (Omey 1994, Proposition 3.1.1(v)).

(a) In the finite means case, we find that z;F;(z;) — 0, as x; — oo, and it
follows that 2°F (%) < 2°F(2°T) < ° E?Zl Fi(z°) — 0, as 2° — oo. Hence, as
20 — 00, we obtain that
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In a similar way, we have F(Z) G(Z) = o(1) Ele m;(z9).
(b) If =2 < B(m;) and a(m;) < —1, then F(X;) = co, and we have

/0 " ydF(y) = O1) a2mi(xs).

In this case, it follows that

F(Z)G(Z) = Zx e O)ixoni(xo),
D(7) = <Zx mi () ni(x 1)>

We conclude

COROLLARY 3.1. Suppose m;,n; € ORV with a(m;) < —1, a(n;) < —1.
(i) If F; € OD(m;), G; € OD(n;) with finite means,, then

1) <§; mi(x;) + ini(:pi)) +o(1) (i; mi(xY) + sz;ni(xo)) .

(ii) If also —2 < B(m;), —2 < B(n;), we have

1) (2: x?mi(xi)ni(xi)) + 0(1)@; xomi(xo)) (2; xoni(xo))

(iii) Similar results hold if we start from F; € D(m;,0) and G; € D(n;,0).
For R, (¥), the analysis is similar. Now we obtain the following result.

COROLLARY 3.2. Suppose that m; € ORV with a(m;) < —1.
(i) If F; € OD(m;) with finite means, then for all n = 2,

w(Z) =0 Zmlxz—i—o Z i(20).

(if) If also —2 < a(m;), we have

me 5 +0(1 (mez )

(iii) Similar results hold if we start from F; € D(m;,0).

3.2. Asymptotic equalities. In this section, we are seeking an asymptotic
equality in the place of an upper bound. Our starting point is the following useful
inequality (cf. Lemma[34]). We suppose that X and Y are independent nonnegative
random vectors with distribution function F(Z) and G(Z) respectively. We give an
estimate for the difference D(Z) = F(Z) G(¥) — F « G(Z).
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LEMMA 3.4. We have D(Z) = A(Z) + B(Z) + C (&), where

z/2
A(@) = / (F(Z) - F(7 - 7)) dG(7).

FxG@) =P(X+Y <7 X <&/2,Y <7/2)
+P()?+?<f,{)?<f/2}c, < #/2)
Y <

+P(X+Y <7 {X <72},
=I+II+1IT+1V.

For I, it is easy to see that I = F(Z/2) G(Z/2). For II, we have

Z/2
- [ - - Fa) aci)

72
__A@)+ /0 (F(&) - F(¥/2)) dG({)
— _A@) + (F(@) - F(2/2)) G(@/2).

In a similar way, we obtain that I = —B(Z) + (G(¥) — G(¥/2))F (#/2). Hence,

we obtain that

D(Z) = F(¥) G(Z) — F(Z/2) G(Z/2) + A(¥) + B(Z)
- (F(@) - F(2/2)) G(Z/2) — (G(Z) — G(Z/2))F(£/2) —
= (F(¥) — F(Z/2))(G(Z) — G(Z/2)) + A(Z) + B(Z) — IV.
Now note that in IV we have {X +Y < :E'} C {X < f} N {}7 < :E'} and we find
that
IV P(X<2Y <@/2,{X <7/2}° {Y <7/2}°)
<SP(X <7, {X <7/2}°) P(Y <7/2,{Y < &/2}°)

This proves the result.
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3.2.1. The class D4g(m,A). Now we introduce a multivariate analogue of the
class D(m, ).
DEFINITION 1. We say that the d.f. F' is in the class ®4(m, A) if we have
F(tX) — F(tX — @)
m(t)

= A&, d), t — oo,

for all # > 0, with 2° < co and @ € R?. The function \(Z, @) is called the limit
function.

Note that in the definition, we assume that the defining property holds for each
of the marginals of F'. For the i-th marginal we have
Fi(tx) — F;(tx — a)
m(t)
By taking x = 1, we obtain that
Fi(t) — Fi(t —a)
m(t)
If m € L,we obtain that
Fit) = Fi(t—a—t) _F(0)~F(t-a)  F(t-a) - F(t—a-bmlt—a)

m(t) m(t) m(t — a) m(t)
= Xi(1,a) + \i(1,0).

It follows that A;(1,a + b) = A\i(1,a) + \i(1,b), and then also that A;(1,a) = asa
for some real constant «;.

Now observe that
Fi(tx) — Fi(txr —a)  Fi(tx) — Fi(tr — a) m(tx)

m(t) B m(tz) m(t)
After taking limits, we obtain that

— Xi(z,a), for each x > 0, and each a € R.

— Ai(1,a), for each > 0, and each a € R.

o m(ta)
/\i(a:,a)—ozzatgrgo )

If a; # 0 and a # 0, we obtain that
o m(tx) _ /\i(a:,a).
t—oo m(t) a;a

In this case, it follows under minimal conditions, that m € RV(J) for some real

number ¢, and as a consequence, that \;(z,a) = a;x’a.

In what follows, we will assume that in the definition of D4(A\,m), m is a
regularly varying function.
DEFINITION 2. We say that the d.f. F' is in the class Dg(m, \) if we have
m € RV(9) and if
F(t¥) — F(tZ — Q)
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for all Z > 0, with 2° < oo and @ € R%. The function \(Z, @) is called the limit

function. In this case, the marginals F; € D(m, \;), where \;(z,a) = azax®.

In the next section, it will be convenient to assume that F' € Dg(m, ), and
that the defining property holds locally uniformly in Z.

DEFINITION 3. We say that the d.f. F is in the class DLg(m, \) if we have
m € RV (§) and if

F(ti) — F(t& —a
(t2) (7 - @) = A&, d), t — o0,
m(t)

for all Z > 0, with 2° < co and @ € R, holds locally uniformly in Z.

In this case, we can show that the limit function is an additive function in d.
To show this, note that we have

-,

F(tx) — r—da— -

(t¥) — F(t& —d —b) . .
m(t)

On the other hand, we also have that

F(tf) — F(tt —d—b) _ F(tf) — F(t7 - @) L FPeE—a) - Fei—a- b)
m(t) m(t) m(t)
_ F(ti) — Pt —d) | F(HE /) = PO —d/t) - b)
m(t) m(t)

-, -,

and it follows that A(Z,d 4 b) = \(Z, @) + \(Z, ).

3.2.2. Z\{az’n result. This is the main result of this section. Recall that X has
df. Fand Y has d.f. G.

THEOREM 3.3. Suppose that F € Dgy(m,\), G € Dy(n,0) have finite means
and that m,n € RV. Then

D(tZ — @) = [ENZ, @+ Y) — \(#,@)|m(t) + [E0(Z,d + X) — 0(,a@)|n(t)
+o(1)n(t) + o(1) m(t).

PROOF. We analyze the three terms in Lemma B4l First, take A(Z) and
replace Z by tZ — d. We have

(t3—a)/2
A(tT — @) = /O (F(tF — @) - F(t7 — i — §)) dC(5)
— (F(iF - &) — F(t2)) G((t& — @)/2)

(tZ—a) /2
+ / (F(t8) - F(t3 — @ — §)) dG(5)
0
=I1+1I.
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We first analyze I1. Clearly, we have

F(#) — FtE—a—5) . .
A .

We want to apply Lebesgue’s theorem on dominated convergence. Clearly, we have

F(tZ) — F(tZ — @ — §) Z i(tei) — Fi(tw; — ai — yi))

i=1
and 0 < y; < (tz; — a;)/2. Using Proposition 2] we get that
Fi(te;) — Fi(te; — ai —yi) < Ci(1+ |ai + yil ) m(tes),  ta; > a7

Using m € RV, and since 7 is fixed, we find that for § < (t—a)/2 and ¢ sufficiently
large, we have

d
|F(t&) - F(t& - d— )| <> Ci(1 + |ai + yi|) m(t).
=1

Since, by assumption, the means E(Y;) are finite, we can apply Lebesgue’s theorem
on dominated convergence, and we conclude that

b
m(t)

In a similar way, we obtain that

A(tZ — @) — —A(Z,d@) + ENZ,d+ Y).

—B(t& — @) — —0(&,d) + EO(Z,d + X).

For C(tZ — @), we proceed as follows. First, we have that, cf. Proposition [Z1]

F(t7 — @) — F((t¥ — a@)/2) < Z i(tws — a;) = Fy((tzi — ;) /2))

i=1

=0(1) me(m) = O(1)tm(t).
i=1

Also, we have that

d
G(tf— 5) — G((lff — 5)/2) S Z (Gi(tl‘i — ai) — Gi((tﬂﬁi — az)/2)) = 0(1)t_1,

since the means are assumed to be finite. It follows that C(¢ ( —
changing the role of F and G, we can also deduce that C'(¢tZ — @) = o(1) m(t). Now,
we can combine the estimates. This proves the result. O
In the special case that m = n, we find that
D(t¥—ad - .
% — E[\#,d+Y)] — A& ) + E[0(F,d + X)] — 6(Z, a).
m

Now note that F'x G = D 4+ FG. If m = n, it follows from Theorem that
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a1y T G(tf — @) — F+G(t¥) _ D(t% — @) — D7)
m(t m(t)
(F(tZ — @) — F(t2)) G(t¥ — @)  F(tZ)(G(tT — @) — G(tT))
i (o) i (o)

— BN&a+7Y) - \Z,Y)] + E[0Z,d+ X) — 0%, X)]
As a consequence, we have F'« G € D(m, &) for some limit function &.
Taking F' = G, we get that
F*2(t7 — @) — F*?(t%)
m(t)

For convenience, we set

=2E[\N{#,d+ X) - M@, X)].

—

M(T,@) = N, @), Mo(7,@) = 2E[\F,d@+ X) — MZ, X)].
Now let Xl, )?2, . ,X:n denote i.i.d. copies of X and for i > 1, let S_'; = Xl—i-- . —|—X’z
Taking G = F*? in expression (1), we obtain that
F*3(t7 — @) — F*3(t%) - =
m(t)

Proceeding in a similar way, we take G = F*"~! in (1) to obtain that
F*(t& — @) — F*"(tZ)
m(t)

= E[)\n—l(fv a+ §n—1) - )\n—l(f; gn—l)]

+ B[\ (&3 + X) — (&, X)]
= \(Z, Q).
We have proved the following result.
COROLLARY 3.3. Suppose that F € Dg(m,\) has a finite mean and that

m € RV. Then, for each n > 2, we have F*™ € Dg(m,\,), where A, is defined
recursively above.

If the defining property of F' € D4(m, A) holds locally uniformly in # we have

-, -,

(cf. previous section) that A(Z,d + b) = A(Z,a@) + A\(Z,b) and we can simplify the
expressions for \,,. We clearly have
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3.2.3. A result for D,,. Now, we consider D, (Z). Clearly, we have
Ds(7) = FA(F) - F(3),
Dusa(#) = F™*1(3) — F™H(#) = F(#)Da(#) + D(@),
where D(Z) = F(Z) G(Z) —Fx G(Z) and G(Z) = F*"(x).

As before, let let Xl,Xg, cee ﬁn denote i.i.d. copies of )?, and let §j =X +
Xo+ -+ X
From Theorem B3 and Corollary B3], we have that G(Z) € Dg(m, \,,) and
1

WD(tf— @) — BIN&,d+ S,)] — M&,a@) + E[\(T,d+ X)] — \a(T, ).

From Theorem 3.3 we also have that

%Dg(tf— a) = 2E(\Z,d + )?) — \#,@)) = Uy(Z, ).

It follows that ﬁDnH(tf — @) — U,11(F, @), where

-, -,

In the case where A(Z,d + b) = A(#, @) + \(&,b), we have
Wy (Z, @) = 2B, X),

(@
It easily follows by induction that ¥,,(Z, @) = 2(3) EX&,d). Summarizing, we have
proved the following result

COROLLARY 3.4. Suppose that F € Dg(m,\) has a finite mean and that m €
RV. Then, for eachn > 2, we have ﬁDn(tf—ﬁ) — U, (Z,a), where U,, is defined

recursively above. Moreover, if F € DLy(m, \), we have W,,(Z,@) = 2(3) ENZ, @).
In the case of R,, we have the following result.

COROLLARY 3.5. Suppose that F' € Dg(m,\) has a finite mean and that m €
RV. Also, assume that
1 — F(t¥ — a))? =
w—)& for all & > 0 with 2° < 0o and @ € RY.
m(t)
Then, for each n > 2, we have ﬁRn(tf— a) — U, (%, ad), where U, is defined
recursively above.

3.2.4. Ezamples. EXAMPLE 1. For simplicity, we consider d.fs in RZ. We
say that a positive and measurable function f is regularly varying in the sense
of Yakymiv (1982) if there exists function h € RV such that f(f:a;y) — Mz,y)
locally uniformly in (x,y) > (0,0). Notation: f € RVy (h,A). We say a function of
several variables is monotone if it is increasing or decreasing in each variable. If f
is monotone, then pointwise convergence automatically implies convergence locally

uniformly.
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In our first example, we assume that the d.f. F has first partial derivatives
f1 and f5 that are both regularly varying in the sense of Yakymiv, with the same
auxiliary function m € RV. Now we write

F(tz,ty) — F(tx — a,ty — b)

tx ty
= / J1(u, ty) du + fa(te — a,w) dw
tr—a ty—b
0

0
= filte + u, ty) du+/ fo(te — a,ty + w) dw.
-b

—a
By our assumption, we have f;(tz,ty)/m(t) — Ai(z,y), locally uniformly in
(x,y) > (0,0). Considering the term with f; and using

filtr +uty)  [ilt(z +u/t), ty)
m(t) m(t)

— )\1 (QC, y)v

and, similarly, for the term containing f5, we find that

F(tx,ty) — F(tx — a,ty — b)

ey — a1 (x,y) + b (z,y).

If also the marginals are in some class D(m, «;), we obtain that F € Da(m, A),
where A(z,y) = aii(z,y) + bA2(z, y).

EXAMPLE 2. Assume F(z,y) = Fy(x)Fx(y)(1 + 0F; (x)Fy(y)). We have
F(x+a,y+0b)— F(z,y)
=Fi(z+a)F(y +b) (1 + 0F (z + a)Fa(y + b))
— Fi(2)F2(y) (1 + 0Fy () F>(y))
= (Fi(z+a)— Fi(z))Fa(y + b) (1 + 0F (z + a)Fa(y + b))
+ Fi(z)(F2(y +b) — Fa(y)) (1 + 0F (z + a)Fa(y + b))
+O0F () Fa (y) (Fi(z + a) Fa(y + ) — Fi(2) Fa(y))
(1+ o) (Fi(z +a) = Fi(2) + Fa(y +b) = Fa(y))
+0(1+o(1)) ((Fi(z + a) — Fi(2)) Fa(y + b) + Fi (2) (Fa(y + b) — Fa(y)))
= (1+0(1))(Fi(z +a) — Fi(z) + F2(y + ) — F2(y))
+0(1+o(1))((Fi(z + a) — Fi(2)) Fa(y + b) + Fi (z) (Fa(y + b) — Fa(y))).
If 1 € D(m,«a) and F; € D(m, 8), where m € RV (\), we obtain that
F(tx +a,ty +b) — F(tz, ty)
= (1+ o) (Fi(ta + a) — F(t) + Falty + ) - Falty)
+0(1 4 o(1))((Fi(tz + a) — Fi(tz)) Fa(ty + b)
+ Fy (tz) (Fa(ty +b) — Fa(ty)))
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and then
F(tx + a,ty + b) — F(tx,ty)
m(t)

ExaMPLE 3. Now suppose that

— aaz™ + fby®, min(z,y) < co.

Fi(z)Fa(y)
1+ 0F (2)Fa(y)

We obtain a similar result to Example 2.

F(]},y) =

EXAMPLE 4. Suppose the bivariate distribution function, F, of (X,Y) is given
by the copula function ¥ defined by F(x,y) = ¥(Fi(z), F2(y)), where F} and Fy
are the marginal distribution functions of X and Y, respectively.

Suppose Fy € Dg(m, A1), with A\ (z,a) = aaz™" (o > 0), and Fy € Dg(m, A2),
with Aa(z,a) = Baz™" (B > 0). We determine whether F' € Dgy(m, A3) for some
function As.

Start by considering

F(tz + a,ty +b) — F(tz, ty) = U(Fi(tx + a), Fa(ty + b)) — U(F1(tx), Fa(ty)).

Assume that ¢ has continuous derivatives of order 2. Using Taylor’s Theorem
with remainder, there exists z = (21, z2) with 0 < 21 < = and 0 < 22 < y such that

U(z+a,y+b) —V(z,y)
a2

b2
=a¥y(z,y) + bVa(z,y) + ?‘111,1(217 z9) + ?\112,2(217 z2) + ab¥q o(21, 22),

where ¥; and ¥; ; are the first and second partial derivatives of W. If the derivatives
of order 2 are bounded, then

U(x+a,y+b) —¥(x,y) = a¥y(z,y) + bVs(x,y) + O(1)(a* + b* + ab)
which gives
V(Fi(tz + a), Fa(ty + b)) — C(Fi(tz), Fa(ty))
= [Fi(tz + a) — Fy(tx)] $1(Fi(tx), Fa(ty))

+ [Fa(ty + b) — Fa(ty)] Wo(Fy (tx), Fa(ty))

+O0(1) [Fi(tz + a) — Fy(tz)]* + O(1) [Fa(ty + b) — Fa(ty))?

+O(1) [Fi(tx + a) — Fi(tz)] [Fa(ty + b) — Fa(ty)] -
This gives
U(F(tz + a), Fa(ty + b)) — U(F(tx), Fa(ty))

m(t)
~ aaxPUy(Fy(tx), Fa(ty)) By Vo (F (tx), Fa(ty)) + O(1) m(t),

(3.2)

for some «, 5. - -
From Omey (1994, p. 113) we have that m(t) = O(F1(¢)) and m(t) = O(Fx(t)).
Hence,
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U(F(tx + a), Fa(ty + b)) — U(F (tx), Fa(ty))
m(t)
~ aaxp\Ill(Fl (t(E), F (ty)) + ﬂbyp\:[fg(Fl (t(E), Fg(ty))

(3.3)

As a specific example, suppose we define ¥(z, y) by an Archimedian copula (see,
for example, Balakrishnan and Lai (2009), p. 37) that is defined by a continuous,
decreasing generator function ¢ from [0, 1] to [0, 00) such that ¢(¥(z,y)) = ¢(z) +

o(y)-

U is a copula if and only if its pseudoinverse, given by
(ZS[*I] _ ¢_1(t)7 O g t < (b(o)
0, ¢(0) <t < o0,
is decreasing and convex, in which case, ¥(z,y) = ¢~ 1(¢(z) + ¢ (y)).
The complementary copula is defined by

A

U(r,y)=z+y—14+T(1 —2,1—y),
so that
U(z,y) =z+y—14+V(1 —z,1—y).
A particular type of Archimedian copula is the bivariate Pareto copula for
which ¢(t) = ¢~1/% —1, 6 > 0. This gives ¥(z,y) = (z~ /9 + 4~ 1/5 —1)=% and
Wry)=a -y~ 1+ (=2 + (=) = 1),
Differentiating ¥ gives
Uy(zy) =1 [(1—2) Y0 (1—y) 0 = 1] (1= 2) 110
1= [(1=2)o((1—a) Vg (1 —y) 0 —1)] !
— 1/6 —6—1
-1+ (1_5) / —( -]
Substituting F; and F5 gives

7 1/6 —5-1
Uy (F(tz), Fa(ty)) =1 — {1 + (%gg) - Fl(x)l/‘s] :
If a > 3, then Fy(tx) = o(Fy(ty)) and W, (Fy(tz), Fa(ty)) — 0.
If a < B, then, Fy(x)/F2(z) € RV_n1p and

U (Fy (te), Fa(ty)) ~ 1 — (a/y) "otPED0

If [, ~ F> € RV_,, so that o = 3, then
o510
Uy (Fi(te), Fa(ty)) — 1 — (14 (z/y)

After deriving similar results for Wo(F}(tz), Fo(ty)) we can obtain expressions

for (33).
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4. Concluding remarks

(1) To obtain inequalities, we only need detailed information about the marginal
distributions. In order to obtain asymptotic equalities, we have to assume that in
each of the tails we can use the same auxiliary regularly varying function m(t). We
can relax this assumption by looking at the following class of d.f.. For simplicity,
we only give the definition in R2.

DEFINITION 4. We say that the d.f. F' is in the class Dg(m, ¢, \) if we have
m(t), ci1(t), c2(t) € RV and if

F(er(t)zr, ca(t)ze) — F(er(t)xr — ar, ca(t)ze — as)
m(t)

for all 7 > 0 with 2° < co and @ € R2.

— A7, a),

(2) It is not clear under what general conditions F' € Dg(m, A) implies that the
defining property holds locally uniformly in Z.

(3) In our future research, we will discuss properties of the classes defined
below. In each case, we consider limits as 2 — oo.

f€O0D(m): Vi |f(Z+7) - f(@)] = O(1) m(Z);
feDm,A): Yy, (f(Z+7) — f(2)/m(Z) = AG);
feLN): VY f(@+9)/f(&) = MY);

and, so on.

Suppose, for example, that F is a d.f.with marginals F; € OD(m;). Using the
inequality |F(Z + §) — F(Z)| < E?zl |Fi(zi +v:) — Fi(z:)] and F; € OD(my;), we
obtain that |F(Z + ¢) — F(Z)] = O(1) E?Zl mi(x;), as 2% — oo. It follows that
F € OD(m) with m(Z) = Zle m;(x;). Note that if m;(x) € ORV, then as
z¥ = oo,

d

d
m(z1ys, .. 2aya) = Y miziys) = O(1) Y mi(wi) = O(1) m(&).
i=1

i=1
(4) In Corollary B5 we provided conditions under which
% (1= F*™(t7 — @) — n(1 — F(t7 — @))) — Uo(7,4).
Taking @ = 0, we have the following probabilistic interpretation. We have
1— F™(tZ) = P(maXi(S’mi/xi) > t),
1—F(t¥) = P(maXi(Xi/a:i) > t).
It follows that
P(max;(S,i/w:) > t) ~nP(max;(X,/z;) > t)
and that
P(maXi(S’m/xi) > t) — nP(maxi(Xi/xi) > t) ~m(t)U,(Z, 6)
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