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UNKNOTTING NUMBERS OF
ALTERNATING KNOT AND LINK FAMILIES

Slavik Jablan and Ljiljana Radovié

ABSTRACT. After proving a theorem about the general formulae for the signa-
ture of alternating knot and link families, we distinguished all families of knots
obtained from generating alternating knots with at most 10 crossings and al-
ternating links with at most 9 crossings, for which the unknotting (unlinking)
number can be confirmed by using the general formulae for signatures.

1. Introduction

About the Conway notation of knots the reader can consult the seminal paper
by Conway [1], where this notation is introduced, the paper by Caudron [2], and
books [3},[4]. In particular, drawings of all knots up to n = 10 crossings according to
the Conway notation, where every knot is represented by a single diagram, are given
in Appendix C of the book “Knots and links" by Rolfsen [3]. For all computations
we used the program “LinKnot" [4].

The question of unknotting and unlinking numbers, or Gordian numbers is one
of the most difficult in knot theory [6} [7} 8], (9], 10]. General formulae for unknotting
number are known only for some special classes of knots. For example, according
to the famous Milnor conjecture [11] proved by Kronheimer and Mrowka [12], 13],
the unknotting number of a torus knot [p,¢] is u = (p — 1)(g — 1).

Unknotting numbers computed according to the Bernhard—Jablan conjecture
[3, [5] coincide with all unknotting numbers (n < 10) from the book A Survey
of Knot Theory by Kawauchi (Appendix F) [8] and Kawauchi’s table updated
with reference to recent unknotting number results from Table of Knot Invariants
[14], if in all ambiguous cases (2 or 3) we take the number 3. The results ob-
tained by Bernhard—Jablan conjecture (BJ-conjecture) are also confirmed for all
two-component links whose unlinking numbers were computed by Kohn [9, [10].
The complete list of BJ-unknotting numbers for knots with n = 11 and n = 12
crossings computed using the program LinKnot, is included in the Table of Knot
Invariants by Livingston and Cha [14]. The recent results by Owens [15] and
Nakanishi [16] confirmed the unknotting number u = 3 for the knot 935, and the
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unknotting number u = 2 for the knots 10g3, 1097, 10105, 10108, 10109, and 10727
computed according to the BJ-conjecture. Usually, unknotting numbers are con-
firmed for particular knots and links, but they here are for the first time confirmed
for families of knots and links.

In Section 2 we prove a theorem on signature enabling computation of gen-
eral formulae for the signature of alternating knot families given by their Conway
symbols. These general formulae enabled us to recognize the families of knots ob-
tained from alternating generating knots with at most n = 10 crossings for which
unknotting numbers are determined by signatures computed in Section 3.

2. Signature and alternating knot families

DEFINITION 2.1. Let S denote the set of numbers in the unreduced] Con-
way symbol C(L) of a link L. Given C(L) and an arbitrary (nonempty) subset
S = {a1,as,...,a,} of S, the family F5(L) of knots or links derived from L is
constructed by substituting each a; € S, a; # 1 in C(L) by sgn(a)(|a| + n), for
neNT.

For even integers n > 0 this construction preserves the number of components,
i.e., we obtain (sub)families of links with the same number of components. If all
parameters in a Conway symbol of a knot or link are 1,2, or 3, such a link is called
generating.

Murasugi [18] defined signature o of a knot K as the signature of the matrix
Sk —I—SKT, where SKT is the transposed matrix of Sk, and Sk is the Seifert matrix
of the knot K.

For alternating knots, the signature can be computed by using a combinatorial
formula derived by Traczyk [19]. We will use this formula, proved by Przytycki, in
the following form, taken from [20]*Theorem 7.8, Part (2):

THEOREM 2.1. If D is a reduced alternating diagram of an oriented knot, then
op=—5w+5(W-B)=—-5w+ 5 (|Ds:| — [Ds-]),

where w is the writhe of D, W 1is the number of white regions in the checkerboard
coloring of D, which is for alternating minimal diagrams equal to the number of cy-
cles | Dsy| in the state s+, and B is the number of black regions in the checkerboard
coloring of D equal to the number of the cycles |Ds_| in the state s—.

Introducing orientation of a knot, every n-twist (chain of digons) becomes par-
allel or anti-parallel. For signs of crossings and checkerboard coloring we use the
conventions shown in Fig. 1.

LEMMA 2.1. By replacing n-twist (n > 2) by (n + 2)-twist in the Conway
symbol of an alternating knot K, the signature changes by —2 if the replacement
is made in a parallel twist with positive crossings, the signature changes by +2 if
the replacement is made in a parallel twist with negative crossings, and remains
unchanged if the replacement is made in an anti-parallel twist.

1The Conway notation is called unreduced if 1’s denoting elementary tangles in vertices are
not omitted in symbols of polyhedral links.
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FIGURE 1. (a) Positive crossing and negative crossing (b) parallel
positive twist; (c) parallel negative twist; (d) antiparallel positive
twist; (e) antiparallel negative twist.

PROOF. According to the preceding theorem:

(1) by adding a full twist in a parallel positive n-twist the writhe changes by
+2, the number of the white regions W remains unchanged, the number
of black regions B increases by +2, and the signature changes by —2;

(2) by adding a full twist in a parallel negative n-twist the writhe changes by
—2, the number of white regions W increases by 2, the number of black
regions B remains unchanged, and the signature increases by 2;

(3) by adding a full twist in an anti-parallel positive n-twist the writhe changes
by +2, the number of white regions W increases by 2, the number of black
regions B remains unchanged, and the signature remains unchanged;

(4) by adding a full twist in an anti-parallel negative n-twist the writhe
changes by —2, the number of white regions W remains unchanged, the
number of black regions B increases by 2, and the signature remains un-
changed. (I

THEOREM 2.2. The signature ox of an alternating knot K given by its Conway

symbol is
U
OK — ;—2 |:?:| Ci+260,

where the sum is taken over all parallel twists n;, ¢; € {1, —1} is the sign of crossings
belonging to a parallel twist n;, and 2cq is an integer constant which can be computed
from the signature of the generating knot.

The proof of this theorem follows directly from Lemma 2.1, claiming that only
additions of twists in parallel twists in a Conway symbol result in the change of
signature, and that by every such addition, the signature changes by —2c¢;. Notice
that the condition that we are making twist replacements in the standard Conway
symbols, i.e., Conway symbols with the maximal twists, is essential for computation
of general formulae for the signature of alternating knot families.
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FIGURE 2. Knot family (2p1 + 1) (2p2), (2ps3) (2p4), 2ps + 1)1,
(2ps + 1) beginning with knot 32,22,31, 3.
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FiGURE 3. Knot family (2p1 + 1) : (2p2) : (2p3) beginning with
knot 3:2: 2.

EXAMPLE 2.1. For the family of Montesinos knots with the Conway symbol of
the form (2p1 + 1) (2p2), (2p3) (2p4), (2p5 + 1) 1, (2ps + 1) (Fig. 2), beginning with
the generating knot 32,22,3 1, 3, the parallel twists with negative signs are 2p» and
2pe + 1, the parallel twist with positive signs is 2ps + 1, and the remaining twists
are anti-parallel. Hence, the signature is ¢ = —2ps + 2p5 — 2pg + 2¢. Since the
writhe of the generating knot G = 32,22,31,3 is w = —4 and its checkerboard
coloring has W = 9 white and B = 9 black regions, its signature is 2. Evaluating
the formula o = 2ps — 2p52ps + 2¢g for o =, po = 1, p5s = 1, and pg = 1, we
obtain ¢g = 0. Hence, the general formula for the signature of knots belonging to
the family (2p1 + 1) (2p2), (2p3) (2pa), (2p5 + 1) 1, (2pe + 1) is 2p2 — 2ps5 + 2pe.

EXAMPLE 2.2. For the family of polyhedral knots with the Conway symbol of
the form (2p; + 1) : (2p2) : (2p3) (p1 = 1, p2 > 1, p3 > 1), beginning with the
knot 3:2: 2 (Fig. 3), all twists are parallel twists with positive crossings, and the
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FIGURE 4. Pretzel knot py,p2, ..., Pn-
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FIGURE 5. (a) Knot t1,...t, +¢; (b) knot (t1,...,tm) (¢1,...,t).

formula for the signature is —2p; — 2py — 2p3 — 2, i.e., ¢ = 2. The constant ¢ is
computed from the signature of the generating knot 3 : 2 : 2 which is equal to —4.

EXAMPLE 2.3. Let us consider pretzel knots and links (Fig. 4) given by a
Conway symbol p1,...,p, (n = 3). We obtain knots if all p; (i = 1,...,n) are
odd and n is an odd number, or if one twist is even, and all the others are odd.
If all twists are odd and n is an odd number, all twists are anti-parallel, and the
signature is o = n — 1 for every such knot. If n = 3, for the pretzel knots of the
form (2p1+1), (2p2+1), (2¢q), the twists 2p; +1 and 2ps+1 are parallel with positive
crossings, the twist 2q is antiparallel, and the signature is ox = 2p; + 2p»2. For
n = 4, for the pretzel knots consisting of an even number of odd twists and one even
twist, 2p1 + 1, ..., 2por + 1, 2q, all odd twists are parallel with positive crossings,
the even twist 2¢ is anti-parallel, and the signature is o = 2p1 +2p2+- - -+ 2p2k+1-
For n > 4, for pretzel knots consisting of an odd number of odd twists and one even
twist, 2p1 +1, ..., 2par4+1+1, 2¢, all twists are parallel with positive crossings, and
the signature is ox = 2p; + 2p2 + - - - + 2p2r+1 + 2q. Hence, for this class of pretzel
knots we simply conclude that their unknotting number is given by the formula
Ug =p1+p2+--+pay1 + ¢
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EXAMPLE 2.4. Let us consider knots of the form ¢1,...t, +t (n > 3), where
t; and t are twists (Fig. 5a). If the twists of an odd length are denoted by p, and
twists of an even length by ¢, we have six possible cases:

(1) if the tangle ¢4, ..., t, consists of 2k odd twists p1, ..., pak, and the tangle
t is an odd twist p, the signature is given by the formula 2k + 2[%}

(2) if the tangle ¢1,...,t, consists of 2k + 1 odd twists p1,...,pax, and the
tangle ¢ is an even twist ¢, the signature is given by the formula 2k + ¢

(3) if the tangle t1,...,t, consists of 2k + 1 odd twists p1,...,pox+1 and an
even twist ¢1, and the tangle ¢ is an odd twist p, the signature is given by
the formula Zfﬁ{l 2[ 5]

(4) if the tangle t1,...,t, consists of 2k + 1 odd twists p1,...,pox+1 and an
even twist g1, and the tangle ¢ is an even twist ¢, the signature is given
by the formula Efﬂrl 2[2] + ¢

(5) if the tangle t1,...,t, consists of 2k odd twists p1,...,per and an even
twist g1, and the tangle ¢ is an odd twist p, the signature is given by the
formula Efil 2[B] + ¢

(6) if the tangle t1,...,t, consists of 2k odd twists p1,...,per and an even
twist g1, and the tangle ¢ is an even twist g, the signature is given by the

formula Efil 2[&].

EXAMPLE 2.5. As a more complex example, we provide general formulae for
the signature of knots of the type (t1,...,tm) (¢],...,tn) (m = 2, n > 2), where
twists are denoted by ¢; or t; (Fig. 5b). If the twists of an odd length are denoted
by p, and twists of an even length by ¢, we have seven possible cases:

(1) if the first tangle t1,...,t,, consists of 2k odd twists p1,...,pax, and the
second tangle t|,...,t consists of 2r + 1 odd twists p},...,p5, 1, the

r n

signature is given by the formula

2r4+1 p,
2[—1} 2%
2250

(2) if the first tangle ¢1,...,t,, consists of 2k odd twists p1, ..., pax, and the
second tangle t/, ..., ¢! consists of 2r odd twists pf, ..., pj,, the signature
is given by the formula

/
Di D;
> 23] - 23]
i=1 =1
(3) if the first tangle t1,...,t,, consists of 2k odd twists p1, ..., par and one
even twist ¢1, and the second tangle ¢}, ...t/ consists of 2r+1 odd twists
Phs- .-, Py, the signature is given by the formula
2k

S 2 [%] faq+2r
=1
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(4) if the first tangle tq, ..., t,, consists of 2k+ 1 odd twists p1, ..., par4+1 and

one even twist g1, and the second tangle ¢/, ...t/ consists of 2r + 1 odd
twists pi,...,ph,., 1, the signature is given by the formula

2k+1 D

2 [—} 2
Z 5 + 2r
=1
(5) if the first tangle ¢1,...,t,, consists of 2k odd twists p1, ..., par and one

even twist ¢, and the second tangle ¢}, ... ¢, consists of 2r odd twists
Pl ..., ph. and one even twist ¢}, the signature is given by the formula

>a[%] - 2[4]

1=

(6) if the first tangle t1,...,t,, consists of 2k odd twists p1, ..., par and one

even twist ¢1, and the second tangle ¢}, ...t/ consists of 2r+1 odd twists
Phs- .-, Py and one even twist ¢;, the signature is given by the formula
2k D 2r+1 y
) 1 /
>23] -3 23] -
i= =1
(7) if the first tangle ¢q, ..., t,, consists of 2k+ 1 odd twists p1, ..., pog+1 and
one even twist g1, and the second tangle ¢}, ...,t/ consists of 2r + 1 odd
twists p,...,p5,, and one even twist ¢}, the signature is given by the
formula
2k+1 D 2r+1 y
K3 7 /
2 2|5] - 22[5] g
i= i=

3. Unknotting numbers of knot families

Murasugi [18] proved the lower bound for the unknotting number of knots,
u(K) > %|ok/|. Using this criterion, for many (sub)families of knots we can confirm
that their BJ-unknotting numbers, i.e., unknotting numbers computed according
to the Bernhard—Jablan Conjecture [4}, [5] represent the actual unknotting numbers
of these (sub)families. In the following tables are given the lists of (sub)families
with this property obtained from alternating knots with at most n = 10 crossings
and alternating links with at most n = 9 crossings, where in the first column
the first knot or link belonging to the family is given, in the second its Conway
symbol, in the third the general Conway symbol, in the fourth the general formula
for the signature, in the fifth the unknotting (unlinking) number confirmed by the
signature, and in the sixth the conditions for this unknotting (unlinking) numberfd.

2Conditions for unknotting numbers are determined from the experimental results obtained
for knots and links up to n = 20 crossings.



94

JABLAN AND RADOVIC

K Con Fam o u Cond
31 3 (2p1 +1) 2p1 p1
41 22 (21)1) (2]72) 0
52 32 (2p1 +1) (2p2) 2p2 P2
62| 312 (2p1 +1)1(2p2) 2p1 P1 P1 = p2
63| 2112 (2p1) 11(2p2) 2p1 — 2p2 [p1 — p2| P1 # p2
T4 313 (2p1 + 1)1 (2p2 + 1) 2
75| 322 (2p1 +1) (2p2) (2p3) 2p1 + 2p3 p1 + p3
Te | 2212 (2p1) (2p2) 1 (2ps3) 2p3 P3 p2 < P3
77121112 (2p1) 111 (2p2) 0
85| 3,3,2 [(2p1 +1),(2p2 +1),(2ps3) 2p1 + 2p2 P1+p2  |[p1 > ps or pa = p3
8 | 332 [(2p1+1)(2p2 +1)(2p3) 2p1
8s| 2312 (2p1) 2p2 +1)1(2p3) 2p1 — 2p3 P3 — p1 P3 —p1 > p2
8 | 3113 (2pr +D11(2p2 +1) 2p1 — 2p2 [p1 — p2| P1 # p2
810[3,21,2 | (2p1 +1),(2p2)1,(2p3) [ 2p1 — 2p2 + 2p3 [p1 —p2 +p3 p3 > p2
811| 3212 (2p1 + 1) 2p2) 1 (2p3) 2p2 P2 p2 = p3
812] 2222 (2p1) (2p2) (2p3) (2pa) 0
81331112 (2p1 +1)111(2p2) 2po — 2 pa — 1 p2 — 1 > p1
81422112 (2p1) (2p2) 11 (2p3) 2p1 P1 p2 < p3
815[21,21,2] (2p1) 1, (2p2) 1, (2p3) 2p1 + 2p2 P1 + p2
816 .2.20 .(2p1).(2p2)0 2p1 + 2p2 — 2 p1+p2—1
817 2.2 -(2p1).(2p2) 2p1 — 2p2 [p1 — p2] p1=1,p2>1
orpx=1,p1 >1
K Con Fam o u Cond
910 333 (2p1 +1)(2p2 +1) (2p3 + 1) 2p2 + 2
913 3213 (2p1) (2p2) 1 (2ps + 1) 2p1 + 2
915] 2322 (2p1) 2p2 + 1) (2p3) (2p4) 2p1
916] 3,3,2+ (2p1 + 1), (2p2 + 1), (2p3)+ [2p1 + 2p2 + 2p3|p1 + p2 + p3
917] 21312 (2p1) 1 (2p2 4+ 1) 1 (2p3) —2p> P2 p1 +p3 < p2
918] 3222 (2p1 +1) (2p2) (2p3) (2pa) 2p2 + 2p4 P2 + pa
919] 23112 (2p1) 2p2 +1)11(2p3) 0
920| 31212 (2p1 + 1)1 (2p2) 1(2p3) 2p1 + 2p3 P1 + p3 P1+p3 > p2
921 31122 (2p1 +1)11(2p2) (2p3) 2
922 211,3,2 (2p1) 11, (2p2 + 1), (2p3) —2p2 D2 p1+p3 — 1< p2
923| 22122 (2p1) (2p2) 1 (2p3) (2p4) 2p1 + 2p4 P1 + pa
924| 21,3,2+ (2p1) 1, (2p2 + 1), (2p3)+ 2p1 — 2pa
925] 22,21,2 (2p1) (2p2), (2ps) 1, (2p4) —2p3
996 311112 (2p1+1)1111(2p2) 2p1 P1
927] 212112 (2p1) 1 (2p2) 11 (2p3) 2p3 — 2p2 P3 — P2 p2 < p3
928] 21,21, 2+ (2p1) 1, (2p2) 1, (2p3)+ 2p1 + 2p2 — 2p3|p1 + p2 — p3|p3 < p1 or p3 < p2
929] .2.20.2 -(2p1)-(2p2) 0.(2p3) —2p2
930] 211,21,2 (2p1) 11, (2p2) 1, (2p3) 2p2 — 2p3 p3 — D2 P1+p2 < p3
93112111112 (2p1)11111(2p2) 2p1 —2p2 — 2 [ p1 +p2 — 1 p1+p2 > 2
932 .21.20 .(2p1)1.(2p2)0 2p2
933 .21.2 .(2p1) 1.(2p2) —2po + 2 pa — 1 p2 —p1 = 2
9s4] 8720 85(2p1) 0 0
935 3,3,3 (2p1 +1),(2p2+1),(2p3s + 1) 2
936] 22,3,2 (2p1) (2p2), (2p3) 1, (2p4) 2p3 + 2pa P3 + pa p2 < pa
937 21,21,3 (2p1) 1, (2p2) 1, (2ps + 1) 0
938 2.2.2 .(2p1).(2p2).(2p3) 2p2 +2
939 2:2:20 (2p1) : (2p2) : (2p3) 0 2
941/20:20:20] (2p1)0: (2p2)0: (2p3)0 0




K Con Fam o u Cond
1022] 3313 Cpr +1)(Cp2+1)1(2p1 +1) 2p1 — 2p3 P3s — p1 P3 —Pp1 > p2
1023 33112 (2p1 + 1) (2p2 +1)11,(2p3) [ 2p2 —2p3+2 [ p2 —ps+1 P3 < P2
1024 3232 (2p1 + 1) (2p2) (2p3 + 1) (2p4) 2pa
1025 32212 (2p1 +1) (2p2) (2p3) 1 (2pa) 2p1 + 2p3 1+ p3 pa < p3
1026 32113 (2p1 +1)(2p2)11(2ps + 1) 2p2 — 2p3 [p2 —p3]  [p3s —p2 > p1 or p2 > p3
1027 321112 (2p1 +1) (2p2) 111(2p3) 2p1 —2p3 +2 | [p1 — p3 + 1] p3 < p1,p2 = 2

or pgs —p1 >p2+1
1028 31312 (2p1 +1)1(2p2 +1) 1 (2p3) —2p3 +2 p3 — 1 p1+p2+1<ps
1029 31222 (2p1 + 1)1 (2p2) (2p3) (2pa) 2p1
T030] 312112 (p1 T D1 (2p2) 11 (2p3) 2
T0s1] 31132 | (2pi + 1) 11(2p2 + 1) (2p3) “2ps 12
1032 311122 (2p1 +1)111(2p2) (2p3) 2p1 — 2ps3 [p1 — p3] p1 > p2 +p3
or p2 =2,p3 > p1
T0s3] 311113 2pr +DI1111(2p2 + 1) 0
1037 2332 (2p1) (2p2 + 1) 2p3 + 1) (2pa) 2p1 — 2pa
1038 23122 (2p1) (2p2 + 1) 1 (2ps) (2p4) —2py
1039 22312 (2p1) (2p2) (2p3 + 1) 1 (2p4) 2p1 + 2ps p1 + p3 p1+p2 +p3s < pa
T040] 222112 2p1) (2p2) (Zpa) 11 (2pa) 201 + 23 — 2pa||p1 + ps — pa] pa < D3
or ps > p1 +p2+p3

1041] 221212 (2p1) (2p2) 1 (2p3) 1 (2p4) 2p3 p3 p2 + pa < p3
104 2211112 (2p1) (2p2) 1111 (2ps) “ops 12
T045] 212212 p1) 1 (2p2) (2p3) 1 (2p4) 21 — 2pa
1044 2121112 (2p1) 1 (2p2) 111 (2p3) 2p1 D1 p2+p3s <p1+1
1045(21111112 (2p1) 111111 (2p2) 0
1050] 32,3,2 [(2p1 +1) (2p2), (2ps + 1), (2pa) 2p2 + 2p3 p2 +p3 pa < p2
1051 32,21,2 (2p1 + 1) (2p2), (2p3) 1, (2pa) [2p2 + 2pa — 2p3
1052 311,3,2 [ (2p1 +1)11,(2p2 +1),(2p3) [—2p2 —2p3 +2]| p2 +p3 — 1 p3s —p1 =2
1053 311,21,2 (2p1 +1)11,(2p2) 1, (2p3) 2p2 +2
1054 23,3,2 [(2p1) (2p2 +1), (2p3 + 1), (2p4)|2p1 — 2p3 — 2p4| p3 + pa — p1 P4 > p1 + p2
1055 23,21,2 [ (2p1) (2p2 + 1), (2p3) 1, (2pa) 2p1 + 2ps p1 + p3
10s56] 221,3,2 [ (2p1) 2p2)1,(2p3 + 1), (2p4) 2p1 + 2p3 p1 + p3 P4 < P1+ P2
1057]221,21,2 ] (2p1) (2p2)1, (2p3) 1, (2pa) [2p1 +2pa — 2p3| p1 +pa — ps p3 < pa
T055]211,211,2  (2p1) 11, (2p2) 11, (2p3) 0
1059[ 22,211,2 (2p1) (2p2), (2p3) 11, (2p4) 2p4 P4 p2 +p3 — 1< pa
T060]211,211,2]  (2p1) 11, 2p2) 11, (2ps) 0
1064] 31,3,3 [(2p1 +1)1,(2p2 +1),(2p3 +1)[2p1 — 2p2 — 2p3| p2 + p3 — p1 max(pz, p3) > p1

SHI'TINVA MNIT ANV LONM ONILVNYHLTV A0 SHHIINNAN DNLLLONMNN
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K Con Fam o u Cond
065 31,3,21 2p: + D1, @p2 T 1), @2p3) 1 2p2 — 2p3 T 2
1066 31,21,21 (2p1 +1)1,(2p2) 1, (2p3) 1 2p1 + 2p2 + 2p3 p1 + p2 + p3
1068 211,3,3 (2p1)11,(2p2 +1),(2p3 +1) 2p; — 2
1067 22,3,21 (2p1) (2p2), (2p3 + 1), (2pa) 1 2p1
1069 211,21,21 (2p1) 11, (2p2) 1, (2p3) 1 2p1
1079 22,3,2+ (2p1) (2p2), 2p3 + 1), 2pa)+ 2ps3
1071 22,21,2+ (2p1) (2p2), (2p3) 1, (2pa)+ 2ps — 2p3
1072 211,3,2+ (2p1) 11, (2p2 +1), (2p3)+ —2p> — 2ps P2 +p3 p1—1<p2+ps
1073 211,21,2+ (2p1)11,(2p2) 1, (2p3)+ 2p2 D2 p3 =
1074 3,3,21+ (2p1 +1), 2p2 + 1), (2p3) 1+ 2
1075 21,211,214+ (2p1) 1, (2p2) 1, (2p3) 1+ 0
1076 3,3,242 (2p1 +1), (2p2 + 1), (2p3) + (2p4) 2p1 + 2p2
1077 3,21,2+2 (2p1 +1), (2p2) 1, (2p3) + (2p4) 2p1 + 2p3 — 2p2
1078 21,21,2+2 (2p1) 1, 2p2) 1, (2p3) + (2p4) 2p1 + 2p2 p1 + p2 P4 < P1+ P2
1079 (3,2) (3,2) ((2p1 +1), (2p2)) ((@ps + 1), (2p4)) | 2p1 + 2p2 — 2p3 — 2p4
10s0 | (3,2)(21,2) ((2p1 + 1), (2p2)) ((2ps) 1, (2p4)) 2p1 + 2p> + 2ps3 p1+p2 +ps3
10s1 [ (21,2)(21,2) ((2p1) 1, (2p2)) ((@ps3) 1, (2p4)) 2p1 — 2p3
10s3 31.2 .(2p1 + 1) 1.(2p2) —2pa + 2 p2 — 1 p2 > p1 + 1
1084 22.2 -(2p1) (2p2).(2p3) 2p1 + 2ps p1+ p3 p2 =1orps >2
10s6 .31.20 .(2p1 +1)1.(2p2)0 2pa
1087 .22.20 .(2p1) (2p2).(2p3) 0 2p1 — 2p3
T0ss 2121 (2p1) L.(2p2) 1 0
T0so 21210 (2p1) 1.(2p2) 10 2
1090 3.2.2 -(2p1 +1).(2p2)-(2p3) 2p2 — 2p3 P3 — P2 p3 > p1+ p2
1093 .3.2.20 .(2p1 +1).(2p2).(2p3) 0 2p1 —2p2 —2p3 +2 | p2+p3—p1—1 p1 < p3,p2 > 1
1092 .21.2.20 .(2p1) 1.(2p2).(2p3) 0 2p1 + 2p2 p1 + p2 p3 — 1< p1
1093 .3.20.2 -(2p1 +1).(2p2) 0.(2p3) —2p> — 2p3 p2 + p3 p1 < p2o0rpz >p1+1
1094 -30.2.2 -(2p1 +1) 0.(2p2).(2p3) 2p1 + 2p2 — 2p3 p1+Pp2 —p3 p1 —p3 = 1lorps—p3>1
1095 .210.2.2 (2p1)10.(2p2).(2p3) 2p1 — 2pa — 2 p2 —p1 + 1 p1 =p3 =1
1096 .2.21.2 .(2p1).(2p2) 1.(2p3) 0
1007 22102 (2p1).(2p2) 10.(2p3) 2
1098 .2.2.2.20 -(2p1)-(2p2)-(2p3).(2p4) O 2p1 + 2ps3 1+ p3 pa < p1or pa < p3
1099 .2.2.20.20 .(2p1).(2p2).(2p3) 0.(2p4) 0 2p1 + 2ps — 2p2 — 2p3
10100 3:2:2 (2p1 +1) : (2p2) : (2p3) 2p1 +2p2 +2p3 —2 [ p1 +p2 +p3—1 p2 > 1orpz >1
10101 21:2:2 (2p1)1: (2p2) : (2p3) 2p1 + 2
10102 3:2:20 (2p1 +1): (2p2) : 2p—3)0 2p3 — 2p2 P2 — p3 p3 =1,p2 —p1 > 1
10103 30:2:2 (2p1 +1)0: (2p2) : (2p3) 2p2 + 2p3 — 2
10104 3:20:20 (2p1+1):(2p2)0:(2p3)0 2p1 — 2p2 — 2p3 + 2 p1—p2 —p3+1 p1 > p2,p3 =1

or p; > p3,p2 =1
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K Con Fam o u Cond
10105 21:20:20 (2p1)1 H (2p2)0: (2p3)0 2p1 P1 P1 >p2 +p3
10106 30:2:20 (2p1 +1)0: (2p2) : (2p3) 0 2p1 + 2p3 — 2p2 p1 + p3 — p2 p2+ 1< p1
10107 [ 210:2:20 (2p1)10: (2p2) : (2p3)0 2p; — 2
10108 | 30:20:20 | (2p1 +1)0: (2p2)0: (2p3) 0 —2py —2p3 +2 p2+ps —1 p2 > p1+2o0rps >p1+2
10109 2.2.2.2 (2p1)-(2p2).(2p3).(2p4) 2p1 +2p3s —2p2 —2ps | p1 +P3 —p2 —pa P1 Z P2 + pa
10110 2.2.2.20 (2p1).(2p2).(2p3).(2p4) 0 —2p4 P4 P4 = p1+ p3
10111 2.2.20.2 (2p1).(2p2).(2p3) 0.(2pa) 2p2 + 2p3 p2 + p3 P2 +Pp3 = pa = p1
10112 8%3 8" (2p1 + 1) 2p1 p1 p1 > 2
10113 8*2 1 8* (2p1) 1 2p1 P1 P1 > 2
10114 8¥30 8*(2]71 +1)O 0
10115 8%20.20 87 (2p1)0.(2p2) 0 0
10116 8"2:2 8% (2p1) : (2p2) 2p1 + 2p2 — 2 p1tp2—1 p1 = 2o0rpy =2
10117 872:20 8% (2p1) : (2p2)0 2pa
1011s 8¥2: .2 8%(2p1) : -(2p2) 0 2p1 — 2p2 [p1 — p2| p1L > 2,p2 =1

p2 = 2,p1 =1or|p1 —p2| =2
10119 8%2:.20 8*(2[)1) : .(2p2)0 —2p2 +2 p2 —1 p2 —p1 =2
10120 8%20:: 20 8" (2p1) 0 :: (2p2)0 4
10121 9*20 9 (2]71)0 2
10122 9*.20 9*.(2[)1)0 0
In the following table we provide the same results for link families
obtained from generating links with at most n = 9 crossings.

K Con Fam o u Cond

27 2 (2p1) —2p1 +1 P1

57 212 (2p1) 1 (2p2) —2p1 +1 p1 p1 > p2

65 33 (2p1 +1) (2p2 +1) —2p; — 1

63 222 (2p1) (2p2) (2p3) —2p1 —2p3 +1 p1+ps3

75 3112 (2p1 + 1) 11(2p2) —2p1 + 2p2 [p1 — p2|

73 232 (2p1) (2p2 + 1) (2p3) —2py + 1

7 3,2,2 (2p1 +1), (2p2), (2p3) —2p1 —2p3 +1 P1+p3 p2 =1

e [ 21,22 (2p1)1,(2p2), (2ps) | 2p2 +2p3 —2p1 + 1

7e .2 .(2p1) —2p; + 1

87 323 (2p1 + 1) (2p2) (2p3 + 1) —2p; — 2p3 — 1

82 3122 (2p1 + 1) 1 (2p2) (2p3) —2p1 — 1

87 21212 (2p1) 1 (2p2) 1 (2p3) —2p1 —2p3 +1 P1+p3 p1 +Dp3 = p2

85 | 22,2,2 [ (2p1) (2p2), (2p3), (2pa) —2p3 —2ps +1

8{0 211,2,2 (2p1) 11, (2p2), (2p3) 2p3 — 1 3 pr=p2 =1

8T, [ 3.2,2+ [ (@ps+1),(2p2), pa)+ —2py + 1

87, | 21,2,2+ (2p1) 1, (2p2), (2p3)+ —2p1 +2p2 — 1 p1—p2+1 p2 =1
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K Con Fam o u Cond

874 21 .(2p1) 1 -1

874 2:2 -(2p1) : (2p2) 1

9% 3312 (2p1 +1) (2p2 +1) 1 (2p3) —2p1 +2p3 — 1 P3 — P1 P3 > p1 +p2
92 32112 (2p1 + 1) (2p2) 11 (2p3) —2p1 +1 p1+1 p2 =1,p3 <p1+2
92 3132 (2p1 +1)1 (2p2 + 1) (2p3) —2p1 +2p3 — 1 p1—1 P12 p2 +p3
925, 31113 2P —1+1)111(2p2 + 1) —2p1 + 1 p1 p1 —p2 > 1

9 22212 (2p1) (2p2) (2p3) 1 (2p4) —2p1 —2p3 + 1 p1 + p3 p3 > pa
97, 221112 (2p1) (2p2) 111 (2p3) —2p1 +2p3 — 1 P3 — P1 p3 > p1 + p2
. p1—p3+1 p2=1,p1 > p3
975 32,2,2 (2p1 + 1) (2p2), (2p3), (2p4) —2p2 —2pg +1

97 | 311,22 (2p1 + D11, (2p2), (2p3) 2ps + 2p3 — 3

917 23,2,2 (2p1) (2p2) 1, (2p3), (2p4) —2ps + 2p3 +2pg — 1

974 221,2,2 (2p1) (2p2) 1, (2p3), (2p4) —2p1 —2pg +1 p1+ pa p3 =1

95, 31,3,2 (2p1 + 1)1, (2p2 + 1), (2p3) —2p1 + 2p2 +2p3 — 1 p2 +p3 —p1 P3 > p1
95, 31,21,2 (2p1 + 1) 1, (2p2) 1, (2p3) —2p; — 2py — 1

953 3,3,21 (2p1 + 1), (2p2 + 1) (2p3) 1 —2p1 —2p2 +2p3 — 1 p1+p2—p3+1 | p1 >p3orps>p3
954 21,21,21 (2p1)1,(2p2) 1, (2p3) 1 —2p1 —2p2 —2p3 — 1 P1+p2 +p3

95= 22,2,2+ (2p1) (2p2), (2p3), (2p4)+ —2pay +1

924 211,2,2+ (2p1) 11, (2p2), (2p3)+ —1

95, 3,2,2+2 (2p1 +1), (2p2), (2p3) + (2p4) —2p1 —2p3 +1

95 | 21,2,2,2 +2 (2p1) 1, (2p2), (2p3) + (2p4) —2p1 + 2p2 +2p3 — 1

99 | (3,2)(2,2) [ (2p1 +1), (2p2)) ((2p3), (2p4)) | 2p1 +2p2 — 2p3 —2pa — 1

9%, | 21,2)(2,2) ((2p1) 1, (2p2)) ((2p3), (2p4)) —2p1 — 2p3 — 2pyg +1 p1 +p3 +pa

935 31 .(2p1 +1)1 —1

93, 22 -(2p1) (2p2) —2p; + 1

93, 3.2 .(2p1 +1).(2p2) —2p1 +2p — 1 p1 p1 > 1,pa =1
93 .3.20 (2p1 +1).(2p2) 0 —2p1 — 2pg + 1 p1 + p2

936 3:2 .(2p1 + 1) : (2p2) —2p1 +2pg — 1 p1 —p2 + 1 p1 >1,pa=1
9%, 3:20 .(2p1 + 1) : (2p2) 0 —2p1 +2p2 — 1

EH 21:20 .(2p1) 1: (2p2) 0 —2p; + 3

939 .2.2.20 -(2p1).(2p2).(2p3) 0 —2p1 + 2p2 +2p3 — 1 p2 +p3 —p1 p3 > p1
970 2:2:2 (2p1) : (2p2) : (2p3) —2p1 — 2p2 — 2p3 +3

97, 2:20:20 (2p1) : (2p2) : (2p3) 0 —2p1 + 2p2 +2p3 — 1 p2 +p3 —p1 p2 > p1 or p3 > pi
9% 8%2 8" (2p1) —2p1 +1 P1 pL > 2

67 2,2,2 (2p1), (2p2), (2p3) —2p1 + 2p3 — 2p3

75 2,2, 2+ (2p1), (2p2), (2p3)+ —2p1 +2

83 31,22 (2p1 + 1)1, (2p2), (2p3) —2p1 + 2p2 +2p3 — 2

83 2,2,2+2 (2p1), (2p2), (2p3) + (2p4) —2p1 — 2p3 +2

85 (2,2)(2,2) ((2p1), (2p2)) ((2p3), (2p4)) —2p1 — 2p2 + 2p3 + 2pg

B .3 -(2p1 +1) —2p;

8g 2:20 -(2p1) : (2p2)0 —2p1 + 2p2

97 212,2,2 (2p1) 1 (2p2), (2p3), (2p4) —2p1 — 2p3 — 2pg +2

95 2111,2,2 (2p1) 111, (2p2), (2p3) —2p1 + 2p3

93 3,2,2,2 (2p1 + 1), (2p2), (2p3), (2p4) —2p1 — 2p4 +2

97 21,2,2,2 (2p1) 1, (2p2), (2p3), (2p4) —2p1 + 2p2 +2pg — 2

9 31,2,2 (2p1 + 1)1, (2p2), (2p3)+ —2p1 +2p3 — 2
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T 2,22
& | (2,24)

(2]?1), (2]72), (2]7 ) + (2]?4 + 1) —21?1 +2
2+ ) ((

5 | @

1(2,2) | ((2p1), (2p2) 1 ((2p3), (2p4)) —2p1 —2pg +2

2)
10 21

+3 5

5272) ((2p1); (2p2)+) ((2p3), (2p4)) | —2p1 + 2p3 + 2p4
2,2

1

3 21:2 (=2p1)

(2p1) 11 —2p1
1:2 —2p1 +2

12 (2,2) ((2p1), (2p2)) —2p1+2

1 2,2,2,2 (2p1), (2p2), (2ps3), (2p4) —2p1 —2ps + 3

12.
13.
14.
15.
16.
17.

18.

19.
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