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PELLANS SEQUENCE AND
ITS DIOPHANTINE TRIPLES

Nurettin Irmak and Murat Alp

ABSTRACT. We introduce a novel fourth order linear recurrence sequence {Sy }
using the two periodic binary recurrence. We call it “pellans sequence” and
then we solve the system

ab+1=S5z, ac+1=8y bc+1=S5;

where a < b < ¢ are positive integers. Therefore, we extend the order of
recurrence sequence for this variant diophantine equations by means of pellans
sequence.

1. Introduction

A Diophantine m-tuple is a set of {a1, as,...,a,} of positive rational numbers
or integers such that a;a; +1 = O for all 1 < 4, 7 < n. Diophantus investigated first
the problem of finding rational quadruples, and found the example {%, %, %, % .
Then, Fermat found the first integer quadruples as {1, 3,8,120}. In [6], the general
form of this set was found by Hoggatt and Bergum as follows

{For, Font2, Forta, 4Fop1 Foppo Forqs},

where {F),},>0 denotes the Fibonacci sequence. Therefore, there exist infinitely
many quadruples. The famous theorem of Dujella [4] states that there are only
finitely many quintuples.

A variant of the problem is obtained if one replaces the squares by the terms
of given binary recurrences. This type of problem was started by Luca and Sza-
lay. Luca and Szalay replaced the squares by the terms of Fibonacci and Lucas
sequence and found that there is no Fibonacci diophantine triple and the only Lu-
cas diophantine triple is {1,2,3}. Similarly, Alp, Irmak and Szalay put the terms
of balancing sequences instead of the squares and they did not found any triples.
For details, see [1l, 8, [9]. Moreover, Fuchs, Luca and Szalay [5] investigated the
general case for binary sequence and they gave sufficient and necessary conditions
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260 IRMAK AND ALP

to have finitely many triples. For an integer A > 3, Irmak and Szalay [7] showed
that there is no diophantine triples for the sequence {u,} where {u,} satisfies the
relation u,, = Au,_1 — U,—o with the initial conditions ug = 0 and u; = 1.

Up to now, the authors have studied for the special cases of binary recurrence.
One way for this type diophantine problems is to extend the problem to recur-
rent sequences of larger orders. In this paper, we define a fourth order recurrence
sequence which we call pellans sequence since odd terms of the sequence are Pell
numbers and even terms of the sequence are balancing numbers or half of the terms
of even Pell numbers. Afterwards, we investigate its diophantine triples. Now, it
is suitable to give the definitions of Pell, Pell-Lucas and Balancing numbers. The
terms of Pell sequence { P, }n>0 satisfy the recurrence relation P,, = 2P,,_1 + P,_2
with initial conditions Py = 0 and P; = 1. The terms of Pell-Lucas sequence
{Qn}n>0 satisfy the same recurrence relation with Pell sequence together with ini-
tial conditions Qo = 2 and Q1 = 2. The terms of Balancing sequence {By, },>¢ are
defined by B,, = 6B,_1 — B,_o together with the initial conditions By = 0 and
B, =1.

DEFINITION 1.1. For a nonnegative integer n, the pellans sequence {Sy }n>0 is
defined by SQn = %Pgn and 52n+1 = P2n+1.

The first few terms of the pellans sequence are 0,1,1,5,6,29,35,.... It is ob-
vious that the terms of pellans sequence {Sy, }n>0 satisfy S, = 6S,_2 — Sp_4 with
SOZO7 Slzl,nglanngzf).

Our main result is the following

THEOREM 1.1. There is no integer solution for the system
(1.1) ab+1=2S5,, ac+1=S,, bc+1=25,

where 0 < a < b < ¢ are integers and the sequence {Sy} is the pellans sequence.

2. Preliminaries
Now, we present required properties to prove Theorem [Tl

LEMMA 2.1. Let m and n are positive integers. Then
(1) ng(Sn7 S’m) = Sgcd(n,m)'

Pn n Y )
(2) Pyay — 1= { LnQney miseven. )y o
Pni1Qn, n is odd

where {Qn} is the Pell-Lucas sequence.
(4) (B, —1)(B,+1)=Bp_1Bnt1-
(5) Bapt1— 1= B,Chy1 where {Cy} is associated sequence of {Bp}.
(6)
(7)

Poi1Qn-1 n is even
Py 1Qn+1 n is odd

Cn = Q2n-
If n is odd integer, then B, —1 = 2P, _1Qn+1.
PROOF. The third and sixth identities can be found in [10]. For the fourth one,

we refer to [2]. Since the terms of the sequence {S,,} are balancing and Pell numbers
and special cases of the Lucas sequence, we can write easily the first identity by
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means of [3]. In order to prove the seventh one, we use the Binet formulas for the
Pell and associated Pell sequences. Since n is an odd integer, we get

1 an—l_ﬁn—l
EP"—lQTH-l = W(a"-ﬁ-l +6n+1)
1 2n _ AQ2n n _ n
:_(uH) AT B, 11
2 a—pf K—T

where o and 3 are the roots of the equation 22 — 22z — 1 = 0 and we use the
facts kK = o? and 7 = 2. The remaining identities can be proven by using Binet
formulas. u

LEMMA 2.2. For all integers n > 3, the following inequalities hold

n—1.19 n—1.16

« <P, <«
an—O.l < Qn < an+0'1

Oé2n71‘97 < Bn < Oé2n71‘96

where a is the dominant root of the equation x? — 2x — 1 = 0.

PRrOOF. The third inequality is from [1]. For n > 3, we have
n 3 3
P, > a - |ﬂ ‘ > an]‘ — (|ﬂ|/a) > an—l.lg,
a—pf a—pf
which gives the lower bound for the sequence {P,}. Similarly,
n 3 1 3
a” + |5 <a” + (18l/e) <116
a—pf a— 0
gives the upper bound. The bounds for the sequence {@Q,} can be proven in a
similar way. O

P, <

3. Proof of Theorem [I.1]

Since0 <a<b<c, thenl-2+1<ab+1=.S5,. We get that 3 < x. From
now on, the proof is split into two parts.

CASE 1. Assume that z < 280.

In this case, we run a computer search to detect system (LI)) for each case.
Note that the balancing case has been already solved in [I]. Observe that we have

“\/W 3<a<y<z<280.

Going through all the eligible values for z, y and z, and we found no integer solution.

CASE 2. Assume that z > 280.
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In this case, we distinguish four main cases depending on the integers y and z.

(1) Both y and z are even

If z is an even integer, then the case corresponds to [1] since the pellans se-
quence turns to balancing sequence. Assume that x is odd. The proof mainly
depends on the indices y and z apart from the case k = 2 and [ = 1 in [1]. If we
take S; = Ps;—1 in the case k = 2,1 =1 in [1], then we can follow the similar way
to complete the proof of theorem. Hence, we omit this case.

(2) Both y and z are odd

Since both y and z are odd integers, then the terms of pellans sequence turn
to Pell numbers. Now, we give a lemma which gives a relation between the indices
y and z.

LEMMA 3.1. The system
(3.1) ab+1=S,, a+1=PF, bc+1=P,
satisfy z < 2y — 2.

PRrROOF. The last two equations of (L) give /P, < ¢ < P,. By Lemma [2Z2]
we have

a19/2 /P < ¢ < P, < aV1 10
which yields z < 2y — 2. (I
Put ¢1 = ged(Sy — 1,5, — 1). Since y and z are odd integers, we replace the

pellans sequence by Pell sequence according to the definition of pellans sequence.
Applying the second and fourth identities of Lemma [2.1], we get

q1 = ged(Py — 1, P, = 1) = ged (Pus Quui, Pzi Q2)
2 2 2 2

S Pyea(5t, 258 ) Dea( 252,253 ) Qgoa (1 253 ) Qgea( i 253)

2 0 2 2

where i,j € {+1}. Let ged (ZJré“j, y+2“2i) = Zg‘;lj for some pq1,p2 € {£1}. Sup-
pose that ¢ > 5 for all quadruples (i, j, 1, u2) € {£1}*. Since ¢ | g1, then Lemma
implies that

z—1.19 zH+1 z—1 z+1
0T < /P <c< g1 < 10 TLIG+H2EG 4024 55401

When we compare the exponents of «, we arrive at a contradiction.
Assume that t < 4 and that

Z+ i Y+ paj

2k 21

holds for suitable positive integers &k and ! such that ged(k,1) = 1.

Suppose for the moment [ > k. Then, we get z = y + 1 since y < z together
with y + pej > 2z + p1i. As both y and z are odd integers, the equation z = y + 1
is impossible.

Now, assume that k = [. Since z + p1? = y + poj, we obtain that z = y + 2.
By Lemma 2]

sz].:PzT«HQ%, P27271:Pz—22—in—22+7,.
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hold for some i € {£1}. If 2 =3 (mod 4), then we have the following, by Lemma 2]
q =ged(P, —1,P,_5—1) = ged (P#Q%I,P#Q%l)
= Paca(242,252) Q22 = PoQepn =200

Since q; = QQZTA, then we have C|Qszl or c|2Q%1. Ifc|Qszl7 then

Qz-1 =cic> 1/ Py,
2

and applying Lemma [2.2], we obtain
z—1.19 z—1
o2 <P < Qi <o’ 0L
2

So ¢; < a®? < 1.2 which gives ¢; = 1. Then, we obtain ¢ = Qszl. When we put
c= Qszl in (310), we have a = P# and b = PZTH. From the first equation in
B, one can easily see that ab+ 1 = PszzstTﬂ +1= P% = S;. If z is odd,
then we obtain P, = Pf;l. When we apply the upper and lower bounds for the
sequence {P, }, we deduce

x—1.19 z—3.32

Pa—P21:>a < =213<z—x

P,=P2, =728 gt 10 o 5 <222,
2

There are no two odd integers x and y such that 2.13 < z — x < 2.22. Similarly,
we get 1.35 < z — x < 1.4 when z is even. This is impossible, too.

In the sequel, if ZQZTA = cjc > jV/ P, then ¢| < QQ%/\/PZ < 2a%? < 24.
If ¢f =2, we get ¢ = Qz 1 which is the same situation as above. If ¢j = 1, then
we obtain that a = P:- 3/2 and b = Pz+1/2 So, PE . +5=45;. If x is an odd
integer, then S, = P, Wthh yields that 3.48 < z — 2 < 3.8. But, this is impossible.
Similarly, if  is an even integer, then S; = Bz. Using the upper and lower bounds
for the sequence, we get 2.7 < z — x < 3 which is not possible.

If z=1 (mod 4), then

q1 = ng(Pz - 17Pz—2 - 1) = ng (Pz;_leTH,P%Q%a)
= Ggea(zp 22y Pt = Q1 Pep = 2Py

Assume that ¢ = 2P.—.. Since ¢| ¢, then c|P% or c|2P%1. If c|Pz2;17 then
Py = e > c2v/P,. Since P%/JE <1, we get ca < P%/JE < 1 which is
impossible. If ¢|2P-—1, then 2P:_1 = c¢jc > chy/P.. Since QP%l/\/E <a 0% <
0.79, then we obtain ¢, < 0.79, which is not possible.

In what follows, assume that k& > [ with % > 2. Here,

k ) )
=7(y+ugz)—uu>2y—3-

Together with Lemma B.I] we deduce that z = 2y — 3 or z = 2y — 2. Since both
y and z are odd integers, z = 2y — 2 is impossible. Therefore, there is only one
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possibility which is z = 2y — 3. Together with Lemma [2ZTl(4) yields that
q1 = ged(Pay—3 — 1, Py — 1) = ged(Py—1Qy—2, Py — 1).
If y=1 (mod 4), then

z—

1.19
a7 <qu=ged(Py1Qy-2, Py — 1) = ged (Py-1Qy—2, Puz1 Quir)
< ged (Py—hp%) ged (Py—va%) ged (Qy—%P%) ged (Qy—2, Q#)
< PuiQQiQs < ot 1

yields that z < 24, which is not possible.
If y =3 (mod 4), then

z—1.19

a2z <q =ged(Py—1Qy-2, Py — 1) = ged (nylef% PyTHQ%)
< ged (nyla P%) ged (nyla ngl ) ged (Qy727 P%) ged (ny% Q%)

z+1
< PQQ%IQsQl <qTT M

But this is also impossible since z > 280. In the sequel, assume that % < 2. Note
that this condition implies k > 3. Taking any pair (u1,pu2) # (g, 15), then we
have z + pjj = % (y + pot) — p1j + ©)j. The main objective is to find an upper

bound for q%o) = ged (%, %";’1) Then

0 1
. .
CA ) = 2 ged (Z Mllja Yy //2@)

1 ‘ . . .
< g ged (k(y + pai) = L(puag — p43) K (y + 1)) < [k + 1.
Since 2 < I < k < 4 and (k,1) = 1, the cases (k,1) = (4,3), (3,2) hold. Therefore,

z—1.19

a7 <P, <gedP.—-1,P,—1)< o T T3(TH0.)=116

Then we get z < 84 which is not possible.

(3) y is even and z is odd

By the definition of the pellans sequence, we get that S, = P, and Sy = B%
since y is an even integer and z is an odd integer. Now, we give a lemma which
implies a relation between the integers y and z.

LEMMA 3.2. The system
(3.2) ab+1=25;, ac+1=By, bc+t1=P,
satisfies z < 2y — 3.

ProOOF. The last two equations yields /P, < ¢ < B%. By Lemma [2.2] we have

z—1.19

a7 <P, <c<By< v~ 196,
which yields z < 2y — 3. O
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Put g2 = ged(Sy — 1,5, — 1) = ged (B% -1,P, — 1). System ([B.2) gives that

\/]72<qQ:gcd(B% fl,PZfl).

After applying the properties in Lemma [Z]], we obtain the following for some
ie{£l}

q2 = ged (B% -1,P, - 1) < ged (B%_lB%+1,P%Q%H)
< ged (B%_l,Pz;) ged (B%_I,Q%) ged (B%_H,P%)
X ng (B%+17QZT+’)

1 1
< ged (—PH, P%i) ged (§Py,2, QL) ged ( Py, Pess )
X ng( y+2aQZT+i>

< Il »

jE{iQ}

ozt
)Qgcd(yﬂ, ==

Let ged (y+ 7, ZJ”W) = % for some 0y, m2,7 € {£1}% and j € {£2}. Firstly,
suppose that ¢ > 4. Lemma leads to

z—1.19 _ z+1_ = 1 z+1
a2 <o 8 1.16+ 1.164 +0.1+ == +01

When we compare the exponents of «, we arrive at a contradiction.

Now, assume that ¢t = 3. Since ged (y + 717, ZH’”) = %’m, then one of the
equations Z—*‘é”— =y + 7, Z——gh— =y+nmjJ, 2_4_;72_ = izm_J and Z_t;p_i = y_+5?1_J
holds where 11,1m2,7 € {£1}3 and j € {£2}. If y + 115 = Z—"’g?—i, then Lemma [3.2]
yields that z = 6y + 6117 — 12t < 2y — 3. Thus 2z + 6 < 4y < 21 — 6117 — 3 < 10,
contradicting the fact z > 280. If y+n15 = Z—+§72—i, then we get z = 3y + 317 — nat.
Together with Lemma B2 we obtain that y < 729 — 3n1j — 3 < 4. Therefore z < 5,
which is impossible.

Assume that % = YHMI = The facts z = 3t — noi and y = 2t — 11j yield
that

42 <Pcd(2t mj—2, —31 12t l)Qgcd(2t7n1j72,—3t77722i+7')

X chd(2t n1j+2, —3“7722“7')Qgcd(2t*n1j+2,—3t77722”7')

_ z+1
(3.3) < 2(16=1.16)+16+0.1+ =2 40.1

As o772 < g2, we get z < 280.53 together with [B3]). Similarly, for the case
Z—'Hh— = ﬂl—, we find that the upper bound of z is 150. Both cases contradict
Wlth the assumption z > 280. In the sequel, suppose that ¢ = 2. The possibilities
are y +n1j = ZJ”W and y+"” = ZJZ’”. If we continue as above, we get the upper
bound as 126.9 for the case i Z—”—i This is not possible since z > 280. The
case y+n1j = Z+ 22t vields together Wlth Lemmal32that z = 4y+4m1j—n2i < 2y—3.
Consequently, z + 3 < 2y < mot — 4n1j — 3 < 6, which is not possible.
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The case t = 1 leads to z = 2(y +117) — n2i. Since 2y —5 < 2z < 2y—3 and z is
odd integer, then there are two possibilities which are z = 2y — 3 and z = 2y — 5.
Assume that z = 2y — 3. When we divide the third equation by the second one in
system ([3.2]), we obtain the following inequality.

Qv—225 Poy3 _ bet1 < b
P,/2  ac+1 " a

By multiplying both sides with a2, we get a?a¥~22° < ab < S,. If z is even, then
a?a¥?? < S, = Bz < a9, Therefore,

a2 < aa;—y—l.96+2.25 < a—O.?l < 0.6.

But this is not possible since a is positive integer.
Now, assume that x is odd. The inequalities a?a? 22 < §, = P, < o 116
yield
a2 < oY L16+2:25 < 0.09 1 g
The only possibility is a = 1. Equation system B.2) yields that b = P, — 1,
c= % —1land (P, — 1)(% — 1) = P»y_3 — 1. Since

ng_g -1

Qv—218 P, —1= < ay—2.177
Py/2 -1
Pyy_3—1
r—1.28 2y—3 x—1.16
<P, —-1=— ,
“ P21

we get that —1.03 < z — y < —0.8 which gives that y = x + 1. The equation
(P, —1)(% —1) = Pyy_3 — 1 yields that (P, —1)(£52 —1) = Py,_; — 1. But this
is not possible since (P, —1) (% — 1) < P5;—1—1. Similarly to above, we see that
the case z = 2y — 5 is also impossible. In order to avoid unnecessary repetition, we
omit this case.

(4) y is odd and z is even

Now, we give a lemma.

LEMMA 3.3. The system
ab+1=5;, ac+1=P, bc+1=B:z
satisfies z < 2y — 1.

PROOF. The previous equation system gives v B, /5 < ¢ < P,. By Lemma 22}
we have a(*~1:97)/2 < VB, <c< P < a¥~116 which yields z < 2y — 1. (]

Put g3 = ged(Sy, — 1, S, —1). By the definition of the pellans sequence, we get

g3 =ged(Sy — 1,5, — 1) = ged (Py -1,B:z — 1).
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The properties in Lemma [2.] yield that

g3 < ged (PnyiQyTﬂ,Bgf1Bg+1)
g3 < ged (Pnyi,Bgfl) ged (P%,Bgﬂ) ged (QyTﬂaBéfl) ged (QyTM,Bgﬂ)
< ng (P‘JT*"')PZ—Q) ng (Pnyi,PZ_FQ) ng (Qy;'b ; Pz—2) ng (Q‘JT*"'7PZ+2)

= I ecd(Pus, Poss) ged (Qusi, Poy)

je{ 2}

- chd( ot ,z+j)Qgcd( R )
je{£2}

for some i € {£1}. Let gcd(yJFQEli,z + &) = % where &1,& € {+1}. First
assume that w > 8. Then we have

o= - /B << s <Oé(Z;J'—1.16)+(%—1.16)+(zgj+0.1)+(z%j+o.1).

The above formula leads to £ — 0.99 < £ — 2.12 which is an absurdity.
Now, assume that w < 7. Further assume that %ﬁ” = # holds for a
suitable positive integer | coprime to k. If £ > [, then according to y < z,

y+&i

yt&j<ztjs —;

yields that y < 5. The inequality z < 2y — 1 implies that z < 9 which is impossible.
Assume that k < [. First we analyze the case 2 < ﬁ Then,

Lyt —&j > 20— 1) —2=2 4,

ST

which together with z < 2y — 1 implies the following possibilities.
If z =2y — 4, then by Lemma [ZT] we have the following for some i € {£1}

z—1.97
a7 <ged(Py—1,B: —1)=gcd(P, —1,B,2—1)
1
— ged (Puys Quys s 5P-3Qy1) < ged (Pups Quys, Py-sQyn )

< chd( = 7y_3)Qng(y;m ,y_l)Qng( i ,y_3)Qng( w1

2 2

If i =1, then
z2—1.97 2y—5.97
a2 = =2

< chd(yT71,y73)Qgcd(%,y71)Qgcd(yTH,y73)Qgcd(yT+l ,yfl)

y
< P2QnylQ4Q2 < q2tT

leads to y < 20. Then z < 36 which is a contradiction.
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If i = —1, then
2—1.97 2y—5.97
a 2 =q 2

< ‘chd(erl Y— ?))ngcd(y+1 y— 1)Qgcd( Y— S)Qgcd( Y— 1)
< PiQ2QuQur < aFtTH,
P}

When we compare the exponents of «, we arrive at a contradiction.
Assume that z = 2y — 2. Then

2-1.97 2y—3.97
7 = 2 ; )
a a < II god (452, 2y— 2+J)Qgcd(y§l72y—2—1)
Jje{+2}

< PsPiQeQa < o'

yields that z < 37. But, thls is impossible.

Now, assume that 2k < 2. This implies that [ > 2. If | = 2, then &k = 1 as
k < l. Together with y < z and %5” = %&j, weget z=y+1. if y =1 (mod 4),
then z =1 (mod 4). So,

P,
a7 <c<q3fgcd<P 1,371)

< ged(Py — 1, P11 — 2) = ged (P%Q%,Py+éf2Qy+;+2)
=Pu1Q1.

== 1 19 < yT_l —1.16 4+ 0.8 yields that —0.19 < —3.16 since z = y+ 1.

The inequality ===
But this is false.
If y =3 (mod 4), then 2 =0 (mod 4). Therefore,

z—1.19

P,
a2 <c<q3=gcd(Py—1,?—1)

< ng(Py -1, P41 — 2) = gcd (P%Qnyl,Py+;+2Qy+;f2)
= Qup Py
When we compare the exponents of «, we get Z_—é'lg < yT_l +0.1. Asz=y+1,

we arrive at a contradiction.
In the sequel, assume that [ > 3. Taking any pair (£1,&5) # (&1, &2), we have

o . . .
z+ &) = oW+ &) — & + &53.

When we evaluate the upper bound for q(o) ged (%‘Elﬂ, z+ §§j), we have

© y+&hi i\ y+&i 1 Sy
—gcd( 5 ,z+€23)—g0d( 5 2k(y+€12) €2J+€2.7>

ged (1(y + &11), Uy + &14) — 2k (€25 — €44))
|1(&1i — &14) — 2k (a5 — €55) |-

<
<
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The three cases & # €16 # & and & # 1,6 = & and € = £, & # & imply
that ¢{” < 2(2k +1). Then

z—1.97

a2 <g3=ged(P,—1,B; —1)
) ) 242 1 9(2k+1)+2.0.1—-2-1.16
< Poea(252 245) Qeea(2 —j) <7 '
je{£2}

But none of these pairs satisfies the inequality 2l—k < 2. The eligible pairs are
(LK) = P(3,1),(3,2), (4,3), (5,2), (5,3), (5,4),
(6,5),(7,2),(7,3),(7,4),(7,5),(7,6).
The previous argument provides the upper bounds

» < 57.19, 81.19, 77.46, 57.55, 70.89, 84.22,
93.6,59.23, 70.43, 81.63, 92.83, 104.03,

respectively. But this is impossible since z > 280. Hence, the proof of Theorem [I.1]
is completed.
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