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STOCHASTIC DIFFERENTIAL EQUATIONS
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ABSTRACT. We solve stochastic differential equations involving the Malliavin
derivative and the fractional Malliavin derivative by means of a chaos expan-
sion on a general white noise space (Gaussian, Poissonian, fractional Gaussian
and fractional Poissonian white noise space). There exist unitary mappings
between the Gaussian and Poissonian white noise spaces, which can be applied
in solving SDEs.

1. Introduction

This paper represents the conclusion of the results stated in Part I [11], where
we introduced four types of white noise spaces: Gaussian, Poissonian, fractional
Gaussian and fractional Poissonian depending on a Hurst parameter H € (0, 1).
Generalized stochastic processes, such as the Brownian motion, white noise or
Poissonian noise, are given in the form of their chaos expansion in terms of the
Fourier—Hermite and Fourier—Charlier polynomials. In [11] we showed that there
exist unitary mappings between the Gaussian and Poissonian spaces, as well as
between the regular spaces (H = 1) and their fractional counterparts (H € (0, 1)).

In this paper we focus on some examples of stochastic differential equations
involving the Malliavin derivative, the Ornstein—Uhlenbeck operator and their frac-
tional versions. All equations we solve can be interpreted on all four types of white
noise spaces. We provide a general method of solving, using the Wiener—It6 chaos
decomposition form, also known as the propagator method (see [12], 13|, 14, 21]).
It is used to set all coefficients in the chaos expansion on the left-hand side of
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86 LEVAJKOVIC AND SELESI

the equation equal to the corresponding coefficients on the right-hand side of the
equation, resulting in an infinite system of deterministic equations. Solving these
equations and summing up the solutions into a series expansion, one obtains the
solution of the initial equation, provided the series converges in some g-weighted
space.

The paper is organized in the following manner: In Section 2 we review the
notation and some results on chaos expansions and Malliavin derivatives obtained
in Part I of the paper. Section 3 is devoted to solving some classes of stochastic
differential equations which are driven by the Malliavin derivative and the Ornstein—
Uhlenbeck operator.

2. Overview

In this section we provide the most important notation needed for further
understanding. For details we refer to [11] and the references cited therein.

Let hp,&nt1,n € Ny denote the family of Hermite polynomials and Hermite
functions respectively. Consider the Schwartz spaces of tempered distributions

S'(R) = Ujen, S-1(R), where
SR = { £ =S bt 112 = 3 B0 <oo} 1€ No
k=1 k=1

and the spaces of distributions with exponential growth introduced in [20] exp S’ (R)
= Ulen, €xp S—1(R), where

exp Sy { gy&knﬂuVJ S e < w}zem.
k=1

Let T = (N}). denote the set of sequences of non-negative integers which
have finitely many nonzero components o = (a1, @2,...,am,,0,0,...), a; € Ny,
i =1,2,...,m, m € N. The k-th unit vector e€*) = (0,---,0,1,0,---), k € N
is the sequence of zeros with the number 1 as the k-th component. The length
of a multi-index a € Z is defined as |a| = > 70, o and o! = [[7-; oy!. Let
(2N)° = [T;2, (2k)°"

The basic probability space is (2, F, P) (S"(R), B, P), where S’(R) denotes the
space of tempered distributions, B the Borel sigma-algebra generated by the weak
topology on S'(R) and P denotes the unique probability measure on (S'(R), B)
corresponding to a given characteristic function.

2.1. Chaos expansions on white noise spaces. Suppose that L?(P) =
L?(S"(R), B, P) is the Hilbert space of square integrable functions on S’(R) with
respect to the measure P and let K,, € Z, denote the orthogonal basis of L?(P).

THEOREM 2.1 (Wiener—Ito chaos expansion). Every element F € L?(P) has a

unique representation of the form F(w) = 3 7 caKa(w), ca € R, such that

HF”%z(P) = Z ciHKa”%Z(p) < Q.
a€l
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In [11] we considered two important cases of the measure P: the Gaussian
measure p and the Poissonian measure v. Their fractional versions, for a fixed
Hurst parameter H € (0,1), are obtained using the mapping M = M) : S(R) —
L2(R) N C=(R) defined by Mf(y) = |y|*~H F(y), y € R, f € S(R), which has the
property M ! = M1 ~H) This map extends by linearity and continuity to S'(R),
and thus by setting L?(Py) = L} (Po M~ 1) = {G: Q@ - R; Go M € L*(P)}
one obtains the fractional version of the square integrable random variables on the
white noise space L?(P), i.e., L?(ug) in the fractional Gaussian case and L?(vp)
in the fractional Poissonian case.

The orthogonal basis of the four white noise spaces L?(P) is thus obtained in
the following manner:

TABLE 1.
white noise classical fractional
space Gaussian | Poissonian | Gaussian | Poissonian
measure P o v WH vy
basis K, H, Co, Ha Cao
basis CL fk fk €k €k

where the family of Fourier-Hermite polynomials is defined by
HQ(UJ) = Hhﬂék(<wa€k>)a o 617
k=1

and the family of Fourier—Charlier polynomials is defined by
Coz(w) = C\a|(w7§17 '7517" '7577’7,7" '75777,)7 a = (alu' "7am70707" ) EI,
—_——— —_—————

a1 [e220)

where

Cr(w; 1, 9k)

619 k k
= g o [(oe (14w ) -2 [ i)

Jj=1

)

uy=--=ur=0

for k € N and ¢; € S(R).
In the fractional spaces the bases are given by Ha(w) = [lie; ha, ((w, ex)),
a€Z and
5a(w) =Cla|(wser, ..yl s my.yem), a=(al,...,an,0,0,...)€T,
——— —_———

a1 Qm,
where e; = M~1&;, i € N.

The spaces of generalized random variables are introduced by imposing weights
on the convergence condition in the Wiener—It6 chaos expansion and thus weakening
the L?(P)-norm. For a weight sequence ¢, > 1, a € Z, let (Q)F, = Upeny @F, .,
be the inductive limit of the spaces
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@F, _, = {F = baKa: ||F|\%Q)§lﬁp =3 g’ < oo}, p € No.
acT ael

Two important special cases are given by weights of the form: ¢, = (2N)* and
go = ¢V In these cases we denote the g-weighted spaces by (S), and exp(S)?,
respectively.

We consider generalized stochastic processes of type (I) as linear and continuous
mappings from a topological vector space X into the space of g-weighted generalized
functions (Q)%; i.e., elements of L(X,(Q)F,). If at least one of the spaces X or

(Q)F; is nuclear, then £(X, (Q)F;) & X' ® (Q)F;.

THEOREM 2.2. Let X = (oo Xk be a nuclear space endowed with a family
of seminorms {|| - |lx; k € No} and let X' = Jpey X be its topological dual.
Generalized stochastic processes as elements of X' ® (Q), have a chaos expansion
of the form

(2.1) =Y fo®Ka, fo€X y, acl,
a€el

where k € Ny does not depend on a € Z, and there exists p € Ny such that

(22) lelds@ye, = 3 Mfal24ga® < oo.
a€cl

The expectation of the process u is given by the zeroth order chaos expansion
coefficient E(u) = f,0,0,..)-

In [11] we have constructed two unitary mappings: the mapping U acting
between the Gaussian and Poissonian spaces, and the mapping M acting between a
regular space and its fractional version. The essence of both operators is to establish
a mapping between the orthogonal bases of the corresponding spaces, leaving the
coefficients of the chaos expansion unaffected. Let U : X ® (Q)*; — X ® (Q)”, be
defined by

(2.3) u[zuaeaﬂa}_zua@c*a, U € X, a €7,
o€l o€l

and let M : X @ (Q)"] — X ® (Q)", be defined by

(2.4) M[Zuae@ﬁa]zzva@h{a, vo €X, 0 €T.

acl acT
This resulted in the following commutative diagram:

—1

L2(p) — M L?(un)

UoM ™1
u u
Mol

L?(v) Ve L*(vy)

Diagram 1



CHAOS EXPANSION METHODS FOR SDES 89

Another important operator is obtained by extending M : §’'(R) — §’(R) into
M=M®Id:S'R)2 (Q)F; - SR)®(Q)~F, given by

M< > aat) @ Ka(w)) =Y Man(t) ® Ka(w).
a€l acl
2.2. The Malliavin derivative and the Ornstein—Uhlenbeck operator.
In this subsection P will denote either the Gaussian measure y or the Poissonian
measure v, and Py will denote its corresponding fractional measure pg or vg. The
notation (Q)”; will refer to either (S)”; or exp(S)F,, and (Q)™ to either (S)™%

or exp(S)H.

DEFINITION 2.1. The Malliavin derivative of a process u € Dom(D) of the form
U= perfa®Ka, fa € X, a €T is defined by

Du = Z Zak fa®er @K, _ kv,

acZ keN

where Dom(D) is defined as an appropriate subset of X ® (Q)F; and called the
domain of the Malliavin derivative.

Note that Du is a generalized stochastic process with values in a distribution
space i.e., Du € X ® S'(R) ® (S)F; or Du € X ® exp S’'(R) ® exp(S)F,. In [11] we
gave a characterization of the domain and the codomain in both cases.

DEFINITION 2.2. The Skorokhod integral of a process F' € Dom(¢) of the form
F=3crfa®va®Ka, fo € X, a €T and v, € 5'(R) or v, € expS'(R) respec-
tively, is defined by 0(F) = > c7 D pen Vak fa®@K o q e, Where vg = > ) Vo k ek,
Vo, k € R is the expansion of v, in S'(R) or exp S’(R) respectively.

Note that Dom(d) C X ® §'(R) @ (9)%,, resp. Dom(5) € X ® expS’'(R) @
exp(S)E, and that §(F) € X @ (S)E, resp. §(F) € X ® exp(S)E,. For a detailed
characterization of the domain we refer to [11].

DEFINITION 2.3. The composition R = § oD is called the Ornstein—Uhlenbeck
operator. For u € Dom(D) its action is given by Ru = ) .7 |a|ua ® Ko, but its
action can be extended to a larger set, i.e., Dom(R) D Dom(D) in a general case.

The Hermite i.e., the Charlier polynomials are eigenfunctions of R and the
corresponding eigenvalues are ||, o € Z, i.e., R(Ky) = |o| K.

DEFINITION 2.4. The fractional Malliavin derivative of F' =", fo ® Ko €
X ®(Q)F is defined by DV F =3 5™ o fa ® M ley @ Koy

THEOREM 2.3. Let D and D) denote the Malliavin derivative, respectively the
fractional Malliavin derivative on X ®(Q)¥,. Let D denote the Malliavin derivative
on X ®(Q)_Y. Then,

(2.5) DIF=M"'oDF=MoDoM 'F,
for all F € Dom(D).



90 LEVAJKOVIC AND SELESI

DEFINITION 2.5. Let 6 : X @S (R)®(Q)7; — X®(Q)F; denote the Skorokhod
integral. The fractional Skorokhod integral ) : X ® &'(R)® (Q)F;, - X ® (Q)%,
is defined for every F' € Dom(8) by ) F = § o MF.

For the Ornstein—Uhlenbeck operator we note that its fractional version coin-
cides with the regular one, i.e., RU) = §H) oDH) = §oMoM oD =§oD = R.

For further information on fractional white noise spaces and Malliavin deriva-
tives we refer to the basic literature [1]-[9], [16]-[19], [22], [23].

3. Stochastic differential equations

In this section we investigate the existence of solutions for stochastic differential
equations involving the Malliavin derivative and the Ornstein—Uhlenbeck operator.
The method of Wiener—Itd chaos expansions, used to set all coefficients in the
chaos expansion on the left-hand side of the equation equal to the corresponding
coefficients on the right-hand side of the equation, is a general and useful tool,
also known as the propagator method. With this method we reduce a problem to
an infinite system of deterministic equations. Summing up all coefficients of the
expansion and proving convergence in an appropriate weight space, one obtains the
solution of the initial equation. Other types of equations investigated by the same
method can be found in several papers: [10], [12]-[15], [21], [24]-[26].

All stochastic equations solved in this section can be interpreted, by the use of
the isometric transformations ¢« and M defined in (Z3) and (2.4), in all four white
noise spaces we have considered so far. Also, due to Theorem the Malliavin
derivative and the Skorokhod integral can be interpreted as their fractional counter-
parts in the corresponding fractional white noise space. With this argumentation
we state the equations and solve them in a white noise space of general type.

3.1. Equations with the Malliavin derivative. Denote by r = r(a) =
min{k € N: ay # 0}, for nonzero o € Z. Then the first nonzero component of « is
the rth component «;, i.e., « = (0,0,...,0,ay,...,am,,0,0,...). Denote by .
the multi-index with all components equal to the corresponding components of «,
except the r-th, which is a,, — 1. We call a,) the representative of o and write

(3.1) a=a.m+e", acI |a>0.

For example, the first nonzero component of « = (0,0,2,1,0,5,0,0,...) is its third
component. It follows that r = 3, @, = 2 and the representative of « is o, =
a—e® =(0,0,1,1,0,5,0,0,...).

The set Ko = {8 €Z:a =p+¢eV), forsomej € N}, a € Z, |a| > 0 is
nonempty, because o € K. Moreover, if @ = ne(™, n € N, then Card(K,) = 1
and in all other cases Card(K,,) > 1. For example if « = (0, 1,3,0,0,5,0,...), then
the set K, has three elements

Ko = {a.c = (0,0,3,0,0,5,0,...),(0,1,2,0,0,5,0,...),(0,1,3,0,0,4,0,...)}.
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3.2. A first order equation. Let us consider an equation of the form

{ Du = h, heX@S’(R)@(S)_l.

(32) Fu= ’(Nl,o, ’(NI,O e X

THEOREM 3.1. Leth =3 7> ienhar @ @Ky € XS (R)®(S) -1, with
coefficients hq € X such that
1

1
(3.3) o ha o = o hg,;,

for the representative a oy of « € Z, |a| > 0 and all B € K4, such that o = B+el@),
for i = r, r € N. Then, equation B2)) has a unique solution in X ® (S)_1. The
chaos expansion of the generalized stochastic process, which represents the unique
solution of equation [B2) is given by

- 1
(3.4) u=do+ Y — Do,y r @ Ko
a=a (1) 4elr el @

PROOF. We seek the solution in the form v = Uy + Y aez Ua ® Kq. Thus,

|a|>0
D(ﬂ()‘" Z ua®Ka> = Zzha,k®ek®Ka
acl a€Z keN
|a|>0
Z (Z Oplo @ e;g) @K, ) = Z (Z hak ® %) ® Ko
a€T keN a€Z “keN
|a|>0
Z (Z(ak + Dtgrem ® %) ® Ko = Z (Z hak ® ek) ® Ko
a€Z keN a€Z keN

Due to uniqueness of the Wiener-Itd chaos expansion it follows that, for all

ael
Z(ak + 1)ua+€(k) Qe = Z h/a,k X ek.
keN keN

Due to the uniqueness of the series expansion in §'(R) we obtain a family of deter-
ministic equations

1
(3.5) ua+€(k) =

ap +1

from which we can calculate u,, by induction on the length of a. For a =
(0,0,0,...), the equations in (1) reduce to u.w) = hak, @ € Z, k € N, ie.,

hagk, forall a€eZ, keN,

U(1,0,0,..) = 1(0,0,0,..).1
U(0,1,0....) = 1(0,0,0,...).2
U(0,0,1,0...) = 1(0,0,0,...).3

and we obtain the coefficients u,, for « of length one. Note, u, are obtained in the
terms of hq (T = h,0,0,..)r, 7 € N.
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For |a| = 1 the multi-indices are of the form a = ¢, j € N, so several cases
occur. For j =1, a =M = (1,0,0,...), we have

U2,00,..) = $P(1,00,..),1
U(1,1,0,...) = h(l,o,o,...),z
(3.6) U(1,0,1,0...) = N(1,0,0,...),3
©(1,0,0,1,0...) = N(1,0,0,...),4

Continuing, for j = 2, a = ¢® = (0,1,0,...) the equations in (&3] reduce to

U(1,1,0,0,...) = 10,1,0,0,...).1
_ 1
©(0,2,0,...) = 31(0,1,0,0,...),2
(3.7) U(0,1,1,0...) = 1(0,1,0,0,...),3
U(0,1,0,1,0...) = 0,1,0,0,...),4

and then, for a = e® = (0,0,1,0,...) we obtain

U(1,0,1,0,...) = h(o,o,l,o,...),l

U(0,1,1,0,...) = h(o,o,l,o,...),z
(3.8) U(0,0,2,0...) = %h(o,o,l,o,...),g

%(0,0,1,1,0...) = h(o,o,1,0,...),4

The coefficient u(;1,1,0,0,...) appears in systems (B.6) and (3.7) and thus the addi-
tional condition h(1,0,0,...),2 = h(0,1,0,0,...),1 has to hold in order to have a solvable
system. Also, from expressions for u 1,1,0,...) and ug,1,0,1,...) in (1) and (BJ)
we obtain conditions h(O,l,O,...),B = h(0,0,l,O,...),2 and h(0,0,0,l,O,...),2 = h(O,l,0,0,...)A
respectively, which need to be satisfied, in order to have a unique u,. In the same
manner we obtain all coefficients u,,, for « of the length two, expressed as a function
of ha_,y r-
Let now |a| = 2. Then different combinations for the multi-indices occur:

if we choose o = (1,1,0,0,...) then (B8] transforms into the system

_ 1
U(2,1,00,...) = 31(1,1,00,.)1
_ 1
U(1,2,0,...) = 3M01,1,00,...).2
(3.9) Uw(1,1,1,0...) = 1,1,0,0,...),3
U(1,1,0,1,0...) = P(1,1,0,0,..).4

and if we choose o = (1,0,1,0,0,...), then the equations in (B.5) transform into

_ 1
U(2,0,1,0,...) = §h(1,0,1,0,0,...),1
U1,1,1,0,...) = 1(1,0,1,00,...),2
_ 1
(3.10) ©(1,0,2,0...) = 571(1,0,1,0,0,...),3
U(1,0,1,1,0..) = P(1,0,1,0,0,...).4
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We continue with « = (0,1,1,0,0,...) and a = (2,0,0,...) and obtain the
systems

U(1,1,1,0,...) = h(o,l,l,o,o,...),l

U(0,2,1,0,...) = %h(o,l,l,o,o,...)z
(3.11) U(0,1,2,0...) = %h(o,l,l,0,0,...),S

U0,1,1,1,0...) = h(0,1,1,0,0,...),4

and

U(3,0,0,...) = %h(z,o,o,...),l
U(2,1,0,...) = h(2,0,0,...),2
(3.12) U(2,0,1,0...) = N(2,0,0,...),3
©(2,0,0,1,0...) = N(2,0,0,...),4

respectively. For a = (0,2,0,0,...) the system (B.35) transforms into

U(1,2,0,0,...) = h(o,z,o,o,...),l

U(0,3,0,...) = %h(o,z,o,o,...),z
(3.13) U(0,2,1,0...) = 1(0,2,0,0,...),3
U(0,2,0,1,0...) = h(o,z,o,o,...),4

Combining with the previous results, we obtain u, for |a| = 3. Two different
representations of w2 1,0,0,...) are given in systems ([B.9) and (B.I2), so an addi-
tional condition %h(l,l,0,0,...),l = h(2,0,0,0,...),2 follows. We express U(2,1,0,0,...) =
%h(l,l,0,0,...),l in form of the representative of the multi-index o« = (2,1,0,0,...).
Since the coefficient u(; 20,...) appears both in (3.9) and ([B.13)), we receive another
condition %h(l,l,0,0,... )2 = h’(O,2,O,O,...),17 and express ’(,L(1)270)m) = h(0,2,070,... ),1 by its
representative. From (3.9), (B.I0) and B.IT)) we obtain u(1,1,1,0,...) = P0,1,1,0,0,...),1
and the condition h(l,l,0,0,... ),3 = h(1)071)07... ),2 = h(O,l,l,0,0,... )1+ Then %h’(O,l,l,O,... ),2
= h(0,2,0,...),3 follows from (m and (m), and U(0,2,1,0,...) = %h(o,l,l,O,...)J'

We proceed by the same procedure for all multi-index lengths to obtain .

If the set Ky, a € Z, has at least one more element besides the representative
a( of a, then the condition for the process h is given in the form (B3). We obtain
the coefficients u, of the solution as functions of the representative a(»

1 (r)
Ug = a_rhas““)’r’ for |a| #0, o = a ) +e",

and the form of the solution (34)).
It remains to prove convergence of the solution [B4) in X ® (S)_;1. Let h €
X ®@S5_p(R) ® (S)-1,—p. Then, there exists p > 0 such that

1 Xes_,@es) 1, = 2 2 Iharlk (2k) 77 (2N) 7P < oo,
a€Z keN
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Note that for ug € X we have [[uol|x = [[Uollxe(s)_, _, for all ¢ > 0. Then,
the convergence follows from

~ 1 _ )
lulkes) s = lHolke@s) 1o+ Do o3 a5 (EN) 720 FD

a€Z,|a|>0, T
a=a_(n 4™

<ol X ees) s, + Z [1Pa_iy % (27) 7P (2N) 7P

a:aE(T) +5(7‘)

< aollxaes) s sy T 2 D Iharli (2r)P(2N) 77 < oo,
aceZ reN

where we used the fact that (2N)p5m @2N) P lforallaeZ, reN. O

3.2.1. Special cases. Assume that the process h is expressed as a product h =
c®g,ceS(R)and g€ X ®(5)_1.
THEOREM 3.2. Let c =), ycrer € S'(R) and g = 3 c79a ® Ko € X ®
(S)—1 with coefficients go € X such that
1

1
(314) a_rgas(r) Cr = a_]g/jcja

holds for all B € Ko, 7 = 7, r € N, and their representative o . Then
(3.15) Du=c®g, FEu=uy, ug€X,
has a unique solution in X ® (S)_1 given by
~ 1
3.16 = — Ja r ®Q Ky
(3.16) u = ug + Z o o €r

r
a=a_(r) +e(mMeT

ProoOF. Providing an analogue procedure as in the previous theorem, we re-
duce equation ([BI5) to a family of deterministic equations

(3.17) Ugy o) = gacr, forallaeZ, keN,

ap +1
from which, by induction on ||, we obtain the coefficients u, of the solution w,
as functions of the representative a,. Let o € Z, |a| > 0 be given by B.I]).
Condition ([BI4) implies u, = O% a_(ry Cr- The proof of convergence of the solution
BI6) in X ® (S)-1 follows in the same way as in the previous theorem. O

Especially, if we choose ¢ = ¢;, for fixed ¢ € N, then equation [B.I3) transforms
into
Du=¢;®g, ge€X®(S)

FEu= ’(70, up € X

THEOREM 3.3. Let g € X ® (S)—_1. Then BIR) has a unique solution in

X ® (S)-1 of the form

~ 1
(3.19) u = Uy + Z o In—1)e® @ Kpew,
neN

(3.18)
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if and only if g is of the form
oo o0
(320) 9= Zgns(i) ® Kns(i) = Zgns(i) (I(ei))0n7
n=0 n=0

where I(-) represents the Ité integral.

PROOF. Let u € X ®(S)_1 be a process of the form ([BI9). Then, u € Dom(D)
and from

oo 1 o
Du = Z - I(n—1)e® @ nK(n,l)E(i) R ey = Z Inety @ Ko @ ey,
n=1 n=1

follows that it is a solution to (3IJ).
Conversely, let a process g € X ® (S)_1 be of the form (320). Then, following
the notation of Theorem B2} ¢ = ¢; has the expansion ¢ = Ziozl ck e, where ¢, = 1
for k =4 and ¢, = 0 for k # 4, k € N. The family of equations (BI7) transforms to
the family of deterministic equations
(Ozi + 1) Ugte(® = Jay YGa € X

3.21 7.
(8:21) Ugiotr =0, k=1,23... k#i

If (320) holds, then for fixed i € N, g, = 0, for all a # ne, and from (B2)

similarly as in Theorem the coefficients are obtained by induction on |«|,

1 . — ne()
o In—1)ed, Q@ =NE
UQ—{S, a#ns(z),neN
The chaos expansion of the solution is
u=tp + Z (n—1)e® © Ky = Uo + Z (n—1)e® © (I(ex))*".
nGN nGN

Convergence in X ® (5)_1 can be proven by the same method as in Theorem
Clearly, there exists p € N, such that

lulX o), _, = Itk + Z lg(n—yeo 1 (2N) 777"

n= 1

k(2N PO

n=1

(2N) =" < o, O

= [[ao|%

3.3. An eigenvalue problem. Using the same method as in the previous
cases, in [12] we solved an eigenvalue problem of the form
Du=C ® u, CeS'(R)
(322) { Fu = ’(Nl,o, ’(NI,O e X.
In the special case, for C = ¢;, i € N fixed, we obtained that a unique solution u of
the equation ([B:22) belongs to X ® (S)_1 and is of the form u = tp @ exp{I(e;)}.
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3.4. An equation involving the exponential of the Ornstein—Uhlen-
beck operator. Consider now a stochastic differential equation of the form

(3.23) eRu=nh

)

where e® = Y77 %, ce€Rand h € X®exp(S)_1,—p is a generalized stochastic
process.

THEOREM 3.4. Let h € X ® exp(S)_1,—p, for some p > 0. Then, there exists
q > 0 such that equation [B.23) has a unique generalized solution in X ®exp(S)_1,—4
given by the form

(3.24) u= Z e, ® K, .
ael

PROOF. Assume u € X ®@exp(S)_1,—p is a generalized stochastic process of the
form (1)), satisfying condition (Z2)) with ¢, ? = e PN, Note that the differential
operator e“® satisfies the identity

®  kpk © k| k
cR _ C"RYKq _ c |O[| _ cle|
e Ka_zik! => Ko =cl?lKq, a el
k=0 k=0
Then
(3.25) e Ry = Z ey @ Hyy,  ua € X.
acl
R

For ¢ > 0 the operator e~ is a continuous and bounded mapping from X ®
exp(S)_1,—p into X ® exp(S)—_1,—q, for some ¢ > p + 2c. From el <e@N® qeT
it follows

leullX gexp(s) s _, = D € lluallfe @

acl
< Z e2clal e*P@N)aHuaH%(e*(q*p)(QN)a
aEl
< (Z e2ca|e—(q—p)(2N)“) (Z ||ua||§(e—p(2N)a)
acl ol
< (S ulB sy, <
acl

for ¢ > p+ 2c.
If ¢ < 0, then the operator e® is a continuous and bounded mapping from
X ®exp(S)-1,—p into X ® exp(S)_1,—q, for ¢ > p:

leullX gexp(s) s _, = D € lluallfe @

a€l

< (Z 6_(q_p)(2N)a) ||u||A2X®cxp(S)71,fp < 00
acl
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Let h € X ® exp(S)_1,—p be of the form h =}~ 7 ha ® H, such that h, € X and

(3.26) > llhalk e PV < oo,
acl

We are looking for the solution v of (3.23)) in the form (2.1J), where u, € X are the
coefficients to be determined. We apply ([B.25) to transform equation 23] into
the system of deterministic equations eflluy = hy, a € Z. Thus ue = e <®lh,
and we obtain a unique solution of equation (B:23)) in the form (B24]).

Finally, the convergence of the solution in X ®exp(S)_1,—p, in the case of ¢ > 0,
follows directly from (3.26). But, in the case of ¢ < 0 the solution converges in the
space X ® exp(S)_1,—q, for some ¢ > p — 2¢, i.e.,

_ _ «
”u”§(®exp(5),1,,q — Ze 2clal || py |2 e~ 92N
a€T

< ( )3 e—2c|ae—<q—p><2N>a> ( 3 ||ha||g(e—p<2N>ﬂ)

a€cl acl
< MHhH%{@exp(S),L,p < 00,

where M =37 7 e~ (@ P20 N < o0 for ¢ > p — 2¢. O
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