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CONVERGENCE IN CAPACITY
OF RATIONAL APPROXIMANTS
OF MEROMORPHIC FUNCTIONS

Hans-Peter Blatt

ABSTRACT. Let f be meromorphic on the compact set £ C C with maximal
Green domain of meromorphy E, (), p(f) < co. We investigate rational ap-
proximants with numerator degree < n and denominator degree < m,, for f.
‘We show that the geometric convergence rate on E implies convergence in ca-
pacity outside E if mn = o(n) as n — oco. Further, we show that the condition
is sharp and that the convergence in capacity is uniform for a subsequence
ACN.

1. Introduction

Let E be compact in C with connected complement Q = C ~ E. The set Q is
called regular if there exists a Green function G(z) = G(z, 00) on Q with pole at co
satisfying G(z) — 0 as z — 9. Note that lim, ,(G(z) —log|z|) = —logcap E.
Here, cap E is the logarithmic capacity and cap E > 0 if  is regular (cf. Tsuji [5]).
Moreover, we define the Green domains F, by

E,={2€Q:G(z) <logplUE, p>1

and Ey := E°, where E° is the set of interior points of FE.

For B C C, we denote by C(B) the class of continuous functions on B, and
M (B) represents the class of functions f that are meromorphic in some open neigh-
borhood of B.

If f € M(E), then there exists a maximal p(f) > 1 such that f € M(E,,,).
p(f) = oo if and only if f is meromorphic on C.

Given n,m € Ny, Ny := NU {0}, let R, be the collection of all rational
functions,

Rum :={r=p/q:p € Pn, q € Pm, q# 0},

where P,, (resp. P,,) denotes the collection of all algebraic polynomials with degree
at most n (resp. m).
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Let 77, ,,, == r;’m( f) € Ry,m denote a rational function of best uniform approx-
imation to f on F, i.e.,

nm(F) = nt 1f =l =1 ~riulle
where we use || - || g for the supremum norm on B C C.

By Walsh’s theorem (cf. Walsh [6]), we know that
1/n < 1
()

if lim,,—y0o m,, = oo. Now, the starting point in [I] was a sequence of rational
approximants {r, m, rnen such that

limsup || f — r27m7L
n—oo

1
(1.1) limsup || f — 7o, |5 < = < 1.
n—o00 T

In [1] the problem was considered whether the convergence (I.1I) can be transferred
to domains E,, o > 1. Concerning the convergence of {r,, m, }nen, the my-measure
was used: Let e be subset of C, and set m(e) := inf{>" |U, |}, where the infimum is
taken over all coverings {U, } of e by disks U,,, and |U, | is the radius of the disk U,,.
Let D be domain in C and ¢ a function defined in D with values in C. A
sequence of functions {¢, }, meromorphic in D, is said to converge to a function ¢
m1-almost uniformly inside D if for any compact set K C D and any ¢ > 0 there
exists a set K. such m1(K.) < e and {p,} converges uniformly to ¢ on K \ K.

THEOREM 1.1. [I Theorem 1] Let E be compact in C with regular, connected
complement Q@ = C \ E, {m,}>%, a sequence in No with m, = o(n/logn) as
n — 00, {Tn,m, tnen a sequence of rational functions, v m, € Rnm.,, such that for
feM(E)

1/n 1

limsup || f — 77n,m.,
n—o0

Then there exists an extension f of f to E. with the following property: ~
For any € > 0 there exists a subset Q(c) C C with m1(Q(E)) < e such that f
is a continuous function on E; \ Q(e) with
1/n g
i

lim Sup ||f~ —Tn,mp HEG\Q(E) =

n—oo
for any o with 1 < 0 < 7 and {rym, tnen converges mq-almost uniformly to f
inside .

In [ it was noted that it is not known for f € M(E,), p > 1, whether
the continuous extension f of Theorem 1.1 is mq-equivalent to f on E, N E, if
limy, s 00 My, = 00, My, = o(n/logn) as n — oo.

The main result of this paper is to show that this is true even if m, = o(n)
as n — 0o. Moreover, we can show not only convergence in mi-measure, but more
stronger, convergence in capacity and even uniform convergence in capacity at least
for a subsequence of {r, m, }nen-
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2. Convergence in capacity

Let D be a domain in C, ¢ a function in C with values in C. A sequence
on : D = C, n €N, converges in capacity inside D if for any compact set K C D
and any € > 0 one has cap({z € K : |(¢ — ¢n)(2)| = €} — 0 as n — co. Moreover,
{©n}nen converges uniformly in capacity inside D to ¢ if for any compact set
K C D and any ¢ > 0 there exists a set K. C K such that cap K. < ¢ and
{¢n}nen converges uniformly to ¢ on K \ K. (cf. Gonchar [2]).

Our main theorems for convergence in capacity can be formulated as follows.

THEOREM 2.1. Let E be compact in C with regular connected complement,
{mun}nen a sequence in N with

(2.1) my, =o(n) as n — oo and lim m, = oco.
n—oo

Let f € M(E) and let {rnm, }nen be a sequence of rational functions, p m, €
Rn,m.,, such that

1/ 1

limsup || f — 7n,m.,
n— oo

Then the sequence {Tn,m, }nen converges in capacity to f inside Eyin(r,p(f))-

Theorem 2.1 can be proved by using the methods of the proof of the following
Theorem 2.2. For the statement of Theorem 2.2 we choose a parameter d > 1
such that diameter(E,s)) < d, if p(f) < oo. The parameter d results from the
subadditivity theorem for the capacity, due to Nevanlinna [3] p. 217] (cf. Pommer-
enke [4]).

THEOREM 2.2. Let f € M(E) with p(f) < 00, {mu }tnen with @), {rn,m., fnen

a sequence of rational functions, vy m, € Rn m,, such that

1
2.2 limsup || f — "n,m., 1/n < —.
( ) n— o0 H o P(f)

Let 0,1 < o < p(f), and 1 < 0 < p(f)/o. Then there exists ng = no(c,0) and
compact sets Qp(0,0) C Ey such that for all n > ng(o,0)

0 —1\n/2mn
. < ai/2(1 —
(2.3) capn(,0) < &' (1- 5)
o \n
(2.4) 1F = 7nm. 15, 0,00 < (p(f)> '

Concerning uniform convergence inside E,f) the following theorem holds.

THEOREM 2.3. Let f, {mn}nen and {rnm, }nen be as in Theorem 2.2 and
let 22) hold. Then there exists a subset {ny}ren of N such that the subsequence
{Tnk7m7Lk tren converges uniformly in capacity to [ inside E,g).

Such a type of geometric convergence in capacity was proved by Gonchar [2]
for the Padé approximation. In [I] geometric uniform convergence in mi-measure
of real rational approximants to real functions was proved only for Chebyshev
approximation on an interval. So far Theorem 2.3 seems to be the first result for
uniform convergence in capacity.
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3. Proofs
As already mentioned, we may restrict ourselves to the proof of Theorem 2.2.

PROOF OF THEOREM 2.2. For abbreviation, we write p = p(f). Let ¢ :=
(0 — 1)/4; then we get

0—-1 plo—1 1p—o
1S4 1

We choose 7 such that p — e < 7 < p, and we denote by h” the monic polynomial

whose zeros are the poles of f in E,, counted with their multiplicities. Then

(FR7)(2) = f(2)h7(2)

is holomorphic in E,. Let us denote by p- € P, the best uniform approximation
of fh™ on E. Then there exists n; = ny(o,¢) such that for n > ni(o,¢)

g =

1 1 \»
1 T— T <_< ) ’
(3 ) Hfh Tn,mnh ||6E 2\p—¢
1 1 \»
. T _ T < _
(3.2) lwr = pille < 5(5=) -
1/ o \»
| it <42
(3.3 I - pile, < 5(52
(3.4) degree(h”) < my,.

For (3 we have used ([22)), the theorem of Bernstein—Walsh for (32) and B3)),
B4 follows from (Z1)).
Combining (1) and B2,

1
(3'5) Hrn,mnhT —p;HaE < (P

— &

) , n>=ny(oe).
Let 7 m., (2) = pn(2)/¢m,, (), normalized by

ama(2)i= a3, () [T (1-7) and a5, ()= ] ==&

€ni¢E, Ensi £niCE,

where &, ; denote the poles of 7, ,,,,,. Then for any compact set K C C

lim sup ||qmn||}(/n < 1.
n—oo

Because of [B.5) and the normalization of gy, ,, there exists a constant ¢ > 0 such
that for z € £

n (I (2) = 1 ()] < " (=)
We apply the lemma of Bernstein—Walsh to the polynomial

w(z) = pn(2)h7(2) = pp(2)dm, (2) € Prim,
and obtain |w(z)| < (co)™" (pfs)n for » € E,. Consequently, for z € E,, where
dm., (2) # 0, we get

o (M) = 720 = | 2L < (e (5 52)
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Hence, there exists no = na(o, €), na > ny, such that

1((1—1—5)0)" 1

7n,m, (2)R7(2) = pr(2)| < 5

2\ p—e / ap, (2)]
for all z € E, with ¢}, (z) # 0 and all n > ny. Let us consider the set
— 1/(142 n
$0(0:2) i= {2 € B s lram, (7)) > 5 (2227) ")

then

54(0,6) C e = eal00) = {2 € Byt g5, (2)] < (fj;s)”}.

Since gy, is monic and degree (g;,, ) < m,, we obtain

1+ ¢\ Twee(an, ) ( 1+e¢ )%
. n < AN .
(3.6) cape <1+2g) 1+ 2
Therefore, we have shown that for z € E, \ e, and n > ny = na(0,¢)
- - 1/(1+42)o\m
(37) o, (7(2) = )] < 5 (222"
By (3) and @), we have for z € E, \ e, and n > na
- - 1+ 2¢e)o\m
() =m0 2} < (L22)

or

() = Pam, (2)] < (

when h7(z) # 0. Let us consider

(1 +25)a)" 1
p—e J W)

Sp(o,€) = {Z € Byt |f(2) = Tnma (2)] > ((1:7%:)0)”}’

then

) i i o . 1+ 2e\n
Sn(0-75) ce,= en(O',E) = {Z S EO’ : |h (Z)| < (1 +35> }
and by (34)

1+ 2e\n/mn
3.8 o < ( )
(3.8) capé 1132
Summarizing, we have obtained for z € E,~ (en Uéy,) and n > ngy
14 3e)o\"
(39) 1) = rnam () < (E227)"

Because of the subadditivity of the capacity (Nevanlinna [3], Pommerenke [4])

+1/log ——
cap e cap €én

)

d
1/log ——— < 1/1
/log cap(ep U €) /log

35
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where d is greater than the diameter of e, Ué, and d > 1. The parameter d of
Theorem 2.2 fulfills these conditions. Using [B7) and B.3)), we get

1+ 2e\n/mn 1+ 3e\n/mn
1/log ———— < 1/log |d( =) 1/10g |d( )
/Ogcap(enuén) /og[ 1+e }Jr /og[ 14 2¢
14 3e\n/mn
<2/log (1)
/Og[ 1+2e }
or
d 1 1+ 3e\n/mn
log——— > = log |d
o8 cap(e, Ué,) ~ 2 og[ (1+2s> }
and finally
1+ 2e\n/2mn
: én) < dYV?(—=— :
(3.10) cap(e, Ué,) < d (1+3€>

Since € = (6 — 1)/4, we obtain

1+2572+29717 -1
143 1430 1+ 36

and some calculations show that

<1

p—c p
Inserting these inequalities into ([39) and (3I0), and define the compact sets
Op(0,0) = en(0,0) Uép(o,0). Then we have proved the inequalities (Z3]) and
24) of Theorem 2.2. O

1+3 0
<

We remark that Theorem 2.1 follows directly from Theorem 2.2 if we choose
so small that 6 < p(f)/c and keeping in mind that

ILm cap(ep(o,e) Uéy(o,e)) =0

with e = (6 — 1)/4. Moreover, for 7 < p(f) the same method of proof leads to the
result of Theorem 2.1 under the condition

1
(3.11) B sup || f — rom, |5 < = < 1.
n—00 T

Then the technique of the proof leads immediately to the following Corollary of
Theorem 2.2.

COROLLARY 3.1. Let f € M(E) with p(f) < oo, {mn}lnen a sequence with
@), {rn, mn}nen, Tn,m, € Rnm,, a sequence such that BII)) holds. Then there
exists for any o, 1 < o < min(r, p(f)) and arbitrary 0, 1 < 6 < min(7, p(f))/o, a
natural number ng = ng(,0) and set Q,(0,0) C E, such that 23)) and @) hold
for n = no(o,0).

PRrROOF OF THEOREM 2.3. We consider a monotonically increasing sequence
{0;} such that lim; ., 0; = p(f) and a monotonically decreasing sequence {6;},
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1< 0; < p(f)/oi, such that lim; o, 6; = 1. Let Q,(0,60) and ng(o, 8) be defined as
in Theorem 2.2, i.e., for n = ng(c, 0)
1£(2) = P (2)] < (Q—U)n for z € Ey ~ Qn(0,6)
o p(f)
and cap Q,(0,0) < d/2y"/2mn where v = 1 — £55.
we can find, by using m,, = o(n) as n — 00, a subsequence A; = {ng-l)}j:l of N

such that n( ) > > ng(o1,61) and
mn] /1
1)2

01 —1
1+36,
Recursively, we can define subsequences Ay = {ngk)};‘;l C A1 (K =2,3,..)

Replacing (o,0) by (o1, 61),

for j =1,2,..., where

m=1-

such that n( ) > > ng(ok, 0x) and

(k)
mn] /1
k+j)

for j =1,2,.... We define A := {n(lk)}kzl and we have to show that A fulfills the
assertions of our theorem.

Let K be compact in E,y) and € > 0. For € we can find an index i* > 1 such
that

> 1 d
(3.12) e <V e

Then we define

E* := max(i*,min{i: K C E,,}) and K, := UQ ) (O, Op~).
j=1
We know that

(313) 1) = (9] < (B2)”

for z € By Q) (o=, Op~) and
i
1/2 n/2m
(3.14) cap Q) (e, Op) < d2(37) s

for j =1,2,.... The subadditivity of the capacity (Nevanlinna) yields with (312,

G149
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d = d
1/log < 1/ log
cap K. ; / Caan(k*)(Uk*79k*)
- J
%) 1 n(k*) -1
< 1 ——1 R —" 1 :
Z ( ogd 5 logd — 5~ — Og%)
j=1 n;
n
<2 —J*/log—*<2 —— < 1/log—,
; n§k ) k ; (k* +4)? / €

and consequently cap K. < ¢. Since {n € A:n > ngk*)} C Ay~ we obtain by (BI3)
Qk* O*

p(f)

forallne A, n > ngk*). Hence the uniform convergence in capacity of {ry m,, }nea
to f inside F,(y) is proven.

) = rama () < ()", s e KN K

4. Sharpness of the theorems

The result in Theorem 2.1 is sharp in the sense that in (2 the condition
m, = o(n) as n — oo is essential. To verify this we consider the following example:
Let E be compact with regular connected complement, f € M(E) with p(f) < oo.
If {mn}nen is a sequence in N with (1), then Walsh’s theorem implies that there
exist best uniform rational approximants r* € Rn,m, to f on E such that

n,Mp

1/n < 1

lim su —rr < .
n~>oop ||f n.my llE p(f)

*
n,Mp

According to Theorem 2.1 the sequence {r
inside E,y).
Furthermore, let {m., }nen be a sequence in N with

tnen converges in capacity to f

(4.1) My = my and  lim T <0,

n—oo M

We choose a point { € E,s) \ E, hence a := dist(§, E) > 0. Then we define the
sequence

QMn =M 1

R

T, = T + R, (%) € Rnm,, where R, (z) =

n,Mn

Then
. 1
If = rnmnllE < |If = Thm, |2+ O
1
limsup || f — 7n,m., Ung—.
msup | ESo0)

Consider the disks

Dn::{ze(C:|zf§|<W}.
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Using 1) and (@), we conclude that there exists a number x > 0 and ng € N
such that
n
—— <k forall n > ng.
My — My,
Hence, with r := a/p(f)" we get D, D K :=K,({) ={2€ C: |z —¢&| < r} for all
n 2= no. Moreover, we can choose £ big enough such that K C E,y).

Now, fix € > 0, 0 < € < 1, and consider the sets
Sn(e) i={z e K:[(f =1 m,)(2)] =€}

By Theorem 2.1} we know that {r}, ,, }nen converges in capacity to f inside E,(y).
Therefore
(4.2) lim cap Sy, () = 0.

n—oo

By definition of 7, s, , we have

[(f = rnm, ) ()] 2 [Ba(2)] = [(f =75, ) (2)]-
Consequently,

|(f —Tnm,)(2)] 21 —¢forall z € K\ S,(¢e).

Since cap K = r > 0, we obtain by Nevanlinna’s inequality, together with (2],
that

liminf cap{z € K : |(f — rnm,)(2)| =1 —¢€} > 0.

n—oo

Hence, {rpn m, fnen does not converge in capacity to f inside E,(s), and the condi-
tion “m,, = o(n) as n — oo" is essential in Theorem 2.1.
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