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NEW MODULI OF SMOOTHNESS

K. A. Kopotun, D. Leviatan, and I. A. Shevchuk

ABSTRACT. We discuss various properties of the new modulus of smoothness
wf (FO,0)p == sup [IWE, AR (£, ) Iy -1,
0<h<t
where p(z) := V1 — 22 and Ws(z) = ((1 7zf§g0(:v)/2)(1+zf§go(x)/2)) 1/2.
Related moduli with more general weights are also considered.

1. Introduction
1.1. Trigonometric approximation. Let IEP, 1 < p < 00, denote the space
of 27-periodic measurable functions for which the norm || f||z := ()7 |f(@)|Pda) e
P

is finite. Here, by Hjoo we mean the space of continuous 27-periodic functions C
equipped with the uniform norm, i.e., HfHa = MaXge[—r.q | f(2)].
Let 75, n € N, be the space of (n — 1)st degree trigonometric polynomials

n—1
Tn(z) = Z(aj cos jx + bj; sin jx).
=0
For f € ]ij, denote by
k
k .
(L.1) Ak =3 (7)) D a4 = k/2)h)
=0

the kth symmetric difference of the function f, and by
— k -
Wk(fa t)p T hg[lof,t] HA}z(f7 .)H]Lp

its kth modulus of smoothness. Finally, let E,,( f)p =infr eT,

f=Talz denote
P
the degree of approximation of f by trigonometric polynomials from 7.

In 1908, de la Vallée Poussin (see [20] Section 7], for example) posed a problem
on a connection between the rate of polynomial approximation of functions and
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170 KOPOTUN, LEVIATAN, AND SHEVCHUK

their differential properties. To quote de la Vallée Poussin [20] p.119], “It is the
memoir by D. Jackson [9] which answers most completely the direct question, and
that of S. Bernstein [3] which answers most completely the inverse problem”. These
results were generalized by de la Vallée Poussin in [21], though as he writes in [20]
p. 119], “I combined the results obtained by the two authors above named, and filled
them out in many points; I changed or simplified the proofs; but I contributed little
in the way of new materials to the construction”.

In 1911, Jackson [9] Theorem VIII] (see also [8] p.428]) proved the following
inequality (which is now commonly known as one of “Jackson’s inequalities”):

En(f)oo <Cwl(fan_l)ooa n 21

This result was later extended by Zygmund [22] Theorems 8 and 8'], Bernstein [2],
Akhiezer [1l Section 89], and Stechkin [15] Theorem 1] as follows.

THEOREM Dy (Direct theorem, r = 0). Let k € N. If f € IEp, 1 <p< oo,
then En(f)p < c(k)wi(f,n™ 1)y, n > 1.

We note that “r = 0”7 and the subscript “0” in “150” will become clear once one
compares this result with Theorem D, below.

Matching inverse theorems are due to Bernstein [3], de la Vallée Poussin [21],

Section 39], Quade [19, Theorem 1], Salem [14] Chapter V], Zygmund [22] Theo-
rems 8, 8 9, and 9], the Timan brothers [18], and Stechkin [15] Theorem 8].

THEOREM 1.1. Let k € N and f € IEp, 1< p<oo. Then
_ c(k) &=~ 1=
Wk(f,n l)pgﬁgl/k lEy(f)p, Tl>1

This theorem can be restated in the following form.
THEOREM Iy (Inverse theorem, r = 0). Let k € N and let ¢ : [0,1] — [0, 00) be

a nondecreasing function such that $(0+) = 0. If a function f € ]ij, 1<p<oo,
is such that Ey(f)p < ¢ (n™1), n > 1, then

1
o(u
wk(f,t)pgc(k)tk t u£+3du, 0<t<1/2

These direct and inverse theorems yield a constructive characterization of the
class Lip(a, p) = {f €Ly | waj+1(frt)p < cto‘}.

THEOREM Co (Constructive characterization, r = 0). Let f € ]ij, 1<p< oo,
and o > 0. If wi(f,t), < t*, then En(f)p <ck)n ™, n>1.

Conversely, if0 < a < k and En(f)p <n™% n =1, then wi(f, t), < c(k, a)t®.

Jackson’s inequalities of the second type involve differentiable functions.

Let W;, r € N, be the space of 2r-periodic functions f such that f"=1) is
absolutely continuous and f(") e ]Itp, where by Wgo we mean C”.

The following result is an immediate consequence of Theorem ]50 and the well
known property wi4r(f,t)p < trwp(f), t)p, t > 0.
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THEOREM D, (Direct theorem, r € N). Let k € Nandr e N. If f € W’” then

En(f)p < c(k:,r)n_’“wk(f(’“),n_ )p, n =1

The following inverse theorems are due to Bernstein [3], de la Vallée Poussin
[21] Section 39], Quade [19] Theorem 1], Zygmund [22] Theorems 8, 8, 9 and 9'],
Stechkin [15 Theorem 11], and A. Timan [17], [16} Theorem 6.1.3].

THEOREM 1.2. Let r € N and f € ij, 1<p<oo. IfY 02, u"_lﬁ,,(f)p < 00,
then f is a.e. identical with a function from Wp. In addition, for any k € N,

n

an(f O,

WV
—_

)p + c(k, ) Z VYE(f)y, n

v=1 v=n-+1

This theorem can be restated as follows.

THEOREM I, 1 (Inverse theorem, r € N). Letk € N, r € N and ¢ : [0,1] —
[0,00) be a nondecreasing function such that ¢(0+) =0 and
o)

757‘_Hdt < 00

0
If f € ij be such that En(f)p < qb(n_l), n > 1, then f is a.e. identical with a
Junction from Wy, and

. " p(u) )
wi(f¢ ),t)péc(k,r)< ; u+1d +tk/t uk+r+1du>, 0<t<1/2.

Fmally, we have a constructive characterization of functions f € Wr such that
fo) e Llp(a —7,p).

THEOREM C, (Constructive characterization, r € N). Let r € N, a > r,
fe W;, 1<p< oo, and wk(f(’“),t)p <t ". Then En(f)p <celk,r)n™, n>1.

Conversely, if f € IEp, I1<p<oo,r<a<k+r, andEn(f) <n % n2>l1,
then f is a.e. identical with a function from Wg and wk(f(’”),t) < c(k,r, @)t

1.2. Algebraic approximation. Let L,[—1,1], 1 < p < oo denote the usual
L, space equipped with the norm || f||, := (f_ll | f(x)|Pdx) 1/p, where by Loo[—1,1]
we mean C[—1, 1] equipped with the uniform norm.

Let P,, denote the space of algebraic polynomials of degree < n and set

En(f)p = Pirelgj If = Pullp

the degree of best approximation of f by algebraic polynomials in L.
Define

rtkh/2e[-1,1],

otherwise

)

Ab(fa5=1,1]) = {§ﬁ<f,x>,
where AF(f,z) was defined in ().
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Finally, define the Ditzian—Totik (DT) moduli of smoothness [6], by
(12) W (fa )I) _Oiup |‘Ah<p()(fa7[_171])||p

where o(z) := (1 — 22)'/2.

It is well known that the DT moduli of smoothness yield results which are
completely analogous to Theorems DO, IO and (CO Namely, we have the following
results (see [6]).

THEOREM Dg. Let k e N. If f e L,[-1,1], 1 <p <
En(f)p < c(k )Wk (fin~ l)pa nz
[ b

THEOREM Ig. Let k € N and ¢ : [0,1] — [0,00) be a nondecreasing function
such that ¢(0+) = 0. If a function f € Ly[—1,1], 1 < p < oo, is such that
En(f)p < d(n~t, n >k, then

oo, then
k

ety < ettt [ 29D o1/,

uk T

THEOREM Cq. Let a > 0 and f € Ly[—1,1], 1 < p < oo. Ifwi(f,t)p < t%,
then E,(f)p < c(k)n™, n > k.
Conversely, if0 < o < k and E,(f), <n™% n >k, then wf (f,t)p, < c(k, a)t®.

The purpose of this paper is to discuss our new moduli of smoothness (intro-
duced in [10]) that allow to obtain the analogs of Theorems Dy, I, and C;.

2. New moduli of smoothness
2.1. Definitions. For 1 < p < oo and r € N, denote
B, = {f: f"" € ACie(—1,1) and [|f"e"||, < +o0}.
If p = o0, then
BL :={f:feC"(-1,1) and lim f)(2)¢"(z) =0}.

rz—+1
Finally, if » = 0, then Bg ==Ly[-1,1], 1 < p < o0 and BY, := C[-1,1].
For f € B}, define
Wl (FT 1) = sup Wi, ()AL (P75,
0<h<t
where
1 2
(12— 8p(2)/2)(1 +x — bp(x)/2)) "/
Ws(x) = 1+a—dp(x)/2€ [71,1],
0, otherwise.
Note that, if r = 0, then wfﬁo(f, t)p = wi(f,t)p are the usual DT moduli defined in
@2).

It turns out (see [10, Lemma 3.2]) that if f € B, then lim; 04 w,fyr(f(r), t)p, =0.
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2.2. Weighted DT moduli of smoothness. Let

Rt () e d Dm0 (VDT fatih), if 2, 4 kh € [-1,1],
Ant() { , ’ otherwise,

N I B if (@ —ih), if @ — kha € [-1,1],
Abf(x) = {0, o () otherwise,

be the forward and backward kth differences, respectively. Note that
— -
AN f(x) = A¥(f,x+kh/2) and AN f(x) := AV (f, 2 — kh/2).
Let
(2.1) w(z) == wa5(x) =1 —2)*(1+2)°, o p>0,

and denote L,(w) = Ly(wa,g) = {f:[-1,1] = R||wa,sfllp <oo}. For f €
L,(w), the weighted DT moduli of smoothness were defined (see [6] (8.2.10) and
Appendix B]) by

(2.2) Wi (fwp = sup [ WAR, fllL, 14252021 - 24202

X

%
+  sup  [JwAR L, —1,-14262¢]
0<h<2k212

%
+  sup ”wAZfHILp[l—2k2t2,1]~
0<h< 2k 12

The first term on the right-hand side of ([22)) is the main part modulus which is
denoted by QF (f,t)w,p (see [6, (8.1.2)]) and is further discussed in Section [

It was shown in [6, Theorem 6.1.1] that w} (f,t)w,p is equivalent to the following
weighted K-functional Ky, ,(f,t),,, (with 0 <t < to):

K A = inf — g)wll, + t*|lweg®,).
o= it (I(F = gyl + ¢ uwg*g )

2.3. Properties of the new moduli. For r > 0 and f € B, we denote

K{(f %), = if (I(f7 = g™ |+ t*llg ™M ).

gEBETT
Then, we have the following equivalence results (see [L0, Theorem 2.7]).

THEOREM 2.1. If k € N, r € No, 1 < p < o0 and f € By, then, for all
0<t<2/k,

CKlir(f(T)v tk)p < wlf,r(f(r)’ )y < CKZT(JC(T), tk)pa
where constants ¢ > 0 and may depend only on k, r and p.

COROLLARY 2.1. Ifk € N, r € No, 1 < p < o0 and f € B}, then, for all
0<t<2/k,

CKk,w(f(T)a tk)w,p < wlf,r(f(r)’ )y < CKk,«p(f(T)v tk)cpﬁp-

Also, the following was proved in [10, Theorem 7.1].
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THEOREM 2.2. If f € Bi™!, 1 <p < oo, r €Ny and k > 2, then
w:,r(f(r)a t)P < thf—l,r-l—l(f(TJrl)a t)P'
The following sharp Marchaud inequality was proved in [4].

THEOREM 2.3. [4, Theorem 7.5] For o > —1/p, 8> —1/p, 1 <p<oo,meN
and a weight w defined in 210), we have

1K (f um+1)q 1/q
m m m—+1, ’ s
Kooty < Con ([t o gy, )
t

1/q
Koo (£, ™)y < ctm< 3 nqmlEnsz,,,) ,

n<l/t

where ¢ = min(2,p) and E,(f)w,p is the degree of best weighted approximation of
f by polynomials from Py, i.e., Ep(f)wp :=nf {||(f — Py)wl|p | P, € Pn}.

COROLLARY 2.2. For 1 <p < oo, 7 €N, m €N and f € B}, we have

1 w# f(’“),u q 1/q
wjfw(f(’“% t)p < Ct™ (/ %ﬂ)p du + Em(f(r))i,.’p) ,
t

1/q
wh (f7, 1), < Ctm< > nqmlEn(f<r>)gT7p> :

n<l/t
where ¢ = min(2, p).
The following sharp Jackson inequality was proved in [5].

THEOREM 2.4. [5] Theorem 6.2] For o« > —1/p, 8> —1/p, 1L <p<oo,meN
and a weight w defined in 210), we have

n ) 1/s
2 (3P E (1) € O£

Jj=Jo
n . ) 1/s
2—nm ( Z 2mJSKm+1,<P(f’ 2](m+1))1su,p) g CKm#P(f’ 2inm)w7il77
Jj=jo
where 270 > m and s = max(p, 2).

COROLLARY 2.3. For1 <p <oo,r €Ny, m €N and f € B, we have

n 1/s
2nm< Z Qm]SEQj (f(T))Z"7P> < Cw?fl,r(f(r)a 27")1’

Jj=Jjo
n ' . 1/s
,2”m< domwh L (7, 2j)§> < Cuwgp  (F7,277),,
Jj=Jjo

where 290 > m and s = max(p,2).
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COROLLARY 2.4. For1 <p <oo,r €No, m €N and f € B}, we have

1/m @ (f(r) u)s 1/s
m m+1,r ) ;

: </t W—s+1”du) < Cwh (f7 1)y, 0<t<1/m,
where s = max(p, 2).

3. Algebraic polynomial approximation in L,

In [10], we proved the following results analogous to Theorems ]1, I, and C,
(see also [11], Theorem 3.2] for the inverse result for p = o).
THEOREM D,. If f € B}, 1 < p < oo, then
(3.1) En(f)p < c(b,r)n™"wf (f7 07 )y, n>k4r
Note that it follows from the DT estimates that if f € B}, then
En(f)p < e fD¢"lp, n>,

which is asymptotically weaker than (B1]).
It is also known that if, for some r > 1, f(") € L »[—1,1], 1 < p < oo, then

En(f)p < C(k,’l’)nirwg(‘f(r 71) , n>= k+r.

But we should emphasize that here we have to assume that f(") & L,[-1,1], as
the DT-moduli are not well defined if the function is not in L,[—1, 1] and, clearly,
wi (f),n71), is smaller than wf (£, n=1),,.

THEOREM I,. Letr € Ny, k > 1, and N € N, and let ¢ : [0,1] — [0,00) be a
nondecreasing function such that $(0+) =0 and

1
)
pyy du < o0.
If f e L,-1,1], 1 < p < o0, and E,(f), < ¢(n™1Y), for all n > N, then f is
a.e. identical wzth a function from B, and
, ¢ (u) b o(u)
w?,'r'(f( )at)P < C(k,?")/o Tur—i-l (k,’l’)tk . uk+r+1 du

+ (N, k,r)t* Ep o (f)p,  t€10,1/2).
If, in addition, N < k +r, then

1
W (f, 1)y < elk,r) / OB e(k, )tk oM te [0,1/2].
0

urJrl + uk+r+1

Taking N = 1 and appropriately choosing the function ¢, we get the following
corollary of Theorem I, in terms of the degrees of approximation.

COROLLARY 3.1. Given 1< p <oo, keN, reNg. If 300 rn" 1 E,(f), <+oo,

then f is a.e. identical with a function from B, and

wy, fM), <c Z " B, (f)p + ctf Z nF LB (f)p, t€[0,1/2].

n>1/t 1<n<1/t
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THEOREM C,. Let 7 € No, « > r, k =2 1 and f € B, 1 < p < oo. If
w,fm(f(’"),t)p <t then Ey(f)p <en™*, n>k+r.

Conversely, if r < a <r+k and f € L,[—1,1] and E,(f), < n™ % n > N,
then f is a.e. identical with a function from B, and

wl (F7, 1), < (o, k)t + o(N b, )t By (f)p, £ €[0,1/2].

If, in addition, N < k +r, then w,fm(f(r),t)p < cla, k,r)ter.

4. Further characterizations

In addition to characterizations in the previous section, we can also characterize
certain smoothness classes of functions via the growth of certain weighted norms
of their polynomials of best approximation.

THEOREM 4.1. Let f € Ly[-1,1],1<p<oo,keN,reNy, r<a<r+k,
and suppose that P, denotes the (n — 1)st degree polynomial of best approzimation
of f in Ly[—1,1]. Then

(4.1) " BTN, < en™ 0 n > 4k,
if and only if f is a.e. identical with a function from B, and
(4.2) wf (fT ), <™, t>0.

PRrOOF. By virtue of [6] Theorem 7.3.1] we conclude that, for every k € N and
re No,

||<Pr+kpvgr+k)”p < cnkJrTw,f_i_r(f’ nil)p-
Hence, if f € B}, and ([@2) is valid, then (@] follows immediately from the inequal-
ity
(43) wlf+r(f’ t)p g Ctrwlf,r(f(r)7 t)p
which is an immediate consequence of Theorem

Conversely, if (@) holds, then it follows by [6, Theorem 7.3.2] that E,(f), <
en~® n > r+ k. Hence ([£2) follows from Theorem C;. O

We note that while inequality (3] cannot be reversed for a general function
f, the following is an immediate consequence of Theorem C;.

COROLLARY 4.1. Letr € Ng, k> 1, feL,[-1,1],1<p<oo, r<a<r+k.
If

wl L (fit)y <et®, t>0,

then f is a.e. identical with a function from B;, and

wf (7 ), <™, t>0.
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5. Further results for Weighted DT moduli

The proofs (and therefore the results) of [L0] may be extended to the weighted
DT moduli with weight w which satisfies the conditions of [6, Section 6.1]. So,
in particular, we have the hierarchy relations between the weighted moduli of the
function (of course, provided its derivative exists), extending Theorem

THEOREM 5.1. Let 0 < r < k, and assume that f is such that f"=1 is locally
absolutely continuous in (—1,1) and we” f) € L,[~1,1], 1 < p < 0o. Then

(5.1) W (D wp < "Wl (F7) wgrp, > 0.

REMARK 5.1. The inequality (.I]) extends [6l, Corollary 6.3.3(b)], as we do not
require the condition of 8(c) > 1, for ¢ = %1, that appears there.

PROOF. Recall that the main part modulus Qf is defined in [6, (8.1.2)] by
Q7 (fit)w,p = SUPgopgy "wAZsafH]Lp[—1+2k2h2,—1+2k2h2]' Then, [6, (6.2.9)] implies
that

t
S g < [ OF(F g /7).
Also, by [6, (6.3.2)], we have Q7 (f,t)w,p < ctQf_;(f';t)we,p- Hence,

t
wlf(fa t)w,p < C/O Qf_l (f/; T)wcp,p dr

< Cthfl(fla we,p < thfﬂ(fla ) we,ps

where for the second inequality we used the monotonicity of QF ;(f’,t)we,p, and
for the third one we applied [6, (6.2.9)]. Applying this inequality r times we get
the desired estimate. O

For the Jacobi weights w = wq g defined in (1)), it was proved by Ky [12]
Theorem 4] (see also Luther and Russo [13] Corollary 2.2]) that there is an ng € N
such that

(52) En(f)w,p < cwf(f, n_l)w,pa n = no.
Thus, by (&), we have the following Jackson-type result.

THEOREM 5.2. Let 0 < r < k and assume that f"~V s locally absolutely
continuous in (—1,1) and we" f() € L,[-1,1], 1 <p < oo. Then

En(fwp < C’ffrwf_,.(f(r), n wprp, 1= no.
It was proved in [6, Theorem 8.2.4] that
W}f(fat)w,p < cth Z nk_lEn(f)w,pa t < to.
0<n<1/t
This readily implies that, if 0 < o < k and E,,(f)w,p < n~%, for n > 1, then
w,f(f,t)wm <ct®, t <t

In fact, it is possible to prove the following more general result.
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THEOREM 5.3. Let 0 < 7 < o < k, and let f be such that wf € Ly[—1,1],

1<p< . If, foran N € N,

(5.3) Bu(Flup <n™% n>N,

then f is a.e. identical with a function that has a locally absolutely continuous
derivative f=V in (=1,1), and

w,ffr(f(r),t)ww,p < c(w, a, k, 1)t 4 c(w, Nk, r )t " B (fwp, t>0.
In particular, if N < k, then w,ffT(f(’"), Dwerp < c(w, ok, r)t*", ¢t > 0.

PROOF. Let P, € P be a polynomial of best approximation to f in the
weighted norm ||w- ||, and set F := f — Py. Then E,,(F)yp = [WF|lp = Ex(f)w.ps
n <k, and E,(F)yp = En(f)wyp, n = k. Hence, in particular, E,(F)y,p <
Er(f)w,p, for all n € N.

Combining [6, Theorem 8.2.1] and (&.3]), we obtain

W (Fthwp <ct® Y nF By (Fup
0<n<1/t

< CtkaEk(f)w,p + Ctk Z nkilEn(f)w,P

N<n<l/t
S (N ER(fwp +ct®, ¢t >0.

Hence,
1 1
/o QL (F,m)wyp /7T dr < /0 (er ™+ (N " Ep(fwp) dr < 00,

which, by [6, Theorem 6.3.1(a)], implies that F("~1 is locally absolutely continuous
in (—1,1) and

t
QfﬁT(F(T)a Hwprp < C/O QU (F,T)wyp /T dr

t
< c/ (CTQ*T*I + C(N)TkirilEk(f)w’p)dT
0
<A "+ (N Ep(fwyp, t>0.
Finally, taking into account that
w?—r(F(r)at)wwxp = w?—r(f(r)at)mp’\pa t>0,
we apply [6], (6.2.9)] to get
wfﬁr(f(’“), Hwprp = wfﬁT(F(’"), )werp
t
<o [ O (FD Dy /) dr
0
<+ (N Er(fw.p-

This completes the proof.
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Finally, we have the following result analogous to Corollary 1] which immedi-
ely follows from (52) and Theorem

THEOREM 5.4. Let wf € Ly[-1,1], 1<p< oo and 0 <r<a<k. If
Wi (f, Dwp <, t>0,

then f is a.e. identical with a function that has a locally absolutely continuous
derivative "V in (=1,1), and wi_ (f7), ) wer p < ct®7, £ > 0.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.
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