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CHAOS EXPANSION METHODS FOR
STOCHASTIC DIFFERENTIAL EQUATIONS
INVOLVING THE MALLIAVIN DERIVATIVE-PART 1
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Communicated by Stevan Pilipovié

ABSTRACT. We consider Gaussian, Poissonian, fractional Gaussian and frac-
tional Poissonian white noise spaces, all represented through the corresponding
orthogonal basis of the Hilbert space of random variables with finite second
moments, given by the Hermite and the Charlier polynomials. There exist
unitary mappings between the Gaussian and Poissonian white noise spaces.
We investigate the relationship of the Malliavin derivative, the Skorokhod in-
tegral, the Ornstein—Uhlenbeck operator and their fractional counterparts on
a general white noise space.

1. Introduction

Generalized stochastic processes on white noise spaces have a series expansion
form given by the Hilbert space basis of square integrable processes (processes
with finite second moments), and depending on the stochastic measure this basis
can be represented as a family of orthogonal polynomials defined on an infinite
dimensional space. The classical Hida approach (see [7), [8]) suggests to start with
a nuclear space E and its dual E’, such that E C L?(R) C E’, and then take the
basic probability space to be Q = E’ endowed with the Borel o—algebra of the weak
topology and an appropriate probability measure P. Since Gaussian processes and
Poissonian processes represent the two most important classes of Lévy processes,
we will focus on these two types of measures.

In case of a Gaussian measure, the orthogonal basis of L?(£2, P) can be con-
structed from any orthogonal basis of L?(R) that belongs to E and from the Her-
mite polynomials, while in the case of a Poissonian measure the orthogonal basis of
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66 LEVAJKOVIC AND SELESI

L?(2, P) is constructed using the Charlier polynomials together with the orthog-
onal basis of L?(R). We will focus on the case when E and E’ are the Schwartz
spaces of rapidly decreasing test functions S(R) and tempered distributions S’ (R).
In this case the orthogonal family of L?(R) can be represented by the Hermite
functions.

Following the idea of the construction of §’'(R) as an inductive limit space over
L?(R) with appropriate weights, one can define stochastic generalized random vari-
able spaces over L%(£2, P) by adding certain weights in the convergence condition
of the series expansion (also known as the Wiener-Itd chaos expansion) and thus
weakening the topology of the L? norm. We will define several spaces of this type,
weighted by a sequence ¢ and denote them by (Q)%;, thus obtaining a Gel’fand
triplet (Q)Y C L?(Q, P) C (Q)f,.

Recently, there have been made improvements in economics and financial mod-
elling by replacing the Brownian motion with the fractional Brownian motion, and
replacing white noise by fractional white noise (see [2}, B}, [9]). We will define the
fractional Poissonian process in a framework that will make it easy to link it to its
regular version.

In [8] it was proved that there exists a unitary mapping between the Gaussian
and the Poissonian white noise space, by mapping the Hermite polynomial basis into
the Charlier polynomial basis. In [6] and [10] a unitary mapping was introduced
between the Gaussian and the fractional Gaussian white noise space. We extend
these ideas to define the fractional Poissonian white noise space itself and to link
it to the classical Poissonian white noise space. As a result we obtain four types
of white noise spaces: Gaussian, Poissonian, fractional Gaussian and fractional
Poissonian, where any two of them can be identified through a unitary mapping.

The Skorokhod integral ¢ represents an extension of the It6 integral to nonan-
ticipating processes. Its adjoint operator D is known as the Malliavin derivative.
Both operators, having an interpretation also in the Fock space sense as the an-
nihilation and the creation operator, are widely used in solving stochastic differ-
ential equations (see [4, [13l, 14, 16}, [17]). Their composition éD is known as
the Ornstein—Uhlenbeck operator, and it is a selfadjoint operator on L?(2, P) that
has the elements of the orthogonal basis (Hermite or Charlier polynomials) as its
eigenvalues. In this paper we continue our work from [I1] and [12] in providing
examples of stochastic differential equations involving the Malliavin derivative and
the Ornstein—Uhlenbeck operator. The Malliavin derivative and its related oper-
ators are all defined on either of the four white noise spaces we are working on,
and their domains are characterized in the terms of convergence in a stochastic
distribution space (Q)*; with special g-weights.

This paper consists of two separately published parts. In the present paper
(Part I) we focus on the structural properties of the aforementioned four types of
white noise spaces and operators defined on them. Examples of stochastic differ-
ential equations and their solutions on all four spaces will be included in Part IT of
the paper.
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The paper is organized as follows: In Section 2 we provide the basic notation
used throughout the paper, followed by the construction of the Gaussian and Pois-
sonian white noise spaces in Section 3. In Section 4 their fractional counterparts
are introduced and the unitary mappings between the four white noise spaces are
established. In Section 5 the chaos expansion theorem for generalized stochastic
processes and S’(R)-valued generalized stochastic processes is reviewed, and the
Malliavin derivative, the Skorokhod integral and the Ornstein—Uhlenbeck operator
are defined together with their fractional versions.

2. Notations

Throughout the paper we will use the following notations. Let

2,5 d"e” /2 1 2
hn Tr) = /22 ) n(T) = ——e * /2hn— \/E‘T y nE N7
(@) = (e T ) = s (V32)
be the families of Hermite polynomials and Hermite functions, respectively. The
latter one forms a complete orthonormal system of L?(R). It is well known that the
Schwartz space of rapidly decreasing functions can be constructed as the projective
limit S(R) = (e, Si(R), where

Si(R) = {gp =3 ar& € L*(R): [l = ai(2k)' < oo}, I € Ny,
k=1

k=1
and the Schwartz space of tempered distributions is its dual S"(R) = [y, S-1(R),
where

SR = {7 =Y bus 112 = L 80 < ool 1€ Mo
k=1 k=1

We also consider the test space of deterministic functions of exponential growth
introduced in [I9] exp S(R) = [,y exp Si(R), where

exp Si(R { Zak &k € L2 R) : ||90||expl = Za2 < OO}, l € No,

and the corresponding space of deterministic dlstrlbutlons of exponential growth
exp S'(R) = e, exp S-1(R), where

e 5-i®) = {5 Zbk 6 s = St < oo} 1€ Mo
k=1
These spaces satisfy exp S(R) C S(R) C L?(R) C S’(R) C exp S’'(R), where each in-
clusion mapping is compact.

Let T = (N).. denote the set of sequences of nonnegative integers which have
finitely many nonzero components a = (a1,q2,...,0n,0,0,...), a; € Ng, ¢ =
1,2,...,m, m € N. The k-th unit vector ¢ = (0,...,0,1,0,...), k € N is
the sequence of zeros with the number 1 as the kth component. The length of a
multi-index o € Z is defined as |a| = > po; oy and of = [[oo; ax!. Let (2N)* =
[T5(2k)®: Note that >, ,(2N) P < oo for p>1and 3, ;e PV <ooif p>0.
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Denote by x|0, t] the characteristic function of [0,t], ¢ € R and by o the function
composition F o G(z) = F(G(x)).

3. White noise spaces

Let the basic probability space (Q, F, P) be (S"(R), B, P), where S’(R) denotes
the space of tempered distributions, B the Borel o-algebra generated by the weak
topology on S’(R) and P denotes the unique probability measure on (S’(R), B)
corresponding to a given characteristic function. Recall, a mapping C': S(R) — C
given on a nuclear space S(R) is called a characteristic function if it is continuous,
positive definite, i.e.,

ZzziEjC(gDi —gﬁj) >0, P1y.+.,Pn € S(R), Z1y...y%n € (C,

i=1 j=1
for all p1,...,0, € S(R) and 21, ..., 2, € C, and if it satisfies C(0) = 1. Then by
the Bochner—Minlos theorem (see [7], [8]) there exists a unique probability measure
P on (8'(R), B) such that Ep(e““#)) = C(yp), for all ¢ € S(R), where Ep denotes
the expectation with respect to the measure P and (w, ¢) denotes the usual dual

paring between a tempered distribution w € §'(R) and a rapidly decreasing function
v € S(R). Thus,

(3.1) /S/( )e““”“’)dP(w) =C(¢), peSMR).

Let L?(P) = L?(S'(R), B, P) be the Hilbert space of square integrable functions
on S’(R) with respect to the measure P and with norm induced by the inner product
(f,9)r2py = Ep(fg) = fs/(R) f(w) g(w)dP(w). Let K., a € T be the orthogonal
basis of L?(P). The Wiener—Ito chaos expansion theorem states that every element
F € L?(P) has a unique representation of the form

(3.2) F(w) = Z calo(w), cq€R,
acl
such that
(3.3) HF”%z(P) = Z CiHKaH%z(P) < 0.
acl

In Subsections B.Iland B2l we will consider two special cases, when the measure
P is a Gaussian measure and a Poissonian measure. In these cases K, can be
taken as a family of Hermite and Charlier polynomials respectively, defined on an
infinite-dimensional space. Later in Subsection we introduce g-weighted spaces
with respect to the probability measure P, which represent the stochastic analogue
of the deterministic spaces S;(R), S_;(R), exp S;(R) and exp S_;(R) for I € Ny.

3.1. Gaussian white noise space. If we choose in ([BI]) the characteristic
function of a Gaussian random variable

(3.4 Cle) =exp |3 lellie | ¢ € SR
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then the corresponding unique measure P from the Bochner—Minlos theorem is
called the Gaussian white noise measure p and the triplet (S’(R), B, ) is called

the Gaussian white noise probability space.

Note that from @EI) and @4) follows E,((w, f)) = 0 and E,((w, f)?) =
If1I7 () for f € S(R). Also the polarization formula Ey((w, ) (w,9) = (f,9)2m)
holds for all f,g € S(R).

By extending the action of a distribution w € §'(R) not only onto test functions
from S(R) but also onto elements of L?(R) we obtain Brownian motion in the form
Bi(w) := {w, x[0,t]), w € S'(R). It is a Gaussian process with zero expectation and
covariance function E (B (w )B (w)) = rnin{t, s}. The Itd integral of f € L*(R) is
given by I(f) = =[x f(t)dBy(w). Then E,(I(f)) = 0 and the Ito isometry

() e2) = ||f||L2(]R) holds for fe LQ( )-
The family of Fourier—Hermite polynomials (cf. [8])

(3.5) H ael,

forms an orthogonal basis of L?(u), where || H,|? 12( = @ In particular, for the

kth unit vector e®) we have H_u (w) = (w, &) = [ &(t) dBi(w) = I(&), k € N.
From the Wiener—Ité chaos expansion theorem ([B2]) each element F' € L?(p) has a
unique chaos expansion representation of the form F'(w) = Y .7 caHo(w), where

HF||2L2(M) =Y aercial and ¢ = LE,(FH,) and ||FH%2(H) = Y jercial < oo
(see (B3)).

3.2. Poissonian white noise space. If we choose in (BI) the characteristic
function of a compound Poisson random variable

(3.6) Cp) = exp [ /R (€9 _ 1) d:c} , peSR),

then the corresponding unique measure P from the Bochner—Minlos theorem is
called the Poisonian white noise measure v and the triplet (S'(R),B,v) is called
the Poissonian white noise probability space.

From (31 and (B8] follows that <w ©) has a nonzero expectation E, ({w, ¢)
Jp (2) dz and B, ((w, 9)%) = [[]17 2y +(Jg ¢(2) dz)? Le., its variance is Var((w,
= ¢l 72 (), for all ¢ € S(R).

Hence the map J : ¢ = (w, @) — [po(z)dr, ¢ € S(R) can be extended to an
isometry from L?(R) into L?(v). Then E, (J( )) =0 and || J(p )||2L2(u = H(pH%Q(R),
for all ¢ € L*(R). The polarization formula E, (J(¢)J(¢)) = (¢,¢)12(r) holds for
all ¢, 0 € L3(R). A right continuous integer valued version of the process

Pt(w):J(X[Ovt]): <w7X[Ovt]>_t7 wES’(R),

belongs to L?(v) and is called the compensated Poisson process.
The family of Charlier polynomial functionals C, (w), defined by

(3.7) Ca(w) = Clo|(w; &1y 5 €153 &my -y €m), a=(a1,...,01,,0,0,...) €T,
—— ————

a1 Qm

)
©))
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where

Cr(w; o1, .., 0r)
6k k k
— mexp Koj,log (1 + ;ujcpj) — ;uj/chj(y) dy>} ]ul:___:ukzo,

for k € N and ¢; € S(R), forms an orthogonal basis of the space of Poissonian
square integrable random variables L?(v) and HCQH%Q(V) = a!. In particular,
Com(w) = Cr(w, &) = (W, &) — [pék(@)de = J(&), w € S'(R), k € N. From
the Wiener-Itd chaos expansion theorem follows that every element G € L?(v) is
given in the form G(w) = 3,7 0aCa(w), ba € R, where [|G[|7(,) = X ez olb? is
finite.

The following important theorem, proved by Benth and Gjerde in [5], states
the existence of a unitary correspondence between the Gaussian and the Poissonian
spaces of random variables.

THEOREM 3.1. [5] The map U : L*(u) — L*(v) defined by

U(Z baHa(w)> = baCa(w), ba€R, a €L,

acl a€cl

is unitary i.e., it is surjective and the isometry |[U(F)| 12y = | F||L2(u) holds.

Using the isometry U all results obtained in the Gaussian case can be carried
over to the Poissonian case. The Fourier—Hermite orthogonal basis { Hy }aez of the
space of Gaussian random variables just has to be replaced with the corresponding
elements of the Charlier polynomials orthogonal basis {Cy, } nc7 of the space of Pois-
sonian random variables. In the next section we will use this isometry to interpret
stochastic differential equations with the Malliavin derivative and their solutions
obtained in the Gaussian versions of g-weighted spaces with their corresponding
Poissonian versions.

For more details on Gaussian white noise spaces, Poissonian white noise spaces,
Hermite and Charlier polynomials we refer to [1l, (3], (7}, [8].

3.3. g-weighted stochastic spaces. In this subsection we define g-weighted
stochastic spaces of test functions (Q)f and stochastic generalized functions (Q)%,
with respect to the measure P. Let g, > 1, a € Z. The space of g-weighted P-

stochastic test functions (Q)} = Npene (@)1, is the projective limit of the spaces

@1, = {f =3 waKa € 2(P): [y = (0l a2 af < oo}, peN,.
acl acl

The space of g-weighted P-stochastic generalized functions (Q)f; = Upene @F, _,
is the inductive limit of the spaces

@~ _, = {F = Z bo Ko ”FH?Q)EL—;J = Z v P < oo}, p € Np.

ol a€l
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Two important special cases will be given by weights of the form ¢, = (2N)® and
go = V" For weights of the form ¢, = (2N)® we obtain the Kondratiev spaces of
P-stochastic test functions and P-stochastic generalized functions, denoted by (S)%
and (S)F, respectively. For g, = e®" we obtain the exponential growth spaces
of P-stochastic test functions and P-stochastic generalized functions, denoted by

exp(9)! and exp(S)?; respectively. It holds that
(3) exp(S)T C (S)F C LA(P) € (8)F, C exp(S)T.

In particular, for P = u the spaces in ([B.8) become Gaussian g-weighted spaces and
relation ([B.8]) was proven in [20]. For P = v we obtain the Poissonian g-weighted
spaces. For more details on the Kondratiev spaces we refer to [8] and on spaces of
exponential growth to [20].

We can extend the unitary mapping U given in the Theorem Bl into a linear
and isometric mapping on g-weighted spaces by defining U : (Q)"; — (Q)” such
that

(3.9) u [ Z aaHa(w)} = Z 4,Ca (W), aq €R,

acT a€l
for elements F' =3 .7 aaHa(w) € (@)Y, _,, and the isometry [[U(F)|q», ==
1Fll @y, _, holds for all p > pg. More details can be found in [5] and [8].

3.4. Generalized stochastic processes of type (O). Generalized stochas-
tic processes of type (O) are measurable mappings from R into some g-weighted
space of generalized functions i.e., measurable mappings R — (Q)¥;. Since gener-
alized stochastic processes of type (O) with values in (Q)¥; are defined pointwisely
with respect to the parameter ¢ € R, their chaos expansion follows directly from
the Wiener-It6 chaos expansion theorem i.e., Fy(w) = > 7 fo(t)Ka(w), t € R,
where f, : R =& R, a € 7 are measurable functions and there exists p € Ny such
that 7 [fa(t)]?¢;? < oo for all ¢ € R. The unitary mapping U can be extended

to the class of generalized stochastic processes of type (O) in the similar way as in
B3).

ExXAMPLE 3.1. Brownian motion is given by the chaos expansion

(3.10) By(w) = i ( / (o) ds> Heo ()

and it is an element of L?(p).
Singular white noise W;(+) is defined by the chaos expansion

(3.11) Wi(w) =D & () Hen (w),
k=1

and it is an element of the space (S)",, for all ¢ € R. It is integrable and the
relation %Bt = W, holds (see [8]) in the (S5)"; sense.
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EXAMPLE 3.2. The chaos expansion of a compensated Poisson process P;(w) €
L?(v) is given by

(3.12) Py(w) = g </Ot §k(5)d5) Cotm (W)

The Poissonian compensated white noise V;(-) is defined by the chaos expansion
(3.13) Vi(w) =Y &(t) Com (),
k=1

and it is an element of the space (S)¥; for all ¢ € R. It is integrable and the
relation 42t = V; holds. Note that P;(w) = U(Bi(w)) and V;(w) = U(Wi(w)),
which is consistent with (3.9).

4. Fractional white noise spaces

4.1. Fractional Gaussian white noise space. A fractional Brownian mo-
tion with Hurst index H € (0, 1) on the probability space (2, F, P) is defined to be

a Gaussian process BH) = {B,gH)(-), te R} with BSH) = 0 a.s., zero expectation
E [B,gH)} =0 for all £ € R, and covariance function

1
(4.1) E[B{ B = E{WH +[s]* — |t —s*"}, s teR.

The fractional Brownian motion is a centered Gaussian process with noninde-
pendent stationary increments and its dependence structure is modified by the
Hurst parameter H € (0,1). For H = % the process B§1/2) becomes a standard
Brownian motion and it has independent increments. From (4I) it follows that
E(B,EH) - BgH))2 = |t — s|*" and according to Kolmogorov’s theorem, B*) has a
continuous modification.

The fractional Brownian motion B?) is an H self-similar process, i.e., B H)

at

aHBt(H), a > 0. For any n € Z, n # 0 the autocovariance function is given by

r(n) == E[BY (BT, — BI)] ~ H(2H — 1)[n|*~!, when |n| — oc.

For H € (4,1) the fractional Brownian motion has the long-range dependence
property Y.o-, r(n) = oo and for H € (0, ) the property > o, |r(n)| < co. More
details on the fractional Brownian motion can be found in [2] [3, 6], (9], 10}, 15} [22].

Further on we follow the ideas of [6] where the fractional white noise theory for
the Hurst parameter H € (0, 1) was developed. In [6] the fractional operator M =
MU wwas introduced, which connects the fractional Brownian motion B,gH) and
the classical Brownian motion B; on the white noise probability space (S’ (R), B, ).

DEFINITION 4.1. Let H € (0,1). Define the operator M = M) : S(R) —
L?(R) N C*(R) by

(4.2) Mf(y)=ly* " Jly). yeR, feSR)

where f(y) i= [ e f(x) dx is the Fourier transformation of f.
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Note that the operator M = M) has the structure of a convolution operator.
From (@2) the form of the inverse operator M~' = MU1~H) follows, i.e., for all
€(0,1)

(4.3) M) o A=) 5y =f  feSR).

An equivalent definition of the operator M is given by

(44)  Mf()=-L_cn / t-2)—ID . jesm),

d:cH—% [t —x|H—2

where ¢y = [2I'(H — 3)cos(3(H — %))]_1[1"(21{ +1) sin(wH)}% and T'(-) is the
Gamma function. From ([&4) it follows that the operator M can be interpreted as
the ath Riemann-Liouville fractional integral of f, where a = % — H. For more

details on the theory of deterministic fractional derivatives and integrals we refer to
[21). Let L% (R) = {f : R — R; M f(x) € L*>(R)}. The space L% (R) is the closure
of S(R) with respect to the norm || f|| 12, &) = [[M f| z2r), f € S(R) induced by the
inner product (f, g)L%(R) = (Mf,Mg)r2m). The operator M is self-adjoint and for
fge *(R)N L%(R) we have (f, Mg)Lf{(]R) =(Mf, g)Lﬁ{(R)-

THEOREM 4.1. [6] Let M : L% (R) — L*(R) defined by [@Z) be the extension
of the operator M from Definition [Tl Then M is an isometry between the two
Hilbert spaces L*(R) and L% (R). The functions

(4.5) en(r) = M1, (x), neN,
belong to S(R) and form an orthonormal basis in L% (R).

Following [2] and [6] we extend M onto S&'(R) and define M : S'(R) — S’(R)
by (Mw, f) = (w,Mf), f € S(R), w € S'(R). The fractional It6 integral of a
deterministic function f € L% (R) is defined by I/ = [ f(®) ydBM (W) =

f]R Mf dBt( ) = I(Mf) Then the relation HI(Mf)”LZ(M) = HMfHLQ(]R) =
HfHLz y holds. For more details on this subject we refer to [2} (3, 6], [8].

The t-contlnuous version of the process BIE )(w) = (w, Mx[0,t]()), w € §'(R)
is an element of L?(y) called fractional Brownian motion (see [2} [6l, [10]).

Now we extend the action of the operator M from &'(R) onto L?(x) and define
the stochastic analogue of L% (R). Let
(4.6) L*(pg)=L*(uoM ) ={G:Q—=R; GoM € L*(u)}.

It is the space of square integrable functions on S’(R) with respect to the fractional
Gaussian white noise measure pg. Since G € L?(ug) if and only if Go M € L?(p),
it follows that G' has an expansion of the form

= anHa(w) = Z CaHhm«w’fi»

acT acT =1

= S o [ sl M) = 3 T [ (M 0)

acl i=1 acl i=1
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Define the family of Fourier—Hermite polynomials by
(4.7) Ha(w) = [] hor (Wi er)), a €L
k=1

Now, it follows that the family {Ha; o € Z} forms an orthogonal basis of L(uz),
H’H,aHQB(MH) =al, a € Z, and G € L?(uy) has a chaos expansion representation of

the form G(w) =) 7 coHo(w), co € R and HG”2L2(MH) =Y.z c2al. Moreover,
ca = arBiun (GHa(w)) and [Gllzz i) = G 0 M 12

DEFINITION 4.2. Let M : L2(uy) — L2(p) be defined by M(Ha) = H,, and
extend it by linearity and continuity to

(4.8) M<Z caﬁa) =Y caHa

acT a€l
for G =3 7 coHo € L2(1pr).

Note that from (), @) and @) follows M(Ha(w)) = Ha(Mw) = H, (w),
w € S'(R), a € Z. Tt holds that HM(HQ)HLz(H) = ||HQHL2(M) =al = HHQHLQ(MH),
thus the operator M is an isometry between spaces of classical Gaussian and frac-
tional Gaussian random variables and its action can be seen as a transformation of
the corresponding elements of the orthogonal basis {H }aez into {Hy}tacz. The
connection between the two bases is given by Hy(w) = MHa(w) and Ho(w) =
M7 Hy(w), w € 8'(R), a € Z. Thus, every element of L?(uy) can be represented
as the image of a unique f(w) = > o7 caHa(w) € L?(u) such that F = M~'f.
Then, F is of the form F(w) =3 .7 ¢a ﬁ(w)

For P = pp the spaces in (B8) reduce to fractional ¢-weighted spaces of
stochastic test functions and stochastic generalized functions. In [10] we consid-
ered the following inclusions exp(S)* C (S){" C L%(ug) C (S)"4 C exp(S)".
The action of the operator M can be extended to g—weighted spaces by defining
M: Q)" — (Q)F, given by

(4.9) M[Z aaﬁa(w)] =Y @ Hy(w), an€R.

acT acl

This extension is well defined since there exists p € N such that aZq,P < cc.
In an analogous way the action of the operator M can be extended to gener-
alized stochastic processes of type (O).
ExXAMPLE 4.1. The fractional Brownian motion B,EH) (w) as an element of
L?(u), is defined by the chaos expansion
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B{™ (w) = (w, Mx[0,1]) = (Mw,x[0,1])

= Z( [0 t] ek)Lz (]R) Mw ek Z MXO t Mek)Lz( )<M,M6k>
k=1

(4.10) =t

Z 0 t Mfk)Lz(R) <w fk (/ Mfk dS) Hs(k)( )

k=1

Applying the map M~ = MO=H) we obtain the chaos decomposition form
of the fractional Brownian motion in L?(up):

) t
(4.11) B (w) =Y < / M&g(s) ds> Hoo (w).
k=1 YO
On the other hand,

(412) B () = 3 ([0, ], 6) ey 0, M&x) = ( / s ) (w0, MEw).

k=1

Note that for a fixed Hurst parameter H € (0,1) we have M = M) and due to
@3) M~ = MO—H) thus e,(CH) = M=) ¢ implies Mg, = eg_H) and we may
consider (12) to be the chaos decomposition of the fractional Brownian motion
in L2(pi—my) = L*(u o M) by the orthogonal basis H_o (w) = (w, eg_H)>. In
other words, the fractional Brownian motion with the Hurst parameter H € (0, 1)
is the image of the classical Brownian motion under the mapping M = MU
in the fractional white noise space L2(u(1_ my). Thus, we can consider fractional
Brownian motion as an element of three different spaces, as defined in (@I0), @I

and (EI2).
(H)

EXAMPLE 4.2. Fractional white noise W, "’(:) is defined by the chaos expan-
sions

(4.13) Wi (W) =3 €n(t) How (w ZM@ H. (w),
k=1

in the spaces (S)"( ™" and (S)", respectively. It is integrable and the relation

%Bt(H) = Wt(H) holds (see [8]) in the (S)"; sense.

4.2. Fractional Poissonian white noise space. In this subsection we use
the same idea as in the Gaussian case and apply the isomorphism M to the ele-
ments of the Poissonian white noise space to obtain their corresponding fractional
versions. Let H € (0,1) and J : L*(R) — L*(v), J(f) = (w.f) — [z f(z)dx
as in Subsection Define JH) := J o M as the mapping L*(R) — L?(v),
[ o Mf) = [ Mf(z)de. Then |[J(Mf)|r2) = 1M fllz2@) = | fllz2(w) holds
for f € L*(R).
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Similarly as in (@8) we let L?(vg) = L?*(v o M~!) be the space of square
integrable functions on S’(R) with respect to fractional Poissonian white noise
measure vg. The family of Charlier polynomials

5a(w) = Cla|(Wser,--s€1,. s mye o yem), a=(al,...,an,0,0,...) €T

—— ———
[e%) Qm,
(see (B7) and (@A) forms the orthogonal basis of the Hilbert space of fractional
Poissonian random variables i.e., L?(vy) consists of elements F = > . a, Co(w),
aq € R such that ||FHL2 VH) Zaez aZal < oco.

The mapping M~ : L2(v) — L%(vg) defined by Cy(w) = M™1Cy(w), o € T,
extends by linearity and continuity to L?(v). Thus every element G € L?(vy) can
be represented as an inverse picture of a unique g = Y__ 7 aaCa(w) € L?(v) such

that G(w) = M g(w) =3 o7 ta Calw) € L2(v).

EXAMPLE 4.3. There exists a right ¢-continuous version of the process Pt(H) (w)
J(Mx[0,1])(w), w € S’(R), that belongs to L?(vg) and is called the fractional com-
pensated Poisson process. It is given by the chaos expansions

(4.14) pH( (/ Még(s ) Coow(w) in L2(v),

a€cl

acl

(H)wz s)ds | Coon (w in2l/1, .
@) PP ;(/ngud)cau() (s m)

EXAMPLE 4.4. The fractional compensated Poissonian noise is defined by the
chaos expansions

(4.16) VI (w ka Cotr (w Z ME&,(t)Cewm (W),

V(1-H)

in the spaces (S)_;"" and (S)¥; respectively.

REMARK 4.1. Since there exists an isomorphism M between the classical white
noise spaces (Gaussian or Poissonian) and their corresponding fractional white noise
spaces; and also there exists the isomorphism U between Gaussian and Poissonian
white noise spaces (classical or fractional), all results obtained, for example, in the
classical Gaussian case can be interpreted in all other spaces. In this manner, the
space L%(vy) can be obtained from the fractional Gaussian white noise space by
L?(vg) = U[L*(up)] or directly from the Gaussian white noise space L?(vg) =
UMTL? ()] or L?(vg) = MTHU[L?(1)]]. All connections are described in the
following commutative diagram.

—1

L2(p) — M L?(un)

-

u u
Mol

@) —— L)

Diagram 1
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5. Chaos expansion of generalized random process of type (I)

Denote by e,k € N the orthonormal basis of L% (R), i.e., ¢ is either the
orthonormal Hermite basis &, k € N (for H = %) or the orthonormal fractional
basis e, = M1, k € N (for H € (0,1)). Note, |[ex]|?; = (2k)~! and lerllZep 1 =
e 2k for all k,l € N. Denote by K,, a € T the orthogonal basis of the space of
square integrable random variables L?(P) on the white noise space (S'(R), B, P).

TABLE 1.
white noise classical fractional
space Gaussian | Poissonian | Gaussian | Poissonian
measure P I v 7325 vy
basis K, H, Ca He Ca
basis CL gk fk €L €L

We extend the chaos expansion theorem to the class of generalized random
processes of type (I). Let X be a topological vector space and X' its dual.

We consider generalized stochastic processes of type (I) as linear and continuous
mappings from X into the space of g-weighted generalized functions (Q)%; i.e.,
elements of £(X, (Q)F;). If at least one of the spaces X or (Q)F; is nuclear, then
LIX,(Q)F) =X ®(Q)L,.

EXAMPLE 5.1. Brownian motion Bi(w) defined in (3I0) and fractional Brow-
nian motion defined in (£I0), as well as the Poissonian process defined in (B12)
and fractional Poissonian process (£I4]) are stochastic processes of type (I), i.e.,
elements of the space X ® (Q)F; where X = C>([0,+00)). White noise (Z.I1I),
fractional white noise (13)), Poissonian noise (B:I3]) and fractional Poissonian noise
([@I8) are elements of X @ (Q)F,, where X = S'(R).

THEOREM 5.1. [20] Let X be a Banach space endowed with || - || x. Generalized
stochastic processes as elements of L(X,(Q)E) have a chaos expansion of the form

(51) u:Zfa®Koz7 fan,OCEI,
acT
and there exists p € Ny such that

leldegyr, = - Mfalkaz? < co.
acl
THEOREM 5.2. [20] Let X = (e, Xk be a nuclear space endowed with a
family of seminorms {|| - ||x; k € No} and let X' = Jpe g X—k be its topological dual.
Generalized stochastic processes as elements of X' ® (Q); have a chaos expansion
of the form v =3 7 fa ® Ko, fo € Xk, a € I, where k € Ny does not depend
on o € I, and there exists p € Ny such that

lulkewr, ., = 2 Ifall2iaa” < oo
acl
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With the same notation as in (5.I) we will denote by E(u) = f(,0,0,.) the
generalized expectation of the process u.

We extend the action of the operator U given by () and also the action of
the operator M given by ([@3]) to the class of generalized stochastic processes of
type (I). We define i/ : X®(Q)"; — X®(Q)", such that for every > 7 ua®@Hqy €
X® (@Y

M{Zua@JHa} :Zua@)ca, U € X, a €1.

acel acl

For all processes in X @ (Q)""], represented in the form »° 7 va ®Ha(w) we define
the operator M : X @ (Q)"] — X ® (Q)", by

M{Zva(@ﬁa] =Y va®Ha, va€X, acl

acl a€l

REMARK 5.1. Note that Y o M™1: X @ (Q)";, = X ® (Q)"" such that

L{oMl{Zua@Ha] =Y 4 ®Ca, ua€X,acl.

acT acl

The same is obtained by action of the operator M~ olf i.e., Uo M~t = M~told
(Diagram 1).

5.1. S’-valued generalized random process. In [23] and [24] we provided
a general setting of vector-valued generalized random processes. S’(R)-valued gen-
eralized random processes are elements of X ® (Q)F,, where X = X ® §'(R), and
are given by chaos expansions of the form

(5.2) f:ZZaa_,k@)ek@K :Z%@K :ZCk®9k;

a€Z keN a€l keN

where by = Y1y ok @ex € X @ ' (R), ¢k =2 ertak @ Ko € X ® (Q)F and
aq,k € X. Thus, for some p,l € Ny,

HfH§(®sz(R)®(Q)fl,p = Z Z ||aa,k|‘§<(2k)7lq;p < oo.
€T keN

In a similar manner one can also consider exp S’(R)-valued generalized stochastic
processes as elements of X ® exp S'(R) ® (Q)F, given by a chaos expansion of the
form (5.2), with the convergency condition

1 X pexp s mo@r, = 2 2 laaxlie ™ az? < oo,
a€Z keN

for some p, [ € Ny.
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5.2. The Malliavin derivative and the Skorokhod integral. From this
section and further on we will consider only the Kondratiev-type spaces (S)f; and
exp(S)F, defined by the weights ¢, = (2N)* and ¢, = eV respectively. We
will omit writing the measure P, and denote these spaces (S); and exp(S)_1, since
there exist unitary mappings between all four white noise spaces (Diagram 1).

We give now the definitions of the Malliavin derivative and the Skorokhod
integral which are slightly more general than in [4}, [16], 17, 18]. Instead of setting
the domain in a way that the Malliavin derivative and the Skorokhod integral take
values in L?(P), we allow values in (S)_; and exp(S)_1 and thus obtain a larger
domain for both operators.

Denote by ¢ the multi-index ¢ = Y"p-, e® = (1,1,1,...). Note that ¢ ¢ Z, but
we will use the following convention: for a € Z, define a — ¢ as the multi-index with
k-th component

(a‘—L) — ak__lu ak;>2
k 0, a € {0,1} °
Thus, a — ¢t € Z, for all « € 7.

DEFINITION 5.1. Let u € X ® (S)_1 be of the form (&.1]). If there exists p € Ny
such that

(5.3) Dl I falf (2N) 7P < oo,

acl

then the Malliavin derivative of u is defined by

(5.4) Du = Z Z O fa e @ Ko

acZ keN

The operator D is also called the stochastic gradient of a generalized stochastic
process u. The set of processes u such that (B3]) is satisfied is the domain of the
Malliavin derivative, which will be denoted by Dom(ID). All processes which belong
to Dom(DD) are called differentiable in the Malliavin sense. We proved in [11] that
the Malliavin derivative I is a linear and continuous mapping from Dom(D) C
X®(S)-1,-pto X @S (R)® (S)=1,—p, for some p e Ngand I >p+1,1 €N.

DEFINITION 5.2. A process u € X ®exp(S)_1 of the form (5.1 is differentiable
in the Malliavin sense, i.e., u € Domey, (D) if there exists p € Ny such that

al?|| full2 e PN « .
| | ||f ||X
ol

Then the Malliavin derivative is defined by (&.4).

THEOREM 5.3. The Malliavin derivative is a linear and continuous mapping
from Domexp(D) € X @ exp(S)_1,—p to X @ expS_;(R) @ exp(S)_1,—p, for all
l € Np.
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PRrROOF. Clearly,

(k)y

_ (a—e
IDUllX gexp 5y ®y@exp(s) 1y = D Zakfa@)ek o—P(2N)
aeZ k=1 X®exp S—i(R)
<Y S ate | foffe e
acel keN
< [l fallfe PPV < oo O
acl

Note that Domegp(D) 2 Dom(D).

DEFINITION 5.3. Let F =) 7 fa®Ua® Ky € X®S_H(R)®(S)-1,—p, p € No
be a generalized S_,(R)-valued stochastic process and let v, € S_,(R) be given
by the expansion v, = ZkeN Va,k €k, Yo,k € R. Then the process F' is integrable in
the Skorokhod sense and the chaos expansion of its stochastic integral is given by

(5.5) 5(F) = ZZ’U%]C fa®Ka+E(k).

acT keN

We proved in [11] that the Skorokhod integral § is a linear and continuous
mapping 6 : X @ S_,(R) @ (S)-1,—p = X ® (5)—1,—p-

THEOREM 5.4. Let F =3 7 fa®va @Ky € X @expS_p(R) @exp(S)-_1,p,
p € Ny be a generalized exp S_,(R)-valued stochastic process and let vy, € exp S_,(R)
be given by the expansion vo = Y ey Va,k ¢k, Va,k € R. Let §(F) be its Skorokhod
integral defined by (B5). Then the Skorokhod integral § is a linear and continuous
mapping 0 : X ® exp S_p(R) @ exp(S)—1,—p = X @ exp(S)—1,—p.

PROOF. This follows from the inequality e PN (2k) < =2k . e=P(N)"  for
a €7 and k,p > 0. Clearly,

2

— a+s(k)
I ooy = 3|3 va fu]| e
acZ "' keN X
< Z( e ) ol
€T NkeN
= vallZepp [ fallk e 70" < oo,
o€l
since F' € X @ exp S_,(R) @ exp(S)—_1,—p, p € Np. 0

From 2(2N)® < (2N)2* we conclude that the image of the Malliavin derivative
is included in the domain of the Skorokhod integral. Their composition R = doD is
called the Ornstein—Uhlenbeck operator. The Hermite i.e., the Charlier polynomials
are eigenfunctions of R and the corresponding eigenvalues are |a|, a € Z, i.e.,
R(K.) = |a|K4. Moreover, if we apply the previous identity k times successively,
we obtain RF(K,) = |a|kKa, keN, forael.
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Let a generalized stochastic process u € Dom(D) be given by the chaos expan-

sion u =) 7 Ua ® Ka, uo € X. Then

(5.6) Ru = Z la|tg @ K.
a€l

Denote by

Dom(R) = {u €X®(S)-1: IpeNy, Z oo || ua % (2N) 7P < oo} and
a€l

Domexp(R) = {u € X ®exp(S)-1: dp € Ny, Z |a|2||ua|‘§(€*p(2N)a - OO}'
acT

The operator R is a linear and continuous mapping from Dom(R) C X ®(S)_1
into the space X ® (S)_1, and in this case the domains of D and R coincide,
ie.,, Dom(R) = Dom(D). Clearly, if v € Dom(D) C X ® (S)-1,—p then Ru €
X ® (S)-1,—p. This follows from (5.0 and

IRull%es) ., = >l fuall5 (2N) P = [[ul[fomm) < -
aceT

For u € X ® exp(S)_1,—p it follows that Doms, (D) C Domey,(R).

5.3. The fractional Malliavin derivative and Skorokhod integral. Con-
sider the extension of the operator M from S'(R) — S’(R) onto generalized sto-
chastic processes: Let M = M ® Id : S'(R) ® (Q)F; — S'(R) ® (Q)”; be given
by

(5.7) M< > aalt)® Ka(w)) =Y Man(t) ® Ka(w).
acl a€el

Its restriction onto L% (R) ® L?(P) is an isometric mapping L% (R) ® L*(P) —

L?(R) ® L?(P). In Example @I and Example we have seen that Bt(H) = MB,

in L?(u), and Wt(H) = MW; in (S)_;.
In [18] the fractional Malliavin derivative in L?(u) was defined as D) =
M~ !oD. Thus, we extend this notion to generalized stochastic processes of type (I),

e.g. on Kondratiev white noise spaces with Gaussian measure DU : X ® (S)* 1=
X ®8'(R)® (S)", is given by

DEF =M 1oDF=M"1 < Z Z U fo @ & ® Ha_aw))
(58) a€eZ keN
= Z Z af fa ® e ® Hafs(kh
a€Z keN

for F = ZaEI fa ® Hy, fo € X, a € . Note that the domain of the fractional
Malliavin derivative coincides with the domain of the classical Malliavin derivative.
The following definition holds on a general white noise space (Gaussian, Poissonian,
fractional Gaussian or fractional Poissonian).
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DEFINITION 5.4. Let F' = > 7 foa ® Ko € X ® (5)_1, respectively X ®
exp(S)—1. If F € Dom(D), respectively F' € Domeyxp (D), then the fractional Malli-
avin derivative of F' is defined by

(5.9) DIF =33 arfa®@M 'ex @ Koo
acl keN

In the following theorem, P will denote either the Gaussian or Poissonian
measure, and Py will denote their corresponding fractional measures. The notation
(Q)—1 will refer to either (S)_1 or exp(S)_; with the appropriate measure.

THEOREM 5.5. Let D and D) denote the Malliavin derivative, respectively the
fractional Malliavin derivative on X ®(Q)F,. Let D denote the Malliavin derivative
on X ® (Q)_F. Then,

(5.10) DHF=M"'oDF=MoDoM 'F,
for all F € Dom(D).

ProOOF. We will conduct the proof for the Gaussian case. Since DUDF =
M~ oDF follows directly from (5.7) and (5.9)), we need to prove that (5.8) is equal

to MoDoM™!F, where D stands for the Malliavin derivative in L?(ug). Clearly,

MO®0M1<ZfQ®HQ> —Mo]ﬁ)(Zfa@)ﬁa)

acl a€cl

:M(ZZ ag fa ®ek®’f~la_€<k>)

a€Z keN

= ZZ o fa®er @ Hy ) O
a€T keN
EXAMPLE 5.2. It is well known that in L?(p), the Malliavin derivative of Brow-
nian motion is DBy (w) = x[0,t] = >"722; cx&k. Thus
DU By(w) = M~ 'x[0, 1] = MU (0,1) = " exer,
k=1
where
ek = (& x[0, ) 2y = (M 716, MTIX[0,8]) 2 (m) = (ex, M=H)(0,1))

1-n®)

DEFINITION 5.5. Let 6 : X @S (R)®(Q)7; — X®(Q)F, denote the Skorokhod
integral in sense of Definition (5.3l and Theorem (B4l The fractional Skorokhod
integral () : X @ S'(R) ® (Q)F; — X ® (Q)F; is defined for every F € Dom(d)
by

(5.11) P =§oMF.

Finally, for the Ornstein—Uhlenbeck operator we note that its fractional version
coincides with the regular one, i.e., from (GI0) and (BII)) it follows that

RH) = H) o DH) —§oMoM *oD=4FoD=R.
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