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WEIGHTED BOUNDEDNESS FOR COMMUTATORS OF
PARAMETERIZED LITTLEWOOD-PALEY OPERATORS
AND AREA INTEGRALS

Yan Lin and Xiao Xuan

ABSTRACT. We establish the boundedness for commutators of parameterized
Littlewood—Paley operators and area integrals on weighted Lebesgue spaces
LP(w) when 1 < p < oo, where the kernel satisfies certain logarithmic type
Lipschitz condition. Moreover, the weighted endpoint estimates when p = 1
are also obtained.

1. Introduction

Suppose that S™~1 is the unit sphere of R"(n > 2) equipped with normalized
Lebesgue measure. Let 2 be a homogeneous function of degree zero and

(1.1) /S Q(z')do(a') = 0.

The parameterized area integral ug’ < and parameterized Littlewood-Paley operator
py? are defined by

B 1 Qy — 2) *dydt 3

16 s(f)(x) = (//F(z) m /yz<t Wf(z)dz tn-l—l) ,
. B t A Qy — 2) *dy dt 3
00 = (Lo (=) 5], pm ] 55

respectively, where p > 0, A > 1 and I'(z) = {(¢,y) € Ri"’l D —y| <t}
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Define the Hilbert spaces as follows.

o= { il = ([ [ e |2dydt) <o),
Ho=qh:|hlln, = h ) % M|h(757y)|2@ %<OO :
0 + [yl

where \ > 1. Then
116, 5 (F) (@) = (e, (F)(@)lays 137 (@) = 1P ()(@) |34

where ¢(2) = s X oz <1y, and ¢y (£)(2) = [t776(252 — y) f(2) d=.
The commutators of g, ¢ and p)” are defined by
2dy dt\ 2
ntl ’

L (//
i (/ﬂ;+1(t+lxm>

Qy — 2)
T R U R CVIOEE

—z|<t ly — 2|~

2y — ) —b(2))f(2)dz
T R U OO

2 1
dydt\ 2
ntl ’

respectively.
Denote fg = |Q| fQ )dy. For § > 0, we define

Ms(f) = [M(fF)] 5, ME(S) = [ME( )7,

where M is the HardyLittlewood maximal operator and M? is the Fefferman-Stein
sharp function. The corresponding dyadic maximal operators are denoted by M (SA
and M g’A, respectively.

A function A : [0,00) — [0,00) is said to be a Young function if it is contin-
uous, convex and increasing satisfying A(0) = 0 and A(¢f) — oo as ¢ — co. The
complementary Young function A(t) of the Young function A(t) is defined by

A(s)= sup [st—A(t)], 0<s<oo.
0<t<oo

As an example, ®,,(t) = t(1 +log"t)™,1 < m < oo, is a Young function with

its complementary ®,,(t) ~ "I Ads a Young function, then the Luxembury

norm of f on a cube @ C R” is defined by

1
||f||A,Qmf{»o:@/QA(@)dygl}_

If A(t) = ®1(t), we denote

[fllL1ogr,@ = Ifller,@,  [flleapr.@ =118, Mriogrf(z) = sup [ fllz10g L@
T



WEIGHTED BOUNDEDNESS FOR COMMUTATORS... 185

For the Luxembury norm, there is the following generalized Holder inequality.

1
1 <
Ql /Q [ Wgw)ldy < [Iflla.ell

Let us recall the definition of A, weight class. A locally integrable nonnegative
function w is said to belong to A,(1 < p < o0), if there is a constant C' > 0 such

that -
1 1 B
— d — -1/(p=1) g4 > <C,
ook (@ /Q“(x) ) (7 /Q“(x) ")

where () denotes a cube in R™. The smallest constant C' such that the above
inequality holds is called the A, constant of w and denoted by [w]4,. A weight w is
said to be in the class A; if there is a positive constant C such that Mw(z) < Cw(x),
a.e. z € R". We denote by [w]4, the infimum of all these C. A weight w is in the
class A, if there are positive constants C, € such that

s o(1£)
w(@Q) Q)
for all cubes @ and all measurable sets E C Q. We denote by [w]4_, the infimum
of all these C.

Inspired by Hormander’s work [7] on the parameterized Marcinkiewicz integral,
the parameterized Littlewood-Paley g} function p)” and parameterized area inte-
gral pg, ¢ were discussed by Sakamoto and Yabuta [12] in 1999. In [12], the authors
studied the LP(1 < p < o0) boundedness with kernel satisfying the Lip, condition.
In 2002, Ding, Lu and Yabuta [2] proved the LP(2 < p < oo) boundedness of p}"”
and p, ¢ with kernel satisfying a weaker LlogTL(S™~ 1) condition.

Torchinsky and Wang [14] considered the weighted L? boundedness of "
and ug’ o with kernel satisfying the Lip, condition. In 1999, Ding, Fan and Pan [1]
improved Torchinsky and Wang’s result in [14] and gave the weighted LP bound-
edness of py” and p¢, ¢ when © € L9(S™~')(¢g > 1). In 2002, Duoandikoetxea and
Seijo [5] studied the weighed L? boundedness of ;i and puf, ¢ with rough kernel.
In 2004, Xue [15] proved the weighed L? boundedness of py” and ug ¢ with ©
satisfying the L?-Dini condition.

Lee and Rim [8], in 2004, established the logarithmic type Lipschitz condition

(12) 920) ~ 92| € —

for any y1,y2 € S"~!, where a > 1, and proved the type (L>°, BMO) and (L?,
L?) boundedness of the Marcinkiewicz integral with kernel satisfying the condition
(1.2). In 2012, Lin, Liu and Gao [9] gave the endpoint estimate of py”.

AQ

THEOREM 1.1. [9] Let n > 2, Q € L*(S™1) be a homogeneous function of
degree zero satisfying (1.1) and (1.2) with o > %, then for p > n/2, A > 2, there
exists a constant C > 0, such that for all >0 and f € L*(R"),

{z € R : [u3”(H)(@)] > B} < Cllfll/B.
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In 2013, the authors in [10] discussed the operators py” and ug ¢ with ker-
nel satisfying (1.2) on weak Hardy spaces. Recently the authors in [11] gave the
weighted LP boundedness of uf, ¢ and py” with kernel satisfying (1.2).

THEOREM 1.2. [11] Let Q € L?(S™1) be a homogeneous function of degree
zero satisfying (1.1) and (1.2) with o > 2. Suppose w € A,, then for p > n/2,

A>2and 1 <p< oo,

116, 5(Dllpw < Cllfllpor 1137 (Dllp < Cllf -

On the other hand, the boundedness of the commutator has also received in-
creasing attentions. Torchinsky and Wang [14] in 1990 proved that if b € BMO,
then the commutator of the Marcinkiewicz integral [b, uq] is bounded on weighted
spaces LP(w) for 1 < p < oo and w € A,. In 2002, Ding, Lu and Yabuta [2]
gave the weighted L” boundedness of the higher order commutator ugy, for rough
Marcinkiewicz integral. In 2004, Ding, Lu and Zhang [3] gave the endpoint weighted
esimates for the higher order commutator By - In 2007, Ding and Xue [4] gave
the weighted boundedness and the weak L log L estimates for the commutators of
parameterized Littlewood—Paley operators and area integrals with kernel satisfying
the L2-Dini condition.

Inspired by the above results, in this paper, we will focus on the weighted
L? (1 < p < o0) boundedness and the weighted endoint estimates (p = 1) for
the commutators N?z’,bs and uz’f;, where the kernel satisfies the logarithmic type
Lipschitz condition (1.2).

2. Main results

Now, we state our main results as follows.

THEOREM 2.1. Suppose that p > n/2, X > 2, Q € L*>(S"1) is a homogeneous
function of degree zero satisfying (1.1) and (1.2) with o > g Ifbe BMO, then for
1<p<ooandw € Ay, there exists a constant C > 0 such that for any f € LP(w),

b x,
114G s (Dl < Cllfllpos XN lpw < CllFllp.e-

THEOREM 2.2. Suppose that p > n/2, A > 2, Q € L*>(S"1) is a homogeneous
function of degree zero satisfying (1.1) and (1.2) with o > 2. Ifb € BMO and
w € Ay, then there exists a constant C > 0 such that for any 8 > 0 and each
smooth function f with compact support, the following inequalities hold

ol € B igls(Nla) > oy < ¢ [ (1 T log* @)w(x) dr,
/) L /@)

olte e B g > op < 0 [ N (1togt K)ot a

o B B
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3. Some lemmas
In order to prove the main results, we need the following necessary lemmas.

LEMMA 3.1. [16] Suppose f € BMO. There exist constants C1, Co > 0,
depending only on the dimension n, such that for 0 < C < ”?ﬁ* , every cube @ in
R"™, we have

c -1
/ Ll @=fal gy < qc( : C> QI
Q

1f1l+
LEMMA 3.2. Let 1 < p < oo and X > 0. Then, when b(x) € BMO with ||b||. <
min{$z, %}, where Cy is the constant in Lemma 3.1, we have eX?@) € A,

PRrROOF. We have

1 / Nb(x) )( 1 / Nb(@)) 7T )p
— e dz || — e dx
(|Q| Q Q| Q( )
1 / X (b()—ba) )( 1 / N (b()—bg) | ),,_
= — e dr || — e Q dz
(|Q| Q QI Jo ( )

-1

1 / N [b(a) —bel )< 1 / 2 o) b )p
— e r)—oeldy — er—1 Rldx = 1p.
<|Q| Q Ql Jq ©

Let Ao = p{l. If 1 < p <2, then \p > X\. By taking C = )\ in Lemma 3.1,
we have

1 Dolb(z)~bal 1 alb@)—valy \
Ip < —/eo ””de)(—/eo szm)
< (|@| o QI Jo
P p
:(L/ew(z)b@dx) <G )
1Ql Jo ”fﬁ—Ao

If p > 2, then \p < \. By taking C' = )\ in Lemma 3.1, we have

Io < <L/ eA'|b<z>dex) (L/ emb(z)bgdz)p_l
QI Jg Ql Jg
P p
_ <L/ eA'|b<z>dex) <[ )
@l e ot =~

The two cases imply the desired result. (I

—1

1

N

REMARK 3.1. It follows from Lemma 3.2 that if 1 < p < oo, M > 0 and

a(z),b(z) € BMO with [|al|. < [|b]. < min {$z, 2211 then @) € A, and

the A, constant of eNal@) satisfies

p
, <i217A0)\0> , 1<p<2,
{ex a(x):| < ol »

Ap [eipN
Co RV b
ol — A

2 < p<oo.
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LEMMA 3.3. Suppose b € BMO. There is a positive constant C such that for
all ball B C R™,
||b - bBHesz,B < C”b“*

Proor. When C > c%v by Lemma 3.1, we have

-1
1 e‘b(cx\)\bubf‘dmgcl 1 (02 1 ) :L.
1Bl /5 Clipll« \ Mol Clloll« CC -1
Taki Ci+1 C 1 lb(z)—bp|
aking C' > =5=, we have 77— < 1, then WfBe cll dx < 1. By the
definition of ||b — bp|lexpr,B, there is ||b — bp|lcapr,B < C|b]| O

LEMMA 3.4. [6] Let 0 < r <l < co. For each function f, define

1 fXE ro 1 1
I Flwe: = supti{a s [F@)] > )7, N () = sup LKL 5,
=0 B lxsls s l

where the supremum is taken over all the measurable sets E with 0 < |E| < oo.

Then

1
Cor

I\~
1llwee < Neo () < (7)1l

r

LEMMA 3.5. [3] (1) Let M>, M*% be the dyadic Hardy-Littlewood mazimal
operator and the dyadic sharp function, respectively. If w € Ao, then there exists
a positive dimensional constant C' for which the following good-\ inequality holds.
For all A, € > 0,

w{y €R": M2 f(y) > A, MP2 f(y) <er})
< Clwlacw({y e R™ : M2 f(y) > \/2}).
(2) If ¢ : (0,00) = (0,00) is a doubling function and § > 0, then there exists a
positive constant C such that
supe(Nw({y € R™: M7 f(y) > A}) < Clolan, suppWew({y € R":MF2(y) > A})
> >
for all functions f such that the left side is finite.
LEMMA 3.6. [3] There exists a constant C > 0 such that for any weight w and
all >0,
sty > s < [ (1o D) Pargy gy

for every locally integrable function f.

LEMMA 3.7. As for |y — z| = 4r, there is
—z 4+42¢
[log( ly \)]

/°° (log )™ ;
oz DT T (y = 2)2en

where r > 0,0<e<p—3 and p> 3.

N

The proof of this lemma is similar to that of Lemma 2.1.2 in [15], so we omit
the details.
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LEMMA 3.8. [11] There exists a constant C > 0 such that for any z € (8 B*)¢,
|y - Z| 2 6T;
Uy—2)  Qw-m+y—2)|__CO+[%y—2)])
ly — 2|7 Jw—xzo+y—z|"P ly — 2|+ (log ly— ZI)

where ) € L2(S™"1) is a homogeneous function of degree zero satisfying (1.1) and
(1.2) with a > %; B is a ball with center at  and radius ro; B* is a ball with center
at & and radius v = 2rg and xg, w € B.

LEMMA 3.9. Let b € BMO, 0 < 6§ <1 < 1. Suppose that p > n/2, X > 2,
Q€ L2(S™1) is a homogeneous function of degree zero satisfying (1.1) and (1.2)
with o« > g Then for any smooth function with compact support f, there exists a
positive constant 0 < C' = Cs such that

MES (35 () (@) < ClbJL(MP (3 () (@) + M (f)(x)).

PROOF. Given z € R", let Q = Q(Z,r1) be a dyadic cube centered at T
with half side length r; and « € ). Let B be a ball centered at z and with radius
ro = v/nr1, and B* = B(Z,r) with r = 2ry. Decompose f = fxsp++f(1—xsp*) :=
fi+ fo. Take Cq = 157 [ 137 [(b — bp-) fo] (u) du; then

3P () () + p? (b = bp=) fi)(w) + |y (b = bp+) f2)(u) — Cql,

(I%QI/ "Ni’,ﬁ(f)(u)p_|CQ|5‘du)%
Cé(lQl/' b (f)(u”édu)%
o Jyrce- b)) )

1 * %
o7 ) 0= o) o)) = Colt)
=Cs(1 + Iz + I).

As for I;, we can choose 1 < r < min{%, %}, then by Hoélder’s inequality,

1 , e
L <= [ |b(u)—bg| d G )" d
1<(|Q|/'(“) 5| “) (|@|/'“A vl “)

c||b||*(|Q| / P |du> < ClIblLMA (57 () ().
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As for I, applying Lemma 3.4 with % = % — 1, Theorem 1.1, Holder’s gener-
alized inequality and Lemma 3.3, we have

n< (i) (%) 3 (0 - b ) )llw el

(3.1) |8B*|/ — bp||f
H

< |0 = b+ ||expr.8B+| fllL10g L,8B
< C”b”*MLlogL(f)(m)

Note that M2(f)(x) &~ Mpiogr(f) (), we have I < C|b||M?(f)(z).
Finally, let us estimate I3. Since f € LP, and ui’p is L? bounded for 1 < p < oo
by Theorem 1.2, then

f(u)|du

[ <10 ( [ birupa)” <cer ([ iropa)”

This fact shows that 1 (f2)(u) < oo a.e. on @, so except a subset E with measure
zero, for all u € Q N E, uy”(f2)(u) < co. Thus,

I < Tc12| /Q 5P (b — bge) o) (w) — (15((b = b-) f2))qldu

< ﬁ/cg E/Q E|H§’p((b—bB*)f2)( u) — 3 ((b—bp+) f2) (v)|dvdu.

Next we will prove the following fact. For any xo,w € Q \ F,
= [3P((b = bp+) f2) (o) — " ((b = bp-) f2) (w)]
(8B*)e 3By |z —xo|"te/

|z — xg|nte
(3.2) + O3 / b(2) - bB*ﬂ_{(Z” dz
8B*)e |z —x0|2 TP

#B*)° |z — xo|"(log E="0 )2+

=Ty + T + 715+ Ty.

write

= [lét.y (0 = bp=) f2) (o) l34s — 62,5 (b = bp=) f2)(w) 22,
<Iey (b= bp-) f2)(0) = bry (b(2) — bp+) f2) (W),

</ [ ) e -0) - o2 =)

< 0~ ba a0 o] L)
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S () e ) ol )

2dydt 3
t

X (b(z) —bp+) f2(2) dz =Ji+ Jo.

An
. 1 .
Since (lel) < 1, there is

s ([
(L1

x (b(z) — bp=) f2(2) dz
" ([o /|y|<1 /ﬁj_yf”(‘ﬁ(% ~y) —o(*=-v))

|_
X (b(=) — b ) fol2) d2

ey U (T ) 0:) — ) fa(2) dz
T

(W —Z
/“’;zfy|>1t ¢( ¢ _y)
<1

|w—z

LE oy

2dydt 3
t

2clyd?f 3
t

2dydi\ 2
==

zo—y'
t

Use the transform y — (we still use y instead y’), then

1
h Qy —2) 2 dydt \?
T s (/ / / T (b(2) = bp ) fa(2) d2| —F—
0 Jieo—yi<e 2 R tnt2ptl
2 1
dydt \?2
X (b(z) — b)) d2 W)
+</°°/ / <Q(yz) Q(Wﬂfo+yz)>
0 Jlzo—yl<t If;le;:yfzkt ly —z|"=P  |w—x0+y—2["P
2 1
dydt \?2
X (b(z) = bp+) fa(z) dz t"+29+1>

=Jia+Ji2+ s

5 (A=2)

Take 0 < € < min {%, p— 5,0~ 5,5 n} (we always restrict that e satisfies

this in the whole proof of this lemma). As for Jj 1, it follows from the Minkowski
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f@ﬂ(ﬂ%ﬁ;

|zo—yl<t
|w—zo+y—z|>t

1
1y —2)|* dydt r
?yefi‘lit) ly — z|2n—2p tn+2p+1

|zo—y|<t
|w—z0+y—z|>t

<Jiaa+Jiae,

1
Uy —2)|* dydt \*
f(2)] (//?ew* ly — z[2n—2p nt20+1 dz,

y—z|<t
[zo—y|<t
|w—zot+y—z|>t

1
Uy —2)| dydt \*
f(2)] (/ﬁe@B*)c ly — z|2n—2p n+2p+1 dz.

ly—z|<t
|zo—yl<t

J1‘1,2 = / |b(z) — bB*
(8B)°
lw—zo+y—z|>t

For Jy.1.1, since y € 2B*, z € (8B*), then |y — z| ~ |xg — 2| ~ |w — 20 +y — 2|.
We have

2y — =)

J_,é/ bZ—bB*fZ(/ o,

1.1.1 (8B*)C| ( ) || ( )| ye2B- |y—z|2”*2f’
1

dt 2
X 7dy) dz
/Iyz|<t<wzo+yz gnt2ett

1

1Qy — 2)| r 3
<C b(z) — b~ i J
/(SB*)C | (Z) B f(Z)|</y€2B* y— Z|2n—2p |y _ Z|n+2p+1 Y ¥4

inequality that

Ji1 < / |b(Z) — bp~
(8B*)°

where

J1‘1,1 = / |b(z) — bB*
(8B*)c

. _ A2 3
(3:3) gC/‘ b(2) maf@n</ lﬂ&L%ﬁT@>dz
8By |2 — x| TE ly—z|>6r [y — 2|72
o [ R bl
(8B*)¢ |Z*£L’0 n+e

For Jy.1.2, we have

Ji1.2 g/ |b(z) — b~
(8B*)¢

Qy —2)* dydt \*
X (/ye@B*)“, ly—z|<t |y72|2n72p tnt2p+1 dz

|zo—y|<t, 2|ly—z|Z>|z—zo|
|w—zot+y—z|>t

#1060 b5

f(2)]
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[y — ) _dydt \*
X yE(2B™)°, |y—z|<t ly — z|2n—2¢ tn+2p+1 dz

|wo—y|<t, 2|y—=z|<|z—zo|
|w—zo+y—2z|>t

=Ji1 +Jiaom.

First we give the estimate of Jy 1.0/.

Ji1 </ 1b(2) — bp-|[f(2)]
(8B*)¢

Qy —2)2 ot a 3
x (AE(QB*)C y— 2P | ) dz

—Z
2y 2| |20l v==|

<c/ Ib(2) — bp-
(8B*)°

[y — 2)? T 2
X (A€(2B*)C |y . Z|2n—2p |y 7 Z|”+29+1 dy dz

2ly—z|>]z—zol

— bee Oy — )12 3
cof ehelfol(foduoan,),
(8B*)e |Z — To|"T ly—z|>3r |y - Z|n N

Similarly to the estimate of (3.3), we have

Tite < CTE/ |b(z) — b~

(8B*)e |Z*ﬂ?0

f(2)]

fel,,

n-+e

Then we give the estimate of Jy 1 97.

Ji1.20 < / |b(z) — b~
(8B*)e

Qy— ) dydt \*
x (/y6(2B*)“7 ly—z|<t ly — z[2n—2¢ tn+2pt1 dz

|[zo—y|<t, 2|ly—z|<|z—zo|
lw—zot+y—z|2t, ly—z|<2r

[ 100 b5

Qy — ) dydt \?
X lye(2B™)°, |ly—z|<t |y — Z|2n—2p tn+2p+1 dz

|zo—yl<t, 2|y—z|<|z—=z0ol
lw—zo+y—z|2t, |y—z|>2r

=Ji1217 +J11.2.20.

f(2)|

For Ji.1.2.17, since |y — z| < L;M, then |y — zg| > L;M and we get

Jr1.217 < / |b(z) — b~
(8B)°

1
Q-2 [~ dt \?
x </y—2|<27- ly — z[2n—20 | nt2p+1 dy ) dz

|z—zq] y_l'[)l
|y7930‘>42)—

f(2)]

193
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b 2 5
cof BbelOI[ 0 mwoar Y,
(8B*)¢ |Z*3'30|2 r ly—z|<2r |y _Z| neep

< crﬂ*%/ 1oz) = bo: 172 g,
(8B*)¢ |Z — Xp| 2 P
For Jy.1.9.97, since t > |y — xo| > |Z;m°|, and |y — z| ~ |w — o +y — 2|, we have
J11.2.2 </ b(2) — b~ f(z)|</ (2B™)° [y — )
.1.2. " S — e *\C 7_
(8B*)e (‘Z—Qmo‘)nJre g\y—zK\z—xo\ |y — Z|2n 2p
- =[>2r

1

dt 2
. 71@) dz
/y—z<t<|w_l.0+y_zl $2p—n+1-2¢

. _ 2 3

(8B*)¢ |Z — o y—z|22r |y

<C

Similarly to the estimate of (3.3), we have

b(z) — bp«
Ji1.2.00 < CTE/ |b(2) B
8B*)e |2 — o

f(2)]

. dz.

Combining the estimates of Jy.1.1, J1.1.2/, J1.1.2.1# and J1.1.2.9#, we obtain

Y L =GP Y L O EUCS
(8B*)¢ |Z—$0 n+e (8B*)¢ |Z*£L’0 2+p
Similarly as we deal with Jj 1, we can get
Jio < C’I“E/ |b(2) — bp- f(z)ldz + CrP—% / |b(2) — bB*EI(Z”dZ
(SB*)C |Z*l’0 nte (8B*)c |Z—IO 2 TP

Next we give the estimate of J; 3. Apply the Minkowski inequality to Ji.3 and
divide the region by |y — z| > 6r and |y — z| < 6r. When |y — z| < 67, we have

y € (2B*)¢, so
Qy — 2)

J,;;g/ bsz»«fz</ *ye }7

1 (SB*)C| ( ) ( )| |yy€£§|3;t) |y—z|”_f’

|zo—y|<t
|ly—z| <67
|w—zo+y—z|<t

dydt \? ;
fnt2p+l z

Y w—mot+y—2)
lw—xzo +y— z|"P

Qy — 2)
+ /(SB*)C |b(z) — bp=||f(2)] (/ ly—z|>6r ‘W

ly—z|<t
|zo—y|<t
|w—zo+y—z|<t

dy dt
2o+l

Y w—m0t+y—2)
lw—xzo +y— z|"P

1
2
) dz := Ji31+ Ji3.2.
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When z € (8B*)¢ and |y — z| < 6r, there are |y — xg| ~ |z — xo| and |w — z¢ +
y—2z| < |w—2x0|+ |y — 2| < 8r. Then

2y — 2)?
< — b~
Jiz1<C (854 b(2) — bp=|[f(2)] (LE(QB*)C, ly—z|<6r (|y — z[2n—2p

|lzo—y|<t, |w—x0+y—2|<8T

|Qw —x0 +y — 2)|? /°° dt z
——d d
om0ty 2P ) L, Y )

Yy
o e a3
cof MOmel(f oo,
(8B*)e |Z_x0|2 r ly—z|<6r |ny| neep
+C/ |b(2) — bp=|I.f(2)]
8B |z —mo|TTP

1
0 _ _ 2 2
><</ Do — 70ty 2:E|2 dy> dz
|w—zo+y—z|<8r |W —xo+Y— Z| P

<CrP=% / b(2) = bi- j;(z”dz
(8B*) |z — xolPt2

Next we estimate Ji 5.2. Note that |z—xo| < |zo—y|+|y—2| < 2t, 80t > |272—x‘)|

Qy — z)
J1.3.2 </ b(2) — bp-||f (//> ~zo|/2, ly—z|<t (
(8B*)¢ ly—zo|<t, |y—z|=6r

ly —z["—
lw—zo+y—z|<t

(log L)*+2dy dt %d
t2p n+1t2n(10g ;)4+2€

Y w—mot+y—2)
lw—xzo +y— z|"P

cof MOl (]
(8B*)e |z — xzo|"(log %)2“ ly—z|=6r

2 00 t\4+2¢
(log 1) 2
y—=z

Ay — 2)
ly — z["—r

Qw —z9+y—2)

3.4 -
(34) lw—xzo +y— z|"P

By Lemma 3.7 and Lemma 3.8, there is

Jias < C /( . [b(2) — b |1/ (2)|
8B*)c

e |z — zo|™(log l=— x0|)2+e

N2 3
ly—zI>6r |y — 2| (log @)20174725

<C/ b(2) = bp~||f(2)]
(8

B)e |2 — wo|" (log E5tely2+e

Combining the estimates of J; 3.1 and .J; 3.2, we obtain

Ji3 <CrP™% / |b(z) — bB*J{(z)'dz s |b(z) — bB*|||;f(,z|)|
O R A (8B%)¢ |2 — mo|"(log F=7)2He
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As for Js,
0o An
1
o ([ (2) fo st
? (o wi=1 \1+ [yl [ —vi<t
[ == —y[>1
To — 2 dy dt 3
><<z>( 0 —y)(b()—bs*)fz() )
lyl>1 1+|Z/| = —vl>1
| 7=~y
2 1
dydt\ 2
><<z>( = 0) 0 - o) o) | A

—n

L)

| *y\<1
| == wos yl<1
x <¢<x°tz y> qs(“’tz y>)(b(2)b3*)f2(Z)dz @)

Using the trasform y — “t_y/ again (we still use y instead 3’ ), we have

o t An Qy — 2)
T2 s tFro—yl) |Ju-s<t  Jy—zpe
0 |zo—y|>t + |$0 - y| ‘y Toty— |y - Z|
2 dydt \?
X (b(z) — bp+) f2(2) d= m)
+</°°/ < t >A"/ Qw — 20 +y — 2)
0 |zo—y|>t t+ |$0 _y| ly—2|>t |w_x0+y_2|n—p

lw—zo+y—=z|<t

2 1
dydt \?2
X (b(z) — bp+) f2(2) d= m)
L ) (v
0 |xo—y|>t t+ |$0 - y| }Z}izz‘:iyfz\<t |y - Z|n—p
1
Qw —x9+y — 2) 2 dydt \?
- |’LU — 20 + y— Z|n_p (b(Z) - bB*)fQ(Z) dz tn+2p+1

=Jo1+ Jao + Jas.

For J5.1, we claim that y € (2B*)¢. Otherwise if y € 2B*, then t < |xo—y| < 4r.

But z € (8B*)¢ and t > |y — z| > 6r. Thus by the MlnkOWSkI inequality, we get

An
t
J21 é/ |b(z) — bp=||f (/ / 5 ( )
(8B*)° y&z%‘ )tc t+ |zo — yl

ly—z|<t
|w—zo+y—z|>t
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2 < Joa + Jaae,

Oy —2)2 _dydt \*
|y _ Z|2n—2p tn+2p+1

o0 t An
f(2)| (/ /yfz|<8r, |zo—y|>t (7)
0 Jye@s ), jy_zjet \IF[To =Yl

|lw—zo+y—z|2>t

where

Jo11 = / |b(z) — bp-
(8B*)e

Qy —2)2 _dydt \*,
x |y _ Z|2n72p tn+2p+1 2

o0 t An
f(2)| (/ /yfz|>8r, |zo—y|>t (7)
0 Jye@b)©, ly—zet \t+ |T0 =yl

|lw—zo+y—z|2>t

Jo12 = / |b(z) — bp~
(8B*)e

Q- 2)2 _dydr \*
X |y _ Z|2n72p tn+2p+1 2

For Ja1.1, since |y —z| < 8r, z € (8B*)¢ and y € (2B*)°, then |y — xg| ~ |z — x0]|. So

1 2n+2¢e
< b(z) — bp- -
Tors /(BB*)J (2) = by || (= < / / . <t+|xo—y|>

yE€(2B*)°, ly—z|<t

An—2n—2 1

t e 2n—+2e |Q(y — Z)|2 dy dt 2

—_ t dz
t+ |zo — yl ly — z|?n=2p tnt2o+1

1
cofs ([ o
(8B+)e sy 2 — w2

ye (2B™)°
_ 2 3
RUUEITTAM

ly—z|<t
|y _ Zln—e tl—e

o C/ b(z) — bp-||f(2)] (/ 1y — 2)]?
S Jepeye |z —wonte? ly—z|<sr |2 — Tolf|ly — 2[" ¢

lzo—yl 1 3
X (/ —dt> dy) dz
tl—e
0

cown [ Mt
8By |z — mo|"te/?

¢ n
2|ly—z|=|z—z0] ( )
(/ jco—yl>t, ye(zpr)e \ T |70 =yl

ly—z|<t, |ly—z|=>8r
|w—zo+y—z|>t

For Js.1.0, there is

Ja12 < / |b(z) — bp~||f
(8B*)e

Ry —2)* dydt \*
|y _ Z|2n72p tn+2p+1




198 LIN AND XUAN

¢ An
+/ 1b(2) — by- || f (/ A <7>
(8B*)e Qf; y‘|>‘t y?2B e t+ |zo — y|

ly—z|<t, |y—z|=8"
|lw—zot+y—z|>t

1
Qy —2)|* _dydt \*,
) ly — z|2n—20 nt2p+1 dz = Ja12 + Ja12e.

As for J5 1.9/, we have

Jo1.2 < / |b(z) — bp-
(8B*)e

QO _ 2
oy 12022

ly—z|>8r
2ly—z|>|z—x0]

|[w—zo+y—z| dt 3
X / pr dy) dz

y—2|
. Oy — 2)[2 3
cof BeThelON(f Bbdr )Y,
8By |2 —xo|"TE ly—z|>8r [Y — 2| ©
cow [ MEIZhle,
8By |z —o|"tE

For Jo.1.97, by |2 — x| > 2|y — z|, we have |y — zo| > |z — x|/2 and |y — 2| ~
|w — 2o +y — z|. Then

t2n+25
Jo.1.0m é/ |b(z) — bp«||f(2 (/ (2B%)° >8 DR e
8B%) yE( s ly—z[>8r 2o — y|2nt2e

ly— 930\>\Z zol/2
ly—z|<t, l[w—zo+y—z|>t

An—2n—2¢e _ 2 dt %
() LRI R

t+ |$0 _ y| |y _ Z|2n—2p tn+2p+1

<C |b(2) — bp-[|f(2)| / 2y — 2)
S Jspeye |z —@olntE yE(2B")°, ly—z|>8r |y — z|2n—2p

ly—zo|2]2—xol/2

1
|lw—zo+y—2z| 1 3
X (/ ‘ prp—r dt>dy> dz
Yy—z

. _ A2 3
cof w6t ),
sB*ye |z = xo|"tE ly—z|>8r |y — 2|72

Similarly to the estimate of (3.3), we have Ja.1.9v < Cre f(SB*)C @) b [1F@] g,

[z—zo|™+e
Combining the estimates of Js 1.1, J2.1.2» and J2.1.9, we obtain

micorr [ MG, o [ B b,
' (8B*)¢

(sBr)e |z — o[ e/ |2 — o™ Fe

Similarly as Js.1, we can obtain

J2.2 <C7’€/2/ |b(z)7bB*||f(Z)|dZ+cre/ |b(Z)*bB*||f(Z)|dZ'
' (8B*)°

@B |z — x| He/2 |z — zo|nte
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Finally, we deal with the last part J2 3. By the Minskowski inequality,

An
t
< b(z) — bp- t+ [0 — yl
Ja.s /(SB*)°| (2) B <//y z|<6r, |zo—y|>t <t+|300 —y|)

z|<t, lw—zot+y—z|<
Qy-—2 Qw-mo+y—=z) | dydt %d
— z
ly—z["7 |w—mzo+y—2"r

fmt2ptl
¢ An
b(z) — bp~ -
+ \/(SB*)C | (Z) B f(z)|(\//yfz|>6r, |mo—y|>t (t + |$0 . y|>

ly—z|<t, lw—zo+y—z|<t
Qly — 2) Qw —x0+y—2) dy dt
ly—z["=7 |w—mzo+y—2"r

X

X

1
2
t"+29+1> dz := Ja31+ Ja.3.2.

For Js.3.1, it follows from |y — z| < 6r and z € (8B*)° that |y — z| > |z — z| —
ly — z| > 2r. We can get y € (2B*)° and |w — 2o +y — 2| < |w—xo| + |y — 2| < 8r.

(/Ae(%’ ), |wo— y|>t (tJr |zo y|)

ly—z| <67, |y—

J231 < / |b(z) — bp~||f
(8B*)°

2 3
RN

|y _ Z|2n72p {n+2p+1
An
t
o 10 =5 oo oo (7757)
(8B*)° |w—z0+y— z\0<8r t+|l‘07y|
lw—zo+y—z|<t

|Q( w—1z0+y—2)? dydt
|w7m0+y72|2n 2p tn+2p+1

3
) dz := Jaz.1 + Jas.10.

Estimate J2.3.1- and J5 3.1~ by the similar method as we deal with J5 1.1. There is

nacorn [ Mzt
smeye |2 = 2ol

As for Js. 3.2, we have

¢ An
J2.3.2 g/ |b(z) — bp~||f (/2 > (7)
(8B+)¢ PRI t+ |zo —

ly—zl<t, Jw—zo+y—z|<t

—2) Qw —x9+y — 2) dy dt %dz
|y o T s e

¢ An
s b - bels ( Jy (7)
(8B*)¢ ;y z|‘><6"r, \;ffl yl>t t+[zo —yl

ly—z|<t, lw—zo+y—z|<t
—2) Qw —z0+y—2) dy dt z
dz
|y - z|” P w—mo+y— z|nmp| tnt2etl
= Jogo 4+ Jas.0.
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For Js5 3.0/, there is

Jog9 < C/ |b(z) — b~
(8B*)°

ly—z|>6r

o0 (log L)4+22 4t
X T =l dy | dz
maz{|y—z|,|z—=zo| /2} 12771z — 20|27 (log Z5 )4+2e

2
o / |b(2) — bp- |1 ()]
(38°)¢ |2 — w0 | (log 5ol )2+

([ |Ruzd awenty
|ly—z| =67 |yiz|n7p |w7x0+yfz|n7p
1
= (log 1)y2dry \}

By the estimate of (3.4), we get Jo.3.9 < C’f(SB*)C ‘Z_Z’(E‘Z?E(*ISSTJLfm(j))\2+E

For J; 3.9/, denote C(g) = e*+29)/2. Since 2|y — 2| < |z — x|, then |zg — y| >
|2 — o] — |y — 2| > B thus

Jaazr < [ 106 = 0w U [ fo-soor a0y
(8B*)e

|zo—y|>|z—z0]/2

f(2)|

Qy — 2) Qw—z0+y—2) |°

ly—z[""  Jw—zo+y—z2"r

=

ly—z|<t
y n (log t+\y—xor\+0(6)7‘)4+2e
(t + |$O _ y|))\n—2n+2n (1og t+\y—:c(;ﬂ\+C(e)7 )4+2€
X‘Q(y—z) ~ Qw—w0+y—2) dy dt )%dz
ly—z|"=P  |Jw—zo+y—z"P| tnt2etl

cof Mt
(8B*)° |z — xo|™(log %)2“

X(/y—zm Oy—z)  Hw-zoty—z)

lzo—y| $An (oo LEY=2|+C ()T y4+2¢ dt
X (/ (log L ) )dy) dz.
\

2

N

ly— 2" |Jw—=z0+y— 2"
B A
logs)4+25

Notice that the function G(s) = ( =

t+ |y — x|+ Cle)r - ly — z| + C(e)r
r - r

4+2¢) /e

is decreasing when s > el and

> C(e) = elt+2)/e,

then

(t+|y*$0‘+c(€)7")]4+25 (\yfz\+C(e)r)]4+2s

[log
(t+|y—l‘0|+C(E)T)€ = (Iy—z|+C(a)r)E

T T

[log
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Since ¢ + |y — x| ~ t + |y — 20| + C(e)r and 0 < & < min{L, 227

then

) 7§aa72}a

o=yl +A tHly—zo|+C()r 442
|

N e e Do

B e e | RN
S e (y =2+ Cle)r)e t2oniie
0L ot

ly — 2=

Since |y — z| > 6r, there exists a constant [ > 1 such that |y —z|+ C(e)r < 2!y — z|.

Hence
b - b *
8B*)° |z — xo|"(log F5r)2+e \Jjy—z|>6r

1 2! \y 2| \4+2¢ 3
? (log ) ay) dz
ly — 2|2

Qy —=2)
ly —z|"=*

B Qw—z9+y—2)
|w—xo +y — z|"P

[b(2) — bp-||f(2)]
cof

B*)e |z — z9|"(log %)2‘%

1+ (Q(y — 2 3
<(f U106 ) o
ly—z|=67 |y — z|"(10g %)2&74725

By the estimate of (3.5), we get Ja.3.97 < Cf(SB*)L b(x)=bp=[If() g,

" |z—xo|" (log u:.z ‘)2+5
Combining the estimates of Jo. 3.1, J2.3.2- and Ja 3.2+, we obtain

Jos <Cr€/2/ [b(z) = bp- IS, b(2) — bg= || f(2)]
. (8B*)e |z — I0|n+a/2 8B*) |z — xo|"(log Iz—Tm0|)2JrE

Then we complete the proof of (3.2). Next we will show that T; < C||b||.M?(f)(x),
fori=1,2,3,4.

Denote B; = {z: |z — Z| < 2/r}, then |bp
Mriogn.(f), by Lemma 3.3 we get

<oy | b(2) = b 1),
j=3/2Ir<|z—z|<2itlr |Z —x|” e

- —J d bg,,, — bp~
57 </Bj+1 (2]7")” Z + | Bji1 B

(15 = b5, lleapr. B, [ 10g .80 + F1IBILM (f)(2))

o1 — bp+| < j[b]l«. Since M*(f) ~

éC

MS

M)

<.
I
w

/A
Q
l\:)|}_l

<
[
w

jE

(Bl Mz 105 £.(f) (@) + G1IBI M (£)()) < ClIb]| M2 (f)(2)-

N
Q
l\:)|}_l

<
[
w

jE
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Taking €/2 and p — & instead of € in the above inequality respectively, we get

T < COb|l . M?(f)(2) and T3 < C|[bl|. M>(f) ().
Similarly to the way in estimating 73, we obtain

S / bz) — b [172)]
j,3 2irg|z—3|<2it1r |2 — xo|?(log @)2“

oo

CZ e (ol M 10g £.(f) (@) + 511Dl M (f) ()

j= 3
< Clbll M2 (f)(x).
So we have J < C||b]|.M?(f)(z) and I3 < C||b]|+M?(f)(z). Combining the

estimates of Iy, I and I3, we have

MEA (35() (@) = [ME2 (15201 ()]

1
<sw (7 [ [z = 1o o)
Q3 Q)
< ClIbll« (ME (13" () () + M2 (f)()),
where the supremum is taken over all dyadic cubes @ with x € Q. O
LEMMA 3.10. Suppose that 0 <6 <1, p>n/2, A >2, and Q € L*(S" ') isa

homogeneous function of degree zero satisfying (1.1) and (1.2) with o > g Then

for any smooth function with compact support f, there exists a positive constant
0 < C = Cs such that

ME2 (1 () (@) < CM(f)(2).

PROOF. Let fi, fa, Q and B* be the same as in the proof of Lemma 3.9. Then
applying Lemma 3.4 with % = % — 1 and Theorem 1.1, similarly to get (3.1), we
have

(IQI/'“A’IJ 'dy) <|83*| y)ldy < CM(f) ().

Since f € LP for 1 < p < oo, and py” is LP bounded, then py”(f2)(u) < oo a.e.
on @, so except a subset E with measure zero, for all u € Q \ E, " (f2)(u) < oc.
Next we will prove the following fact. For any xo,w € Q \ E,

= 137 (f2) (o) — 13" (f2) (w)| < CM(f) ().
In fact, similarly to (3.2), we know that

veor [ MOL 4o e
(8

B*)e |Z - Q’J()|n+€ (8B*)¢ |Z — $0|n+6/2

+c/ L. / £ (2)]
8B*)e | (8B*)e |z — zo|™(log |Z_T—3”0|)2JrE
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oy CTI

= Jrirglamal <oty |2 — TMFE

+C7“E/2§:/ Md?j
2

. ] 7 2
J=3 Jrg‘szl<2j+l7" |Z - x|n+€/

+CrP=2 i/ 7|f(fﬁ+ dz

e L ki R

oS e
= 2ir<iz-—a<2ttr [z — 7| (log @)24‘5

<1
<O 5 S /H<2H1T|f<z>|dz

=1 1
+ C]Z 27/2 (23 +1y)n /|2I|<2H1T |f(2)|dz

h

1 1
I 75 z)|dz
3 2i(p—%) (2]-{—17«)” /zz|<2j+1r |f( )|

1 1
S Ty, 1 < OMUD)

Let Cq = (13(f2)) - Since [u3?(f)(u) = Ca| < |13’ (fu) (W) + |13 (f2)(u) -
Cg]l, then

M (1) ) @

%
< Cs sup < / 137 I‘SdU)
@32 \|Q

—|—C§sup(|Q|/ |1? (f2) = Co du)

< CM(f)(x ”CZ‘;%QP/Q\E/Q\E'” (fo) () — 5 (f2)(v) dvd
< CM(f)(@).

+
Q
IhgEl

J

+

Q
.Mg

I
w

O

For b € BMO, let bi(x) = b(x) if |b( ) < k, bp(z) = Kk if b(z) > k and
bi(z) = =k if b(z) < —k for k =1,2,3,---. Then by € L* and ||bg||« < ||b]|«. The
following lemma shows that p} N b (f) can be controlled by the maximal operator.

LEMMA 3.11. [4] Suppose that Q € L*(S™™') is a homogeneous function of
degree zero. If p > n/2, A\ > 2, suppf C B(0, R) and |z| > 2R, then for any k, there
exists a constant C' independent of k, f, R and x such that uz’f;k ((x) < CEM f(x).
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REMARK 3.2. By checking the proof of Lemma 3.7 in [4], we find out that
the condition “Q € L%(S""1) and Q is a homogeneous function of degree zero” is
sufficient to get the desired result.

4. Proof of theorems

First, we give the proof of Theorem 2.1 as follows.

PROOF. It is easy to check that ”6, < M2k b so we only give the proof of
Theorem 2.1 for p}

Since w € A, , there is an ¢ > 0 such that w'™ € A,, then by Theorem 1.2,
we have

(4.1) 11257 (@) lpor+s < Coll@llprse, for ¢ € LP(w'e).

Take X' = p(1 4+ ¢)/e and n = min{Cy/N,C2(p — 1)/N'}, where Cy is the
constant in Lemma 3.1. Without loss of generality we may assume that [|b]|. < 7.
Otherwise we take 0 < § < n and set bg(x) = db(x)/||b]|«, then ||bo|l. = < n and
uy o () (@) = (bl /0) 35, (f)(x). Therefore, it suffices to consider pyp (f)(z). By
Lemma 3.2, we have e?(1T9)0(@)/¢ ¢ A for b(z) € BMO with ||b]. < 1. Since
b(x) € BMO implies that tb(z) € BMO with ||tb||. < ||b||« for |¢] < 1, by Remark
3.1 we have

(4.2) epFetb@/e ¢ A forb(z) € BMO with [b]|, < nand|t| <1

where [eP(1+e)tb(z)/e] A, can be dominated by a constant independent of .
By (4.2) and Theorem 1.2, we know that for any ¢ € LP(eP(1+e)b(@)cos0/2) and
6 € [0, 2],

(4.3) ||,LL:’p(¢)) Hp7ep(l+a)b(u:)cose/a <Oy H¢||p,6p(l+s)b(:l;)cose/a ,

where Cy depends on n, p, b, Q, but not on 6 and ¢.
Applying the Stein-Weiss interpolation theorem with change of measure in [13]
between (4.1) and (4.3), we have for any 0 € [0, 27] and ¢ € LP(weP?(®)cos0),

(4.4) 1137 (9)]

where C' = max{Cy, Cy} depending only on n, p, b, w, 2, but not on # and ¢.
Denote F(y) = evlt®) =) 4 ¢ C, then by the analyticity of F(y) on C and
the Cauchy integration formula, we have
1 F(y) 1

27 .
4. _ F Ny e (b(z)=b(2)) ,—i0 g9
(4.5) b(z)—b(z) = F'(0) = 5 et B2 dy 5 e e~ "do

p wepb(@)cost < C|‘¢||p’wepb(x)cose7

By (4.5) and the Minkowski inequality we get

An 27
i = (LG e ] 5/

9 1
9 (b(z)—b(2))  —i dy dt :
ee” (b(x)=b(2)) “gf(z) dzdf gl )
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o | L o) T
]R"+1 t—l—lI—yl tr ly—z|<t |y_2|n P

xe—ew"‘z’f(Z)dZ‘ —;lffflf) V)| e~ do

1 27

— *,0( £0 b(xz)cosh
27‘[‘ IU’A (f )(I)@ dea

where f%(z) = f(z)e_ewb(z) for 0 € [0,27]. Then by the Minkowski inequality and
1

(4.4) we get
2m p
vos ([ |5 [t w ao)
n |21 Jo

1 27
<[ | /
= 2T 0 R™

2m 1
< C/ (/ ‘f&(x)‘Pw(x)epb(x)cosedx> ® 40 — Cllf”p,UJ'
O n

Thus we complete the proof of Theorem 2.1. O

1
P

350

)@ (e ar) g

Now, we turn to the proof of Theorem 2.2.

PROOF. Since /LQ g < < 2M/2% ’;, we only give the proof of Theorem 2.2 for
pyh. Let @(t) = t(1+ log™* t). We first prove the following inequality

w({z €R™ : pp(f)(2) > t})

1
su
10 D(1/1)

(46) < Cluy. sup g7 ({o € B MA(P)(@) > 1))

(1/t)
If ||b]|« = 0, (4.6) holds obviously. As below we may assume ||b||. > 0. Denote
1 *
Lsp(f) = sup w({z €R™: M (uyh(f)) (@) > t}),
>0 ®(1/t) ’

then it is easy to see that

4. R™ : uy? <L .

( 7) §>103 (I)(]./t) ({I € M)\,b(f)(x) > t}) 6,b(f)

First we will prove that for any 0 < § < 1 and r > 0, there is

b«
(4.8) L57b(f) < C(;’I“L(ib(f)-i-cq)(l?lﬂlué) il;%)

q)(ll/t)w({x eR™: M(f)(x)) > 1}).

By Lemma 3.5(1), we get for any ¢ > 0,
({x ER: MAH())(@) > 1))
w({z € R : M2 ([uyp(N]°) (@) > 0, MEA (3 (N))°) (@) < rt°})
Ll e R A (AN > )

)
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< Cro({z € R : MR (34 (f))(x) > t/27})
+w{z e R" : MEA (35 (f))(@) > r5t}).
Since 0 < § < 1, we can choose an [ satisfying 0 < § <! < 1. By Lemma 3.9,
wfw € R : MPA(u35(f)(@) > r3t})
w({z € R™: MP(y” () (@) > r3t/(2C|blJ.)})
+w({z e R™ : M2(f)(z) > r¥t/(2C|b].)}).

Note that ®(ab) < ®(a)®(b) for a,b > 0, and @ is increasing and doubling, so we
have

@(i/t)w({x € R™: M (u35(f)) () > 1))

< %w{x ER™: M (35 (f) (@) > t/23})
* —@ri/z)“({”” ER™ - MA(y" () (@) > r3t/(2C|b]|.)})

1
O(1/t)
2C|b]|«
< C&’I‘L&b(f) + (I)( T1||/5||
206\« 1
P
o (3R ) me s
Applying Lemma 3.5(2) and Lemma 3.10, we have

bl
Lsp(f) < CorLsp(f) + C® ( “a

+

w(fz € R : M2(f)(x) > r5t/(2C|b]1.)})

)sup gl € B AU () @) > 1)

w{x € R™ : M2(f)(x) > t}).

1 n . 2
) sup (e € B (1) (o) > 1)

+ C‘I’(L@E) sup @(11/ pee €R™: MPS (37 ())() > 1))

< CsrLsp(f)+CO < |7|G1U<;‘k

1 n . 2
) 21;13 q)(l/t)w({:c eR™: M*(f)(x) > t}).

Thus we obtain the result of (4.8). Next we will show that
(1/t w{z e R™: M2(f)(z) > t}).

For b € BMO, let b; be the same as in Lemma 3.11. Then b, € L* and
k]|« < ||b]l«. Since f is smooth with compact support, we may assume suppf C
B(0, R). Then by Lemma 3.11, Theorem 2.1, Lemma 3.6 and t®(1/¢t) > 1, we get

w({z € R" : MY (3}, ())(@) > t})

(4.9) Lsp(f) < Cpy. U S

1
o(1/t)

< mw({x cR": M(XB(0,2R)N;:€,€ (f))(:ﬂ) > t/Z})
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+ mw({l’ cR"™: M(XBC(O,QR),U'K:ZIC () >t/2})
< N z)|w(x) dx
s W/Bm,m) 135, () (@)lw (@) d

+ mw({x eR™: M2(f)(z) > t/(Ck)})

< Cw(B(0,2R))"} ( / o BRI dm)

+ @(f/t) / ‘I’(M)w@) de

< Cw(B(0,2R))}( / (@) Po(a) o) + G / B (| f () () do.

B(0,R) B(0,R)

So Lsp, (f) < co. Then choose an r > 0 with r < 1/Cs, applying (4.8) for by, we
have

2

(L= Cs7) Lo, (f) < Cs.0 1. sup mw({f ER™: M*(f)(x) > t}).
That is
(4.10) Lsp, (f) < C||b|\* il;%) ﬁw({x cR"™: MQ(f)(x) > t}),

where C' is independent of k. Thus we get (4.9) by letting k¥ — oo in (4.10). By
(4.7) and (4.9), we prove that (4.6) holds.
For 8 =1, applying (4.6) and Lemma 3.6, we obtain

w(fe € Ry (f)(@) > 1))
<sup ﬁw({x € R NS (@) > 1)

< iy sup gl € B - 203(1) (@) > 1)

< Cpp). 21;10) @(11/15) / |f(t30)| (1 + log™ @)w(a&) dx
<Cp. [ ®(1f(@)wta) da

= Cnbn*/R [f(@)](1+1og™ | f(2))w(z) da.
Then by homogeneity, we complete the proof of Theorem 2.2. O
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