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ABSTRACT. We introduce a concept called good oscillation. A function is
called good oscillation, if its m-tuple integrals are bounded by functions having
mild orders.

We prove that if the error terms coming from summatory functions of
arithmetical functions are good oscillation, then the Dirichlet series associated
with those arithmetical functions can be continued analytically over the whole
plane.

We also study a sort of converse assertion that if the Dirichlet series are
continued analytically over the whole plane and satisfy a certain additional
assumption, then the error terms coming from the summatory functions of
Dirichlet coefficients are good oscillation.

1. Introduction

Let s = o + it be a complex variable, where o and ¢ are real. Let ((s) be
the Riemann zeta-function which is defined for o > 1 by the absolutely convergent
Dirichlet series

(1.1) ()= .

¢(s) can be continued analytically over the whole s-plane beyond the line o = 1,
and its only singularity is a simple pole at s = 1.

Many proofs of the analytic continuation of {(s) are known (see, for example,
Titchmarsh [6]). Among them, we recall the proof based on the Euler-Maclaurin
summation formula. Applying the partial summation formula to (L.1)), one has

C(s)=s Oozzngwldx:s/oo 2] de, o>1,
1

1 xs+l xs+1 ’
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where [z] is the largest integer not exceeding z. The right-hand side of the above
equation is rewritten as

(1.2) C(s) = — +1+5/100[]_m+2da:

s—1 2 x5t
and (1.2]) gives the analytic continuation of {(s) for ¢ > 0 except for s = 1 because
of the boundedness of [z] — 2 + . Let B,,(z), m € N be the Bernoulli polyno-
mials which are inductively deﬁned from By(z) =z — 5 by keeping the properties

d%B(;trll(ﬁ)_B(x dfo z)dz =0, eg., Bi(z)=x— %, Bo(z) =a? —x + ¢,

and so on (see, for example, Apostol [l p.226] ). Then, applying the integration
by parts to (1.2, one has

(13)  ((s) =

Bni1 _ (8)u % Bulz—[z]) .
m+ 1) M zstM ’

where B, = B,,(0) is the Bernoulh number and (s),, is the function defined by
($)m =s(s+1)---(s+m—1). Since By (x — [z]), M € N, are periodic functions,
By (z — [z]) are all bounded. Hence the integral on the right-hand side of is
analytic on the half-plane o > —M + 1, and, by taking M to oo, {(s) is continued
analytically over the whole s-plane except for s = 1.

Now let us consider the general Dirichlet series F((s) = > 7, afLZ), where a(n),
n € N, are complex numbers. F(s) will be continued analytically over the whole
s-plane except for finite poles by the same argument as above, if the following
assumption is satisfied:

Consider the summatory function of the Dirichlet coefficients, > a(n).

Let J(z) be a certain function concerning with location of poles. Define

the function Eo(z) by Eo(z) = >, <, a(n) — J(z). Then there exists a

sequence of functions {Fy, (z)}59_; such that

%El(ay) = Fy(x), z € (0,00) — N,
A Bryi(z) = En(z), x€(0,00), m>1,
and E,,(x) are all bounded.
To prove the analytic continuation of F'(s) by the same argument as above,

the assumption for the boundedness of E,,(z) may be relaxed. We introduce the
following definition.

DEFINITION 1.1. Let go(x) : (0,00) — C be a function which is continuous on
(0,00) — N, bounded on every finite open interval (0, c), and bounded by O(z*°)
as © — 00, where «q is a nonnegative constant. Let C,,, m € N, be arbitrary
constants, and g, (z; Cy,), m € N, be the functions defined by

(1.4) g2 Cy) = / Ty v+ C1, @ e (0,00),

(1.5) gm(x; Cp) = / gm-1(;Cp—1)dv+ Cp,, 2 € (0,00), m > 2.
0
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Then the function go(z) is called good oscillation, if there exists a nonnegative
sequence {a, }5°_; such that g, (z;Cp,) = O(z*™) as ¢ — oo and m+1—ay, — ©
as m — 00.

By this definition, g1 (z;
m > 2, are differentiable on (

Lg1(z;C1) = go(x), € (0,00) —N,
%ngrl(x;Cerl) =gm(z;Cr), € (0,00), m>=1

C4) is differentiable on (0,00) — N and g, (x; Cp),
0, 00), which satisfy

We notice that the sequence {C,, }5°_; in Deﬁnition is uniquely determined.
We will verify this in Section 2.

The purpose of this paper is to give a condition, for which the analytic contin-
uation of the Dirichlet seires is valid, from a point of view of the concept of good
oscillation.

THEOREM 1.1. Let a(n), n € N, be complex numbers. Assume the following
condition (X):
(X) There exist constants | € NU{0}, Jn, and J such that the function go(z)

defined by
-1
() = al) ~ (3 Jullog)" +7)
n< h=0

is good oscillation, where the empty sum Zlh_:lo in the casel = 0 is defined
to be 0.
Then the following assertion (Y) holds:

(Y) There exists a constant o1 > 1 such that the Dirichlet series

~ a(n)
n=1
is absolutely convergent for o > o1. Moreover, F(s) can be continued
analytically over the whole s-plane beyond the line o = o1, and its only

singularity is a pole of the order | at s = 1.

The following result states that a sort of converse assertion holds under addi-
tional assumptions.

THEOREM 1.2. Assume the condition (Y) in Theorem and the following
conditions (A1), (A2):
(Al) For any nonnegative integer m, there exists a nonnegative constant ¢,
such that F(—m — 1 +it) = O((1 + [t])*™).
(A2) If {cn }SS_, is the sequence above, then limy, oo Cpp/m? =0
Then the assertion (X) in Theorem [1.1] holds.

The functional equation of ((s) and the Phragmén—Lindel6f convexity principle
give the well-known estimate ¢ (0 4it) = O((14]t])27), where the implied constant
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is uniform for s in the vertical strip —M < o < 6 < 0, and hence ¢, can be chosen
as m+1 and lim,, ;o 7%= = 0 holds for every arbitrary small € > 0. The property
lim,;, 00 774 = 0 holds for other L-functions, e.g., Dirichlet L-functions, cusp form
L-functions, and the power moments of those L-functions, because those functions
have functional equations.

Since the Bernoulli polynomials Bys(x — [x]), where M € N, are all bounded,
—Bi(z — [z]) = [2] — = + § is good oscillation. Moreover, Bi(x — [x]) is expressed
as

(1.7) Bl(x—[x]):—zw, v ¢ 7.

Using and , one can prove the functional equation of {(s) [6l, pp.13-15].

This example shows that more properties about go(z) than good oscillation
are required to study analytic continuations with functional equations. On the
other hand, the multiple L-series L;(s), discussed in the last section, can be con-
tinued analytically over the whole s-plane, but any functional equation has not
been obtained. This example may suggest that the concept of good oscillation is
appropriate to study analytic continuations off functional equations.

2. A note on the concept of good oscillation

As is mentioned in Introduction, the sequence {C),}5°_; in Definition is
uniquely determined. Here we prove this.

Let {Cn}°_, and {D,,}2°_; be the sequences of constants, and g¢,,(z;Cy,)
and g, (z; Dy,) be the functions defined by and with the same go(x). If
go(x) is good oscillation, then there exists a nonnegative sequence {a, }5°_; (resp.
{Bm}gnozl) such that gm(IQ Om) = O(zam) (I‘eSp. gm(x; Dm) = O(xﬁm)) as T — o0
and m+ 1 — a,, — oo (resp. m+1— B, — 00) as m — oo. Assume C,,, # D,, for
some m, and let K be the least m such that C,, # D,,. Then, by and ,

9 (7 Di) = gk (¥;Cx ) + Dk — Cr, D — Ck #0,
9rx+1(2; Diy1) = (Dx — Ck)x + gre+1(2;Cr41) + D1 — Ok
= (Dx — Ck)x + gr+1(2;Cx 1) + O(1),
and, form > K + 1,

m—K
gm (2 Dm) = (Dic = Co) =y + (25 Cm) + O™ 57)
xme
= Pr = O) oy + O™+ O™~ 51,

From the assumption m+ 1 — «,;, — oo it follows that «,, < m— K —1 for all large
m. Hence we have

xme

(m — K)!

This shows f3,, > m — K, which contradicts m + 1 — 3,, — oo as m — oc.

gm(2; D) = (Dx — Ck) + O(z™m KN,
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3. Proof of Theorem [1.1]

Let N and Ny be positive integers, f(z) be a CM function defined on the closed
interval [Ny, N3], and a(n), n € N, be complex numbers. Let go(z) : (0,00) — C
be a function defined by

-1
go(z) = Z a(n) — (xz Jy,(log )" + J),

n<e h=0

where | € NU {0}, and Jy, J are constants. For this go(x), let g, (x; Cr), m € N,
be the functions defined by (1.4) and (1.5). Then, by the integration by parts in
the sense of Stieltjes,

S e = [ 5@ i X am)

N1<n<N N n<z
Ny d -1 \ N2
= [ 90 (e i)t 47 ) [ ste) i)
N d -1
= f(z) ( ZJh (log )" +J)dx
Ny
N N2
+Hr@aw], - [ @) do

Repeating the integration by parts, we have

-1

N2
(31 > fn) a(n):/N f(x)czc(xZJh(logx)h+J>d:c

Ny <n< N
M-1

@ a@] |+ Y O @ e )]

m:l
No
+ (1M F () grr—1 (x5 Cry—1)da.
Ny

From now on, we put f(z) = z7° and N; = N in (3.1), and we abbreviate
gm(2; Cr) 10 gm(z). Then

-1

2 e

No
9m Na gM—l(aj)
+z[ W] e [

Now let us assume the condition (X) of Theorem Then there exists a nonnega-
tive sequence {a, }5°_, such that g, (z) = O(z*™) as x — oo and m+1—a,, =
as m — oo. Hence, for s with 0 > maxogm<ar—1{1, @}, we can take Nz to be oo,
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and have
N -1
*1d
(3.2) F(s) =Y aln) _ / = (x 3" Jn(loga)" + J) da
n=1 n N T x h=0
M-—1 e}
gm (N gm—1\T
=Y % o [P e
m=0

Let W,. be a number defined by

Jp+ (h+1DJhgr, if0<h<I—2,
Wiy = .
Jh, ifth=101-1.

Applying
-1

d ( ZJh log x) —|—J> ZWh logx

> (logz)" NN s N #(log N)"—J
I M O e e

i=o M
to (3.2)), we have, for o > maxogmem—1{1, &}, that

J+1 N1=s(]o h—j
O R +2Whh'zhb>%“f>ﬁ1

> QMA(HJ)
_ Z Ns+m (s)M/N e v dx.

The integral on the right-hand side of is analytic on the half-plane o >
1—(M —apr—1), and hence is valid for o0 > 1— (M —apr—1). Since M — a4
tends to oo as M — oo, F(s) can be continued analytically over the whole s-plane
except for s = 1. This completes the proof.

and

REMARK 3.1. In the condition (X) of Theorem we assume existence of
constants [ € N U {0}, Jp,, and J such that the function go(x) defined by

go(x) = a(n)— (x li J(log )" + J)

n<x h=0

is good oscillation. These constants [ € NU{O} Jp, and J are uniquely determined,
i.e., if there exist | € N U {0}, J,, and J such that the function go(z) defined by

-1

() = 3 at) ~ (03 Tntoga)* + )

n<e h=0
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is good oscillation, then [ = lN7 Jp = j;, and J = J. This assertion is equivalent to
that if

L
Go(z) ==z Z Dy(logz)" + D
h=0

is good oscillation, then D; = 0 for all 0 < h < L and D = 0. Here we prove this.
Assume that there exists an h such that Dy, # 0, and let H = max{h | D), # 0}.
Then

Go(x) = Dyz(logx)® 4+ O(x(logz)?~1).

For Go(x), let G, (x), m € N, be the functions defined by (1.4)) and (1.5). Then
xm+1

G (x) =Dy !(logm)H + O(z™  (log x)#~1).

(m+1)
This shows «,, > m + 1, which contradicts that Go(z) is good oscillation. Thus
Dp=0forall 0 < h < Land Go(z) = D. D =0 is similarly proved as above.

REMARK 3.2. In Definition [1.1] we required m+ 1 — a,,, — 00 as m — co. Even
if we replace this with limsup,,, _, . (m+1—a;,) = 0o, Theorem |1.1]still holds, and
Theorem [1.2] holds with the relaxed condition (A2)’ liminf,, s ¢m/m? = 0. By
this replacement, however, the properties described in Section 2 and Remark 3.1
are lost.

4. Proof of Theorem [1.2]

Firstly, we only assume the condition (Y).
Let Ap(x) : (0,00) = C, m € N U {0}, be the function defined by the Riesz
sum of the Dirichlet coefficients a(n) in (1.6):

#anm a(n)(x —n)™, ifzx>1and m > 1,
Ap(z) = X<, aln) —a(z), ifx>1and m=0,
0, if0<ax <1,
where a(x) is the function defined by a(x) = %ﬂj) if z is an integer, and a(z) =0

otherwise. Let SRy, (x) : (0,00) — C, m € N U {0}, be the function defined by

m :L.erm
) im0 = j;1 Resu=—j F(w) ww+1)...(w+m)
Let Ep,(z) : (0,00) = C, m € N U{0}, be the function defined by
(4.2) E,(z) = Ap(z) — SRy ().

Then it is easily verified that

%El(z) = Eo(x), T € (0,00) — N-7
L Bry1(z) = En(z), z€(0,00), m>1.

The function F,,(z) was used in [5] for another purpose.
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The following lemma can be proved similarly to Davenport [2], p.105, Lemma],
and we omit the proof.

LEMMA 4.1. Let ¢ >0 and y > 0. It follows that, for m € N,

1 [etie yv 0, 0<y<1
I.(y) / dw = { X

T2 oo ww 1) (w+m) Ly, oy,
and
c+iT 0, O0<y<l1
Io(y) = lim - Ao U
0 T—oo 271 c—iT W 27 Y
1, y>1
For m € NU{0}, let
1 c+iT yw
Rm 7T — Im — d .
(y,T) (v) 27TZ/HT N I ——
Then, for T > 2m,
. om 1
min { %, 1 +» 1
(4.3) [B(y, T)| < yl {7 Torifoga ) U #
Tm y =1

Now we assume (Y), (A1), and the new condition (B): there exists a nonnegative
A such that a(n) = O(n**¢), where ¢ > 0 is chosen arbitrarily small. Then we have
the following.

LEMMA 4.2. Assume the conditions (Y) in Theorem (A1) in Theorem
and (B) introduced above. Let x > 2 and T > 2. Choose ¢ in R, (y,T)
introduced above as ¢ = o1 + ¢, where o1 and € are the same ones as in (Y) and
(B), respectively. Then

oo 201 +e CL‘1+)‘+E 10g T x)\-i-e
Z a(n)Rm(m/n,T)’ < Tm+1 + Tm+1 Tm :
n=1

Proor. From (4.3) it follows that

(4.4)

Z a(n)Ry(x/n, T)‘
n=1

- g\oite om 1 |a(z)]
< z_:l ()] (5) mln{ﬁ’ Tm+1 log(x/n)| } + Tm ’

n=
n#x

where the second term on the right-hand side only appears in the case that x is an
integer, and this is O(z**¢/T™) by (B).

Divide the sum on the right-hand side of (4.4) into three sums »_;, >, and
>3 accordingly as the range of n, n < %a: orn > %l‘, %.I <n<z,andzr <n< %x,
respectively. By (Y) and (B), Y, is O(zo1F¢/Tm+1).
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To estimate )_,, let x; be the largest integer not greater than xz. The con-
tribution of the term n = z; is O(z**¢/T™) by (B). For the other terms we put
n=ux1—v,0<v<iz togetlog(z/n) >v/zi > v/z. Then, by (B),

Ate x1+)\+5 Ingﬂ 1,)\+€

x la(zy —v)| =
ZQ < Tm+1 Z v + Tm < Tm+1 + Tm :
O<v<iz

To estimate ) 5, let xp be the least integer greater than . The contribution
of the term n = x5 is O(x**¢/T™) by (B). For the other terms we put n = x5 + v,
0<v< iz, toget —log(z/n) >v/(2zs +v) > v/z. Then, by (B),

x a(ze + v x e pltAtelogy A tE
I o la(zg + )| n < gL '
3 Tm+1 v Tm Tm+1 Tm
O<v<iz
Thus we obtain the desired estimate. O

LEMMA 4.3. Assume the conditions (Y) in Theorem|1.1], (A1) in Theorem|1.2
and (B) introduced above. Let x > 2, T > 2, and ¢, be the same one as in (Al).
Then

meralJre xm+1+)\+5 logx $m+)\+€

-1 Cop —M
E,(r) < T + Tl + T + 272 max{T ,log T}
™ em(o1 +€) oite Cm o
+ ——ex (—)/ (mex (— —)) do.
Tt SPT m+j3+o1+e/ ) s b m+g+orte

PROOF. By the residue theorem the function SR,,(z) defined by (4.1)) can be
expressed as

xw+m
(4.5) SRy (x) = le/cF(w)w(erl)...(erm) dw,

where C is the boundary of the rectangle with vertices o1 + ¢ — T, 01 + € + iT,
—-m — % 44T, and —m — % — ¢T" in positive orientation. C consists of four sides Cq,

Cs, C3, C4 taken in this order starting with the right side. For fcl ...dw, we have

by (1.6) and Lemma that

]_ x’w-‘rm [e'e]
4.6) — F dw = Am _em R, ).
(4.6) 2w /61 (w)w(w+1)...(w_|_m) w () —x nz::la(n) (x/n,T)
By (4.5), (4.6), and Lemma we have
1 w—+m
(4.7) Em(z) =—5— F(w x dw

. (
270 Je,cqicy ww+ 1) (w+m)
xm—&-ol—&-a xm—&-l—&-)\—&-e log 2 xm+/\+5
+0 ( 2 :

Tm+1 + Tm+1 Tm
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For [, ...dw, we have by (Al) that
T

pw+m 1 (1 + |y‘)cm
48 F(w dw<fﬁ/ ™
(48) cs ( )w(w+1)"'(w+m) —r (L [yl
< x_% o Tcmim/(cm - m)a %f Cm > M,
log T, if ¢, <M

<z7? max{T°"~™ logT}.

The treatments of [ Cy dw and | Cu dw are similar, and we show the former
case only. By the conditions (Y) and (A1), and by the Phragmén—Lindelof convexity
principle,

—cm(o— o1 —e)))

m+3+o1+e¢
holds uniformly for s with —m — 3 <o < o1 +¢ and [t| > 2. Using ([4.9), we have

(4.9) F(o +it) = O<eXP|t| (

xw—i—m

4.10 F(w dw
0 L e v D w e m)
™ em(o1 +¢€) /"'les Cm o
< ex (—) (Z‘ ex (— —>> dO'.
Tt SPT m+j3+o1+e/ ) s b m+g+orte

Substituting (4.8)) and (4.10]) into (4.7, we obtain the desired estimate. O

In Lemma [4.3[we have assumed the condition (B): a(n) = O(n**¢). This A can
be chosen as A = o1 under the condition (Y). In fact, since >, 7‘{10(11)5' converges,
the terms corresponding to all large n are uniformly bounded by some constant.
Thus we can put A = 0y in Lemma [£.3] and have the following estimate under the

conditions (Y) and (Al):

xm+1+01+e loga; J)m+01+6

(411) E,(z) < a3 max{T“"~"™ logT}

Tm+1 Tm
m Cm(Ul —i—é‘) /01+a Cm, o
T (. N L N (R -
Tm+1 Pr m—i—%—i—al—l—e —m—1 Pr m+%+01+5
m+01+%
Put T'=a em+T in (4.11). Then
T exXpr (— lc—m) > g T > 1,
m+5+o1+e¢

and hence the fourth term on the right-hand side of (4.11)) is estimated as

.Z‘m+gl +e
< Tm+1 ~
The third term on the right-hand side of is estimated as
| 7% cm+1 m—+toq
Lz 2(logT+T" ™) <14+ ——— <1+

Tm+l Tm+1 :
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) m+01+%
Hence, with T' = 7 em+1 |
xm+1+01+5 IOg T mm+01+6
Terl Tm

_'m,+r71+% _ mto1+3
< xm+1+01+28 Py (m+1) + xm+0'1+6 emtl 41

(4.12) Em(z) < +1

mtor+d
< xm+1+01— P m+1'

By (4.12), we have E,,(z) = O(x®™) with

+o1+3
m—l—l—am:—m—i—wm or m+1,
Cm +1
and, under the condition (A2), the right-hand side tends to oo as m — co.
Now we define the function go(z) by go(z) = Eo(x) +a(x). Then go(x) is good
oscillation under the conditions (Y), (Al), and (A2), and has the expression

0 w
go(z) = Z a(n) — Z Resy=—; F(w)%
n<e j=—1
-1 ooz p -1
= Z a(n) — <xz % Z C_ry(—=1)" + F(O)),
n<e h=0 : r=h

where the constants C_(,4.1) come from the Laurant expansion of F(s) at s = 1:

Cc_ C_y

This completes the proof of Theorem [1.2

5. An application of Theorem

Let j be a positive integer. Let s;, 1 = 1,2,..., 7, be complex variables, and x;,
i =1,2,...,7, be Dirichlet characters of the same conductor ¢ > 2. The multiple
L-series is defined by

Z xi(n1) x2(n2) ”.Xj(@j).

Li(s1,...,84 e X4) =
j( 1, 7]|X17 7Xj) nil n;

0<n1<---<n; J
NY,eeny n;EN

If Re(s;) > 1,4 =1,2,...,5 — 1, and Re(s;) > 1, then the series are absolutely
convergent.
When all s; are equal to s, we abbreviate the multiple L-series to L;(s). Then

Li(s) =) %

with

n
5.1) h;(n)= my)...Xi—1(m,;_ (—)
(5.1) hj(n) > x1(ma) .. xj-1(mj—1)x; S
mlmg...m_j_1|n
M1<"'<7le71<m_n

1-mj 1
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The first named author studied the analytic continuation of L;(s) in [3]. As an
application of the analytic continuation, properties of anm hj(n) were studied in
[4].

The function L;(s) can be continued meromorphically over the whole s-plane.
Moreover, if j = 2, x1x2(—1) = 1, and x1, X2 are primitive characters, then
Lo (s) is continued to an entire function. Hence Lo (s) satisfies the condition (Y) in
Theorem|1.2f with [ = 0. The proof of the analytic continuation of Lz (s) is based on
the Euler—-Maclaurin summation formula and much technique. In fact, the following
expression of Ly(s) can be obtained (see [3] for details): for o > 1 — X

9
Lo(s) = = 3 3 xi(an)va(an)

q a1=1as=1
1 M—-1 -Em (alfag)
X (s_lC(Qs —1,a1/q) + mz__:o ﬁ(s)mg@s +m,a1/q)

S e B,
mgo (m1+al/q)s M! /T)’Ll—‘y-alqa? (I+a2/q)S+Md )’

where ((s,a) is the Hurwitz zeta-function and Byy(z) = By (z — [#]). Using this
expression, we have for any nonnegative integer m that

1
Ly(—m — 3+ it) < (1 + [t])*T2m.

Hence Lo(s), where x1x2(—1) = 1 and x1, x2 are primitive characters, satisfies
the conditions (Y), (A1), and (A2) in Theorem [1.2] and consequently, there exists
a constant J such that the function -, ., ha(n) — J is good oscillation. It seems
difficult to give a proof of this directly from (5.1]).
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