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ON A CONJECTURE OF NEVAI
Incoronata Notarangelo

ABSTRACT. It is shown that a conjecture concerning the derivatives of or-
thogonal polynomials, proved by Nevai in 1990 for generalized Jacobi weights,
holds for doubling weights as well.

1. Introduction and main result

In 1990, an international conference on approximation theory was held at the
University of South Florida, bringing together for the first time a large number
of approximation theorists from the United States and Soviet countries. In the
proceedings of this conference Nevai conjectured that the following theorem could
be extended to the case in which the orthogonal polynomials p,(«) are replaced by
their derivatives.

THEOREM 1.1 (M4té, Nevai, Totik [6]). Let 0 < p < oo. Then there is a
constant C with the property that for every measure a supported in [—1,1] such that
o' > 0 almost everywhere there, the inequality

(/11 f(t) pdt) Y/ < Clim inf (/11 |f(t)pn(a,t)‘pdt)1/1’

Oél(t)(l — t2)1/4 n—00
holds for every measurable function f in [—1,1].

We emphasize that Theorem [[Tlis useful in several contexts (e.g., Fourier series
in orthogonal systems, related interpolation and quadrature processes).

CONJECTURE (Nevai [7]). Let 0 < p < oo. Then there is a constant C with
the property that for every measure a supported in [—1,1] such that o/ > 0 almost
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everywhere there, the inequality
1 p \1/p 1 1/p
t 1
(/ J(®) dt> < Climinf — </ |f ()P (e, t)|pdt>
-1 o () (1 — t2)3/4 n—oo M\ J_q

holds for every measurable function f in [—1,1].

In the same paper, Nevai proved that the conjecture is true in the case of suffi-
ciently smooth generalized Jacobi weight functions, concluding that “Nevertheless,
I do not know how to prove similar results for general weights or measures”.

THEOREM 1.2 (Nevai [7]). Let

H|x—yk|A’“ and W (z H|x—yk|B’“
k=1
where y, € [—1,1], Ay > —1, Br, > —1, and g is a nonnegative function. If r > 0

p=21land0< 01 < g(x) < ea < 00 for x € [—1,1], then there is a positive constant
C such that

1 1 1
/ U@ < Climinf — / ipn (W, 2)[ 9., (W, 2)|PU (2)
1 W(z ) F(1—a2)"3 n—oo np

Subsequently, Nevai and Xu proved Theorem [T 2lwith the interval of integration
[—1,1] replaced by an arbitrary subinterval A C [—1,1], in order to show the con-
vergence of the Hermite interpolating polynomial to a continuous and differentiable
function in weighted LP-norm (see [§]).

The aim of this paper is to prove that Theorem holds with the generalized
Jacobi weights replaced by doubling weights. To be more precise, we will prove the
following equivalent statement.

THEOREM 1.3. Let u,w be doubling weights, with w > 0 a.e. in [—1,1], and
o) =v1—2a2 Ifr 20, 1< p< oo, then there exists a positive constant C such
that

! 1
u(x) 1 ,
Tdm<Chmmf— P, 2)|" |9, (w, ) () Pu(z) da.

We note that, if up™P is a doubling weight, the statement can be rewritten as

1 L
/ u(z) dr < Climinf — | (w, )" |, (w, )|Pu(z) de.
-1

1 w(z) T (1 —22) 5 m—yoo MmP
Before proving Theorem [[3] in the next Section we recall some preliminary
results.
2. Basic facts

In the sequel C will stand for a positive constant that can assume different
values in each formula. Moreover, letting A and B be positive quantities depending
on some parameters, we will write A ~ B if there exists a positive constant C
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(independent of these parameters) such that (4/B)*! < C. Finally, we will denote
by P, the set of all algebraic polynomials of degree at most m.

The definition and the main properties of the doubling weights can be found
in Stein’s book [9] (see also [1l, 2}, 3], [4}, [5]). Here, we recall only the results used in
the proof of Theorem We say that a weight u satisfies the doubling property

if, for some constant L
/ u(t)dt <L /u(t) dt
21 I

for all intervals I C [—1,1], where 21 denotes the twice enlarged I (enlarged from
its center). For instance, the above generalized Jacobi weights satisfy the doubling
property. We emphasize that a doubling weight can vanish on a set of positive
measure (see [9, Chap. I, Sect. 8.8]).

Let u be a doubling weight. Setting

T 1 V1—22 1
Am(I)ZM—F—Q:i —5
m m m m
we define
Um(x) = —/ u(t) dt.
A () T—Ap (1)

From the inequality

U () <C(1+m|m7t|+m|\/1f:£27 \/17t2‘)5um(t),

where z,t € [—1,1] and s is a constant, it follows that (see [4])
(1) U (@) ~ Uy (B), |z —t] < CAn ().
Moreover, in [4] Mastroianni and Totik proved that

(2) Upm () ~ um(2), b =1,

1 1
Q [ 1Pn@lrunte) s~ [ (Pa(@)ru) o
-1 —1

for any P, € P, and for p > 0. Note that (@) holds also with P,, replaced by a
generalized polynomial of the form T, (z) = [, |z — ;|4 m =Y, Ai, A; > 1(see
).

In all the previous relations C and the constants in “~” are independent of m
and P,,.

Let w be a doubling weight and {p,,(w)}men be the corresponding sequence
of orthonormal polynomials with positive leading coefficients. We denote by xj :=

Tm.x(w), k=1,...,m, the zeros of p,, (w) located as =1 < x1 < x2 < -+ < T, < 1.
Furthermore, we set xg = —1 and z,,,41 = 1. Then the equivalence

Vi—ai 1
(4) Aackzxkﬂ—kaAm(ack):T—i—ﬁ, k=0,....,m,

b2

holds with the constants in “~” independent of m, as shown by Mastroianni and

Totik in [5].
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3. Proof of Theorem [1.3

We use arguments similar to those in [7, pp. 87-90].
Let x € [xk, xk41], K =1,...,m. Since pp,(w, xx) = 0, we have

r r ¢ r
p(ws )< (24 1) [l )7 9] (1)

Tk

r Tr+41 c
<(E+1) [ pntw F w0t
Tk

and

T r p — Fh T
(.2 < (5 4+1) @ [ o O o (w7,
Tk

having used the Holder inequality in the case p > 1.
Then, multiplying both sides by u,,(z) and using (1), we obtain

Tr+41

[P (w, )" P (2) < C(Ag )~ / [P (w, )] [Py (w, )[Puam (£) dt,

T
and, integrating over [xg, Zg41],

Th+1

Th+1
/ [P, 2)|" Pt () dir < C(Acz)? / [P0, £)[7 Dl (10, ) Pt (£) .

Tk Tk

By @) and since A, (x) ~ Ap(t), it follows that

Th+1 Th+4+1
/ [P0, )| TPt () di < C / D0, £)[7 Dl (10, ) A (8) P ()
Tk

Tk

whence, summing on k =1,...,m, we get

/ [P (10,2) [Pt () dr < C / [P0, OF I 0, S8 (1)

-1

Now, since u is doubling, also the weight Pu satisfies the doubling property
and (pPu)m(z) ~ mPA, (2)Pum(x). So, by (@) and (@Bl), we get

| patw ) rute) e < o [ ol o, el ule) .

where C is independent of m.

Then, using Theorem [I.1] with f and p replaced by w7 and r+p, respectively,
we obtain

/1 o u®@) e Climing 1 [P, (w0, )|}, (w, ) (t) |Pu(t) dt
. w(CL') rip (p(x) rip S Y S0 mP 1 mAT mA ’

which completes the proof.

Acknowledgement. The author wishes to thank Professors Giuseppe Mas-
troianni, Paul Nevai, and Vilmos Totik for their useful remarks.



N

ON A CONJECTURE OF NEVAI 231

References

. G. Mastroianni, V. Totik, Jackson type inequalities for doubling and A, weights, Proc. Third
Internat. Conf. on Functional Analysis and Approximation Theory, Vol. I (Acquafredda di
Maratea, 1996); Rend. Circ. Mat. Palermo (2) Suppl. No. 52, Vol. I (1998), 83-99.

, Jackson type inequalities for doubling weights. II, East J. Approx. 5 (1999), 101-116.

, Best approximation and moduli of smoothness for doubling weights, J. Approx Theory

110 (2001), 180-199.

, Weighted polynomial inequalities with doubling and Ao weights, Constr. Approx.

16(1) (2000), 37-71.

, Uniform spacing of zeros of orthogonal polynomials, Constr. Approx. 32(2) (2010),
181-192.

. A. Maté, P. Nevai, V. Totik, Necessary conditions for weighted mean convergence of Fourier
series in orthogonal polynomials, J. Approx. Theory 46(3) (1986), 314-322.

. P. Nevai, Orthogonal polynomials, recurrences, Jacobi matrices, and measures, in: A. A. Gon-
char and E. B. Saff (ed.), Progress in Approzimation Theory, Springer Ser. Comput. Math. 19,
Springer, New York, 1992, 79-104.

. P. Nevai, Y. Xu, Mean convergence of Hermite interpolation, J. Approx. Theory 77 (1994),
282-304.

. E.M. Stein, Harmonic Analysis. Princeton University, Princeton, NJ, 1993.

Department of Mathematics, Computer Sciences and Economics
University of Basilicata

Potenza

Italy

incoronata.notarangelo@unibas.it



	1. Introduction and main result
	2. Basic facts
	3. Proof of Theorem 1.3
	References

