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UNIT GROUPS OF FINITE RINGS
WITH PRODUCTS OF ZERO DIVISORS
IN THEIR COEFFICIENT SUBRINGS

Chiteng’a John Chikunji

Communicated by Sinisa Crvenkovicé

ABSTRACT. Let R be a completely primary finite ring with identity 1 # 0 in
which the product of any two zero divisors lies in its coefficient subring. We
determine the structure of the group of units Gg of these rings in the case
when R is commutative and in some particular cases, obtain the structure and
linearly independent generators of Gg.

1. Introduction

All rings considered in this paper are associative (but not necessarily commu-
tative) with identity element 1 # 0. Let R be a completely primary finite ring with
unique maximal ideal 7. Tt is easy to see (cf. [3]) that |[R| = p"", |J| = p"~1r,
and the characteristic of R is p*, for some prime p and positive integers n, k and
rwith 1 < k < n. If k =mn, then R is of the form Zy»[z]/(f) and R = Zy»[b],
where Z,» is the ring of integers modulo p", f(z) is a monic polynomial over Z,n»
and irreducible modulo p, and b is an element of R of multiplicative order p" — 1.
These rings are uniquely determined by the integers p,n,r; they are called Galois
rings and we shall denote them by GR(p™, p"").

Let R be a commutative completely primary finite ring. It is well known that
any two coefficient subrings of R are conjugate (cf. [2]). Also if Ry is a coefficient
subring of R, then there exist u1,...,uy in J such that

R=Ry® Rous & ---® Roup, (as Rp-modules)
and u;r = ru,, for all r in Ry and for all : = 1,...,h. (This is a direct consequence
of Theorems 2-2 and 2-4 in [4]).
Throughout this paper, for a given commutative completely primary finite ring

R with maximal ideal 7, let F = R/J, and let F* and G denote the multiplicative
group of units of F and R, respectively.
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Let Ry = GR(p™,p™), R be a commutative completely primary finite ring
with J?2 contained in Ry and let uy,. .., up be elements in J. Since Ry N Rou; = 0
and the product of any two zero divisors is in Ry, we have that pu; = 0 for all
i =1,...,h. But usu; is an element of pRy; thus u;u; is an element of p" 1Ry,
for all # = 1,...,h. Suppose that u;u;, u;ur are non-zero elements of pRy with
j # k. Then wu; Ry = wjupRy = p" 'Ry and we get uu; = UuRc, where o
is an element of (b). Thus, u; — ura is an element of ann(w;), the annihilator of
u;, and subsequently it is contained in pRy @& Roui @ --- ® Roup, (j # k). This
implies that u; is an element of pRy ® Rou1 @ - - - & Roup, which is a contradiction.

Therefore, for all ¢« = 1,...,h, either w;u; is zero for all j = 1,...,h or wu; is
non-zero for only one j = 1,...,h. We assume w is the number of u; such that
u;u; is zero for all j =1,...,h and X is the number of the other u;. Let us reindex
Uu1,...,up in such way that for each ¢ =1,..., A, there exists only one j =1,...,h

with u;u; = p"~'ay;, where ;; is an element of (b), and let 6 be the function from
{1,...,A} to {1,..., h} determined by (i) = j. Clearly, 6 is injective.

Let s be the number of ¢ in {1,...,A} such that 6(¢) = ¢ and ¢t be A — 5. We
reindex uy,...,uy such that 6(i) =i for all i = 1,...,s and suppose a;q(;) = f3; for
alli=1,...,s. Putve =u. foralli =1,...,sand v, = uea, foralli = s+1,...,h,
where if e is in the image of 6, say e = 0(i), then a. = 1. Thus, u;ug;) = p" ! for
alli = s+1,...,\. Hence, either u? = 0, u? = p" ! oru? = ap"~ !, a € (b)—{0,1};
and w;u; = 0 for all ¢ # j.

2. Construction A

Let Ry be a Galois ring of the form GR(p™, p"") and F be Ry /pRy. Let U be an
F-space which when considered as an Ro-module has a generating set {u1,...,un}
such that pu; = 0 for all i = 1,...,up. Also assume that s,¢,w are non-negative
integers such that h = s + ¢ + w and suppose that 6 is an injective function from
{s+1,...,s+t}to{s+1,...,h}. On the additive group

R =Ry ® Rou1 @ --- ® Roup,
define the multiplication as follows:

wiu; =0, fori#j (1<1i,5<h);

u? ="t fori=1,...,s;

u?=p"t fori=s+1,...,5+1

uf =0, fori=s+t+1,....h
wrt =r*u;, foralli=1,...,h;

where «; are non-trivial elements of F* and r* is the image of  under the canonical
homomorphism from Ry to F = Ry/pRy.
It can easily be verified that R is an associative ring with identity 1 #£ 0.

THEOREM 2.1. Let R be a commutative completely primary finite ring. Then
the product of any two zero divisors is an element of its coefficient subring Rq if
and only if R is one of the rings given by Construction A.
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The proof follows from the discussion before Construction A; the converse that
J? lies in Ry is easy to check.

These rings were studied by Alkhamees [1], who gave their complete general
construction for both commutative and non-commutative cases.

We notice that charR = p™; J = pRo @ Rou1 @ --- ® Roun, J? = pRy, and
J™ = 0. Also, notice that |R| = p("*M7 | 7| = p(**h=D and hence, R/J = Fr.

3. The group of units of R

There are many important results on the group of units of certain finite rings.
For example, it is well known that the multiplicative group of the finite field GF (p")
is a cyclic group of order p”—1, and the multiplicative group of the finite ring Z/p*Z,
the ring of integers modulo p¥, for p a prime number, and k a positive integer, is a
cyclic group of order p*~!(p — 1).

Let Gg, denote the group of units of the Galois ring Ry = GR(p™, p™"). Then
Gr, has the following structure [3]:

THEOREM 3.1. Gg, = (b) x (1 + pRy), where (b) is the cyclic group of order
p" —1 and 1+ pRy is of order p»= 1" whose structure is described below.

(i) If (a) p is odd, or (b) p =2 and n < 2, then 1+ pRy is the direct product of
r cyclic groups each of order p(™—1).

(ii) When p =2 and n > 3, the group 1 + pRy is the direct product of a cyclic
group of order 2, a cyclic group of order 2("=2) and r—1 cyclic groups each of order
2(71—1).

We now determine the structure of the group of units of this paper. We first
recall that

Gr= () x (1+J), |Grl|=|R|~|T|=p"thr—plnth=tr

and in fact |1 + J| = p(»th=1r,
To simplify the problem, we split our study into two cases, namely,

(1) the case when u? = 0 for every j = 1,...,h; and

j
(2) the case when u3 = a;p"~", where a; € F* for every j =1,...,h.

We shall use the information from the two cases in order to obtain the general
structure of G (see Theorem 4.1). We treat the cases separately.

Let 1, &9, .., be elements of Ry with e; = 1 so that &7,23,...,5, € Ry/pRo =
GF(p") form a basis of GF(p") over its prime subfield GF(p).

3.1. The case when u? = 0 for every i = 1,...,h. In this subsection, we
determine the structure of the group of units G of the ring R in the case when
u? =0 for everyi=1,..., h.
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PROPOSITION 3.1. Let R be a ring given by construction A and suppose that
u? =0 for every j =1,...,h. Then
Lor—1 X Ly X Lgn—2 X Lty x Ly X -+ X Ly if p=2,
Gr= Dgr 1 X Loy X LD X - X L ' if p is odd.
p P P

~—_———
h

ProOOF. We know that
R=Ry® Rou1 ®---® Roup, J =pRo®Fu; ®--- & Fuy,
where u; € J, F = Ry/pRy, J"~* # (0), and J" = (0). Moreover,
Gr=((b) x (L+JT),

where (b) is a cyclic group of order p” — 1, for every prime number p. We need to
determine the structure and linearly independent generators of 1 + J in order to
complete the proof.

Since puj =0 forall j =1,...,h, uju; =0 for all 1 <,j < h, and uf =0 for
every j = 1,...,h, one easily sees that (1 + Rou;) N (1 + Rou;) = {1}. Moreover,
(1+pRo) N (14 Rou;) = {1}, for all j = 1,..., h. Further, it is easy to verify that
14+ Rouy & - -+ & Ryuy, is a subgroup of 1 4+ 7 and hence,

14+J = (1+pRo) x (1 + Rous @ --- @ Roup),

a direct product.

The structure of 14 pRy is well known, for example, see Theorem 3.1. We now
determine the structure of 1 + Rouj @ --- ® Roup. For any prime p and for each
i=1,...,r, wesee that (1 +e;u1)? =1, (1 +c5u2)? =1,...,(1 +¢jup)? =1, and
gp: 1 forallge 14 Rouy @ --- @ Roup,.

For integers l;; < p, we asset that [],_, H?Zl{(l + guj)li = 1, will imply
lij=p,foralli=1,...,rand j =1,...,h.

If we set E;; = {(1+¢&u;) : l;; =1,...,p} for all i = 1,...,r, then we see
that E;; are all subgroups of 1+ Rou; @ - - - @ Rouy and that these are all of order
p as indicated in their definition.

The argument above will show that the product of the hr subgroups Ej; is
direct. Thus, their product will exhaust 1+ Roui @ - - - & Roup, and this completes
the proof. O

3.2. The case when u} = a;p"~' for every j =1,...,h; where a; € F*.

We now consider the second case.

PROPOSITION 3.2. Let R be a ring given by construction A and suppose that

u? = a;p" ! for every j =1,...,h, where aj € F*. Then

Lo X Logn—s X Lty X Ly X Ly x -+ X Lb  if p=2,
— ——

1+ 7 h—1
J Z;n,le;x---xZ; if p is odd.
—_———
h
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PROOF. The argument of the proof is similar to the proof of Proposition 3.2.
Since puj = 0 for all j = 1,..., h, usu; = 0 for all 1 < i,5 < h, and u3 = ap"~' for
every j = 1,...,h, and a fixed «, one easily verifies that if p = 2, (1 + g;u;)* = 1,
forevery i =1,...,7 and j = 1,...,h; and if p is odd, (1 + &;u;)? = 1, for every

i =1,....,rand j = 1,...,h. This difference, in turn, breaks into two cases to
consider.
Suppose first that p is an odd prime number. For each ¢ = 1,...,r and j =

1,...,h, we see that for elements 1+ pe;, 1 +gu; in 1+ 7, (1 —i—pgi)p%1 =1 and
(I4+euy)? =1,

For positive integers m; < p™

~!and I;; < p, we assert that the equation

T r h
[Tea +peomy- TT IO + 'y =1,

i=1j=1

will imply m; = p"~!, for all i = 1,...,r, and l;; = p, for all i = 1,...,r and
j=1,...,h.
If we set

Ei={(1+pe)™ :m;y =1,2,...,p" '},

Ej = {(1 + Ein)lij : lij = 1, e ,p},
we see that F;, and Fj;, are all cyclic subgroups of 1 4+ 7 and that these are all of
the precise orders indicated by their definition.

The argument above shows that the product of the (1 + h)r subgroups E;, Fj;
is direct. So, their product will exhaust 1 4+ J; and we see that the proof for the
case when p is odd is complete.

We now assume that p = 2. We remark that there exists at least one element 3
in Ry such that the equation 22 +2+ B = 0 over Ry /PRy has no solution in Ry/pRy.
We then note that for elements (—1+2""te1), (1+48)% = (1+88+164?%), (1+&;u;)
and (1 +gu; +gujp) in 1+ 7, (-1 4+2"71)2 =1, (1 +83+ 1682)2" " =1,
(1+eu;)* =1foralli=1,...,r;and j = 1,...,h; and for a uf = 02"~ ! with
o fixed for every j = 1,...,h; (1 +&uj +gujp1)? =1, forall i = 1,...,r and
j=1,...,h—1

For positive integers k < 2,1 < 2
equation

(142" te)k - (1 + 88 +1652)

=3 m; <4 and ni; < 2, we assert that the

r h—1

. H{(l + EiU1)mi} : H H{(l + &iu; + Eiuj‘+1)nij} =1,
=1

i=1j=1
W1111mplyk:2,l:2n737mz:4forallz:1,7T7 andnij:2f0rani:17,,,,’r
and j=1,...,h— 1.
If we set
El - {(_1+2n71€1)k : k: 1,2}7
Ey={(1+83+168%) :1=1,...,2" %},
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Eil = {(1 + Ei’ul)mi tm; = 1, .. .,4},

Ej = {: (1 + iUy + Ei’UJjJrl)nij Ny = 1,2},
then we see that Ey, Es, E;, Fj; are all cyclic subgroups of 1 + J and that these
are all of the precise orders indicated by their definition.

The argument above shows that the product of the 2 + hr subgroups F;, Fs,
Ei1, Fyj is direct. So, their product will exhaust 1 + 7, and we see that the proof
for the case when p = 2 is complete.

This completes the proof of the theorem. O

4. Conclusion
We now state the structure of the group of units Gr of the ring R in general.

THEOREM 4.1. Let R be a ring given by construction A and suppose that uf =
a;p"~t, for every j = 1,...,s, where a; € F* and for j = s+ 1,...,h, u? = 0.
Then

Ly X Dgn—s X L2y X LY X T X - X LY X TS X -+~ x T if p=2,

2’71/7
1+7 s—1 h—s
Z;n,legx~-xZ; ifp>2,
h
and hence,
Gr o Lyrax (1+J) ifp=2,
= Zpyr—1x (L+T) ifpis odd.
PRrROOF. Follows from Propositions 3.2 and 3.3. (I
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