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RULED THREE-DIMENSIONAL CR
SUBMANIFOLDS OF THE SPHERE S6(1)

Miroslava Antié

ABSTRACT. We investigate proper, three-dimensional CR submanifolds of the
nearly Kéhler sphere S%(1) ruled by totally geodesic spheres S2(1), and classify
them by using a sphere curve and a vector field along that curve.

1. Introduction

It is well known that by using multiplication of the octonions O and identifying
the space of Im O with R, it is possible to introduce a vector cross product x in
the space R7. This cross product induces an almost complex structure .JJ on the
standard unit sphere S%(1) in R” which is Hermitian and almost complex, and
moreover gives a nearly Kihler structure to S®(1).

Recall that a submanifold M of a manifold with an almost complex struc-
ture J is also called almost complex, if its tangent bundle is invariant for J, i.e.,
JIT,M CT,M,pe M. If JT,M C T;-M, p € M, where T+ M is a normal bundle
of the submanifold, M is called a totally real submanifold. One of the generaliza-
tions of almost complex and totally real submanifolds are CR submanifolds. By
the definition of Bejancu [2], a submanifold M is called a CR submanifold if there
exists on M a differentiable almost complex distribution U such that its orthogo-
nal complement U+ C T'M is a totally real distribution. If a CR submanifold is
neither almost complex, nor totally real, it is a proper CR submanifold. Due to
the dimension restrictions it is clear that a proper CR submanifold of the sphere
S®(1) can be of dimensions three, four and five. All hypersurfaces of the sphere are
trivially CR so the focus of the investigation is mostly on those of dimension three
and four. Here, we deal with the three dimensional case. Such CR submanifolds
have been previously studied amongst others by K. Mashimo, H. Hashimoto, K.
Sekigawa, M. Djori¢ and L. Vrancken. Particularly in [7] and [6] one of the first
known families of the three dimensional minimal CR submanifolds was introduced,
and in [3] was obtained the classification of the minimal CR submanifolds which
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satisfy Chen’s basic equality. We also recall that the submanifold M of a Riemann-
ian manifold (M, g) is said to be ruled, if it admits a foliation with leaves that are
totally geodesically immersed into (M ,g). Then, trivially, the second fundamental
form vanishes on the distribution corresponding to the foliation. Such distribution
is said to be totally geodesic.

In [1] it was shown that for a three dimensional CR submanifold of S®(1) it is
equivalent

(1) the CR submanifold is minimal and contained in a totally geodesic hyper-
sphere
(2) the CR submanifold is U and U~ totally geodesic

and that examples of [6] and [3] are of this type. Moreover, there it was shown
that such a submanifold is locally congruent to the immersion
F(s,91,92,93) = y1(cos(ps)er + sin(uis)es) + ya(cos(pas)es
+ sin(p28)eqs) + ys(cos(uss)es + sin(uss)er),
(1.1) i+ po+ps =0, pf 4 p3+ pi # 0,

where e1, ..., e7 is a standard Go basis of the space R” and 43 + 35 + y3 = 1.
Note that these submanifolds are also ruled by totally geodesic spheres S?(1).
Here, we prove

THEOREM 1.1. Let M be a proper three dimensional CR submanifold of S®(1)
ruled by S*(1). If | cos¢| is the length of the projection of the unit normal to the
leaf of ruling at a point, on the almost complex distribution, then ¢ is constant.
Moreover M is locally congruent to the immersion:

a) forcos¢ #0
p(x1, 9, x3) = sin(xy + h)y x 7/
+ cos(z2 + h)(cos z10 + sinxq(cos ¢y’ — sin gy x ¥') x 7),
where 7y is a curve in the sphere S6(1), with arc length parameter x3, such that

(yx+',4") =0, 0 is a curve in S°(1) parameterized by x3 orthogonal to y, 7/,
~ X 7' such that

(0", v x7"y=(ox0',9) =0, (ox0 singy +cosgyxy)=1cos,
(0,co8p(y x ') x v +singy’ x7") =0,
and h is a function of x3 such that cos(xe + h) > 0.
b) for cos¢ =0
f(z1, 22, x3) = cosx1 cOS X2y + sin a1 cos ko Ag + sin xoy X As,
where v is a non constant curve in S%(1) parameterized by w3 and As a vector

field along v orthogonal to v,~" and v x +'.

REMARK 1.1. Note that immersion () is of the second type. At least one
of the p, is different from zero, so we can assume that p; # 0. Then we can
parameterise the sphere so that y; = cosx1 cos 2, y2 = sinxy cos Ty, y3 = sin x5 and
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take v to be the curve s — cos(u1s)er+sin(uys)es with Ag = cos(pzs)es+sin(usas)es
to obtain the immersion (LI).

REMARK 1.2. In Lemma we prove that a three dimensional, totally real
submanifold of S(1) ruled by S2(1) is totally geodesic.

2. Preliminaries

Here, we give a short exposition of how the standard nearly Kéhler structure
on S6(1) arises from the multiplication of the octonions O.

A vector cross product x of the purely imaginary octonions Im O = R7 is given
by ux v = %(uv —vu). This cross product has many properties similar to those of
the cross product in the space R3. In particular, if (,) denotes the standard inner

product of the space R” we have that, see [5],

(2.1) ux (vxw)+ (uxv)xw=2(u,wv— (u,v)w— (w,v)u,
(2.2) (ux v,u X w) = (u,u)(v,w) — {(u,v)(u, w).
An ordered orthonormal basis, respectively moving frame eq, ..., e7 is said to

be a Go-basis, respectively frame, if
€3 =¢€1 X ez, €5 =¢€] Xe€q, €g==¢€2 Xey, €7=2¢€3Xey.

The unit orthogonal vector fields e; and ez and further e4 orthogonal to e, es and
e1 X ey determine a Go-frame uniquely. We also give the multiplication table for
the cross product.

X €1 €9 €3 €4 €5 €6 er
el 0 e3 —eg es —e4 —e7 e
€9 | —€3 0 €1 €g e€r —€4 —€j
€3 €y —€7 0 €7 —€g €5 —€4
€4 | —€5 —€g —€7 0 €1 €9 €3
es es —e7 e —eq 0 —e3 )
€6 er7 e4 —e; —ea es 0 —e
€7 | —€¢ €5 €4 —€3 —€3 €1 0

The standard nearly Kihler structure on S®(1) is then obtained as follows:
JX=px X, XeT,8%1), pesi).

It is clear that J is an orthogonal almost complex structure on S¢(1). Also, straight-
forwardly we have that the group G2 of automorphisms of O is precisely the group
of isometries of R” preserving the vector cross product and the almost complex
structure of the sphere.

If we denote by (, ), D and D metric and Levi Civita connections of M and
M , respectively, and by D+ the corresponding normal connection of the immersion
M — M then the formulas of Gauss and Weingarten are given respectively by

DxY = DxY +h(X,Y), Dx¢&=—AcX + D%¢,
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where X and Y are vector fields on M and £ is a normal vector field on M, and h
and A are the second fundamental form and the shape operator, respectively. The
second fundamental form and the shape operator are related by

(h(X,Y),§) = (4eX,Y)

Let us denote by V, V and D the Levi-Civita connections of M ,S%(1) and R.
Let h and h be the second fundamental forms corresponding to the immersions
M — S%(1) and S°(1) — R7, respectively. If we denote by p the position vector
field of the immersion of M into R7, we have h(X,Y) = —(X,Y)p, and Dxp = X,
where X,Y € T M. Further, the Gauss and Codazzi equations imply that for
X, Y € TM and € € T+M, ¢ € TSS(1) it holds

DxY =VxY +h(X,Y)=VxY +h(X,Y) — (X,Y)p,
Dx§=Vx&+h(X,6) = Vxé— (X.Op = —AcX + V¢,
where V+ denotes the normal connection corresponding to the immersion of M
into S¢(1).
Also, if we denote
(Vh)(X,Y, Z) = Vxh(Y, Z) = h(VxY, Z) = h(Y,Vx Z),
for X,Y,Z € T(M), then the Gauss, Codazzi and Ricci equations yield
RX,Y,Z W) =(X,WWY,Z) — (X, Z){Y,W)
+ (W(X,W),h(Y,2)) — (h(X, Z),h(Y,W)),
(Vh)(X.Y.Z) = (Vh)(Y, X, Z),
(RH(X,Y)E 1) = ([Ae, A)X,Y).
Also, the following lemma holds straightforwardly.
LEMMA 2.1. Dx(Y x Z)=DxY xZ+Y x DxZ.

LEMMA 2.2. Let M be a totally real, three dimensional submanifold of S®(1),
ruled by totally geodesic S%(1). Then M is locally congruent to a totally geodesic
sphere S3(1).

PROOF. Assume that the two dimensional totally geodesic distribution D is
spanned by unit and orthogonal vector fields E7, EF». Then we have that the second
fundamental form vanishes on D. Denote by FE3 the unit, tangent vector field
orthogonal to D. Then the vector fields JFE;, JE5, JE3 span the normal bundle.
Since every three dimensional, totally real submanifold of S6(1) is minimal, see [4],
we have that h(Es, E53) = 0. Note that, for tangent vector fields X,Y, Z we have

(h(X,Y),JZ)y=(A;2X,Y) = —(Jh(Z,X),Y) =(h(Z,X),Y)

implying that the form (h(X,Y"), JZ) is symmetric in all three components. There-
fore, h vanishes identically and M is three dimensional, totally geodesic submanifold
of S6(1). O
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3. Proof of the main theorem

Here we are dealing with proper, three dimensional, CR submanifolds of S6(1).
Since the almost complex distribution is even dimensional, and nontrivial, it follows
that dimU = 2 and then dim U+ = 1. We present one of the convenient moving
frames to work with and the relations between the connection coefficients in it, for
details see [T, [3].

We denote by p the position vector field of the submanifold. Let then F; and
Ey = p x By = JE; be the unit vector fields which span the almost complex
distribution, and Fs5 the unit vector field which spans the totally real distribution.
Straightforwardly, the normal vector fields are obtained by £y = JFE3, E5 = E1 X Es
and Eg = F5 x E3. Note, that the choice of E3 is unique up to a sign while we have
a freedom of rotation in the almost complex distibution, which further reflects to
a rotation in the Span(FEs, Eg).

We denote

wzkj = <DE«;E]'7E7€>’ hfg - <DEiEj’Ek+3>7 ﬂzkg = <DEiEj+3aEk+3>v

for 1 < 4,7,k < 3. Since the connection is metric and the second fundamental form
symmetric, we have

k3 k _ 135 k _ i
wij = —Wi,  hey = hy, B = =B

By taking in Lemma 211 X € {E1, Es, Es} and Y, Z € {p, F1,..., Es}, we get
the following lemma, (see [1]).

LEMMA 3.1. For the previously defined coefficients the following relations hold

B =—his, Bl =1+his hijj=—wl, hiy=uwi, B3 =1-nhj,
531 = hgsa h%z = ng Wgz = _Wi’p 532)1 = tha 551 = —h§3,
hés = Wgh h%3 = *wg% h?l = h%m h% = *h%m h§2 = h%%

hgz = _h%m hgs = h?e, -1, hg3 = _h%3a Bf? = W%l - Wgza

3 _ 2 3 3 _ 2 1
B2 = wiy +wiy, B = wiy + has.

Now we take that M is ruled by S%(1). Then the complementary foliation
is spanned by a unit vector field W which can have non vanishing components
both in the almost complex and the totally real distribution. Since we still have a
freedom of rotating the vector fields F; and Fo we can assume that the orthogonal
projection of W to U is orthogonal to Fs, i.e., W = cos¢pFE; + sin ¢pF3, for some
differential function ¢. Then the vector fields V = — sin ¢ F; + cos ¢ FE3 and E5 span
the totally geodesic distribution. Further the inner products of Dy V, Dy Es, Dg, Eo
with W, Ey4, E5 and Eg vanish. Straightforwardly this yields the following lemma.
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LEMMA 3.2. Let M be a proper, ruled, three-dimensional CR submanifold of
S®(1). Then the following relations hold

hip =0, hiy=0, w3 =0, Ex(¢)=0, —wi cos¢—hyysing=0,
hiscosd — higsing =0, (=14 h3;)cos¢p =0, hiscos¢p =0,
—cos OE3(¢p) +sinpFy(¢) =0, hizcos® ¢ — wiysin? ¢ + wiy sin(2¢) = 0,
cos ¢(h3; cosp — 2h3;sind) =0, cos@(hi; cos g — 2h35sin¢) = 0.
Note, also, that the Codazzi equation 0 = R(E1, E2, E1, E5) = 2(hly — wiyhis)

yields hi, = wjyh?,. However, now we have to consider separately cases cos ¢ # 0
and cos ¢ = 0.

3.1. Case cos ¢ # 0. By taking cos¢ # 0, the relations from Lemma
straightforwardly reduce to

w21 = h%z tan ¢, h%e, = hiz tan ¢, h%e, =0, hi’s =1, hgs =
hiy =2tang, hi; = tan ¢(—2wi, + wi,tand), Es(¢) = tan ¢pF;(¢).
LEMMA 3.3. We have
Wiy = —wi; + 2wistan g,  Ea(wi;) =14 (wi;)® — wiwd,
Ea(wiy) = —2wi(—wi; +wiytang), Ei(¢) =0,
ng = W?z tan’ ¢, EB(Wfl) =E (W?z) tan® ¢,
Ey (Wfl) =2E (W?Q) tan® ¢ — E3(w§2)-

PROOF. Direct computation gives the following equations of Codazzi and Ga-
uss, from which we derive the proclaim.

R(Ey, Bz, B3, Eg) = W}, + wiy — 2wiy tan ¢ = 0,

R(E1, Bz, By, B2) = 14 (wi))? — wihwd;, — Bz (wiy) =0,
R(Ey, By, By, Ey) = EZ(Wu) + 2wiy (—wi) + wiy tan ¢) = 0,
R(E1,Es3,E5,E5) = —wiytan? ¢ = 0,

R(FE4, E3, Es, 6): ( ysec? ¢ = 0,

R(Ey, E3, Fy, Ey) = —E3(w?)) + E1(w}y) tan? ¢ = 0,

R(El, Eg, El, E4) = E1 (wll) + E3 (w12) — 2E1 (w12) tan(b =0.

Direct computation shows that the other Gauss, Codazzi and Ricci equations do
not yield any new relations. (I

Note that we now have ¢ = const. Also we have
h(E1, E1) = —wiyEy, h(E1,E3) =0, h(Es, Fs) =0,
h(Es, E3) = tan ¢(2w}; — 3w}y tan 9By + 2Eg)
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so in a general case distributions U and U+ are not totally geodesic. We also note

that [pV, Ea] = 0, for p = (1 + (w?, — w}, tan ¢)?)~1/2. Moreover, we have

sin ¢(Hs(wfy) — B (wi,) tan ¢)
\/1 + (Wi — wiy tan ¢)?

cos pE3(w3y) — sin o Fy (w3y)
V14 (wf) — wtan¢)?

(3.1) PV(W% — wiy tan ¢) = 0, E2(W%1 —wiptang) =1+ (w% — Wi tan ¢)2-

PV(W%) =

)

PV(Wi’Q) =

We give further a construction of the immersion. Recall that [pV, Es] = 0.
Therefore, there exist local coordinates x1,x2, x3 in the neighborhood of a point
p € M such that pV = 0,,,E2 = 0y,. Here, the choice of the coordinate x3 is
essentially arbitrary. Moreover, (B]) implies that

am(wi - W%z tan@) =0, O, (Wfl - w?z tan¢) = 1 + (Wfl - W%z tanqﬁ)Q.

Hence, we have w?; — w3, tan ¢ = tan(zz + h(x3)), where the differentiable function
h is independent of x1,xo. Also, we have a freedom of choosing h up to an addend
7, so we can assume that cos(zz + h) > 0. Further we have Fy(w,) = Op,wiy =
2w3y tan (g + h). Therefore there exists a differentiable function d depending on a1
and x3 such that

Wiy = dsec?(xy +h), and further w? = dsec®(xy + h)tan ¢ + tan(zq + h).
Now, straightforward computation shows that

Dy, 0y, = 02 ,,p = —cos’ (v + h)p + cos(z2 + h)sin(zz + h)y,p,

1T

Daxlamz = 851121) = *'E&H(ZL‘Q + h)azlpa
(32) Da,, 0z, = 82,5, = —D.

The last equation yields p = cosxz2A + sinxyB for some vector fields A and B
depending on z; and 3. Since p is unit, straightforwardly we get that A and B
are unit and mutually orthogonal. Then, the first equation of ([3.2) reduces to

cosx9(0? , A4 cosh(Acosh — Bsinh))

11

+ sin 29 (0?

1T

B —sinh(Acosh — Bsinh)) =0,
which further implies

92, 4, A+ cosh(Acosh — Bsinh) =0,

97 . B —sinh(Acosh — Bsinh) = 0.

Tr1T1

Further, it follows 93 , (Acosh — Bsinh) = —(Acosh — Bsinh), so we can put

(3.3) Acosh — Bsinh = cosx1 P + sinz;Q,

for some vector fields P and @ depending only on xz3. Similarly as before P and
Q@ are unit and orthogonal. Finally, the second equation of ([B2]) simplifies to
sec(h + x2)(cos h 0y, B 4+ sinh 0;, A) = 0. Integration over x; then gives sinhA +
coshB = G, where the unit vector field G depends only on x3, and is orthogonal
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to vector field B3], for arbitrary x;. Therefore G is orthogonal to both P and Q.
Using the last equation along with (33]) we get

A = cosh(cosz1 P + sinz1Q) + sin hG,
B = —sinh(cosz1 P +sinz1Q) + cos hG.
Now, the immersion is given by
p(z1, 22, 23) = cos(xz + h)(cos x1 P + sinx1 Q) + sin(zs + h)G,
and the coordinate vector fields by
Oz, p = cos(xa + h)(—sinx1 P + cos21Q) = cos(ze + h)(— sin ¢E; + cos pE3),
O0z,p = —sin(xa + h)(cosz1 P + sin x1Q) + cos(xa + h)G = FEs,
Ozgp = cos(xa + h)(0ps hG + 08 2105, P + sin 110,,Q)
+ sin(zg 4+ h) (s G — Ozsh(cos 1 P + sinz1Q)).
Then Ey = E3 x p=G x (cosx1 P+ sinz1Q), and further
—sing = (—sinz1 P + cosx1Q, E1)
=cos? 1(Q,G x P) —sin®2,(P,G x Q) = (P x Q,G).
It follows that
(G4+singP x Q,PxQ)=0, G+sindP xQ L PQ,
(G +sinpP x Q,G +sin ¢P x Q) = cos® ¢ # 0.

Since we can assume that cos¢ > 0 (we can change the sign of W) the following
lemma holds.

LEMMA 3.4. The vector fields P, Q and T = sec ¢(G + sin P x Q) determine
a Ga-frame.

Therefore, we can denote e; = P, ea = Q, e4 = T, and other e; accordingly
to the relations in a Gy frame. Here we have G = cos ey — sin ¢pes. Moreover, it
follows that

E5 =secp(cosz1Q —sinx1 P + sin ¢ E1)
= —sinz(cos ge1 + sin ges) + cos 1 (cos pes — sin ges),
E, =p x E3 = cos(h + 22)(cos ¢es + sin ey ) + sin(h + x2)(sin z1e5 — cos x1eg),
Es = By x By = er,
Es = —sin(h + z2)(cos ¢es + sin ¢ey) + cos(h + x2)(sin z1e5 — cosx1eg).

Denote by z;; = (Og,€i,€;), the differentiable functions of x3. Since the con-
nection is metrical, we have z;; = —=z;;.

LEMMA 3.5. It holds

234 = 216 — %25, 235 = 217 + %24, 236 = —Z14 + 227, 237 = —Z15 — 226,

256 = 212 + 247, 257 = Z13 — 246, 267 = 223 + Z45-
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PrOOF. From Lemma[2Tlwe have 0, (e; X €j) = Oy e; X e;+e; X Oy e;. Taking
i,j € {1,...,7}, we obtain the assertion. O

The previous lemma obviously holds for an arbitrary Ga-frame. Let us now
consider this particular one.

LEMMA 3.6. Coefficients z;; satisfy
206 =215 70, 216 =0, 217 =0, 205=0, 207=0,
246 — —Z13 — 2214 tan ¢, Z45 — 223 + 2224 tan ¢, Z13 — —Z214 tan ¢,
Zo3 = —Zogtan ¢, z47 = —22z15 tan .

PROOF. For p to be the CR immersion of the needed type we have to impose
the following conditions. The vector field 0,,p has to be independent of 0,,p and
0z,Dp, and orthogonal to the vector fields F4, E5 and Eg. We have

0 = (Ousp, E5) = cos(h + x2) (217 cosx1 + 27 sinx)
+ sin(h + z2) (247 cos ¢ + (215 + 226) sin @)).

Since cosx; and sinz; are the only functions of z; in this relation, we get that
z17 = 227 = 0 and z47 cos ¢+ (215 + 296) sin ¢ = 0. The relation 215 = 226 and other
ones are obtained similarly, taking in the expressions for (9,.,p, E41) and (0.,p, Fs)
the coefficients multiplying independent functions of z;. Finally, if we denote by
O, pP" the projection of 9,,p to Span(d., p, Ox,p) We get

OpaD — Oy PP" = 215 cos(h + x2)(cos xies + sinz1e6) # 0

which finishes the proof. (]

Note that now it follows that e/, = 2z15(e3+tan ¢ey) # 0. By possible rescaling
of the coordinate x3, we can assume that ||e%|| = 1, i.e., that the sphere curve
~v(x3) = e7(x3) is parameterized by arc length and that 2215 = cos ¢. Then

v x v = er x (cos de3 + sin pey) = — sin ez + cos pey = G,
and further

e3 =cos ¢y —singy x v/, e4 =singy +cosdy x 7.

Since
(3.4) e = z12€p + 214(— tan ges + eq) + 21565 # 0,
(3.5) el = —z12€1 + 224(— tan ges + e4) + 21566

we also have that ¢ = e; is a nonconstant sphere curve, not necessarily parame-
terized by its arc length. Since e1,e3 and e4 determine a Gao-frame, we have that
o is orthogonal to 7, v and v x 4/. From (B4) we deduce that ¢’ is orthogonal
to G =7 x7',e; =~ and eg = e; X ey = 0 X v which is, by ([22]), equivalent to
(o' x a,7) = 0. Also, (34) implies

(0/,0 x es) = (0’ x 0,8in ¢y + cos ¢y x v') = (€}, e5) = 3 cos¢ = const.
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Similarly, B3] implies that (e3 x o) is orthogonal to G and e5 = e; x e4. We note
that ((e3 X e1)',e1 X eq) = (€4 X e1,e1 X eq) + {ez X €], €1 X e4). By using (Z2)) and
1) we get

(es x €], €1 X eq) = —(€], e3 X (e1 X €4)) = (e}, e6) = (€} x €1,7) =0.
Therefore, we have 0 = (e} x e1,e1 X eq) = (—e}, e4) and further

0 = (€, e4) = (cos " — sin é(y x 'Y, sin ¢y + cos (v x 7))

= cos® ¢(y", v x 7') —sin® ¢(y x 7",7) = = (", 7 x 7).
Here we use the fact that the sphere curves v’ and v x ' are orthogonal to their
tangent vector fields v and (y x v')’, respectively.
Let us investigate the orthogonality condition for (e x o)’ and G. We have
(es x €1, x7) = —(e1,e3 x (v x 7))
= —(ef,cos ¢y’ x (v x 7)) = —cos d(e}, ) =0,

so we are left with
(3.6)  0={(esx e,y x7) =(eg,e1 x (yx 7)) = (e1, (v x ) x €5)
= (e1,cos ¢y x 7)) x " —sin (v x 7) x (v x7")).
Since (1)) implies
(v x 7)) x (v x ") =9"x (v x (v x "))
=" % (7, = (1) == x (v +7)
and since o and v x 4" are orthogonal, relation (3.6]) becomes

(7,co8p(y x 7') x 7" +singy’ x7") = 0.

Straightforward computation shows that taking curves v and ¢ that satisfy the
listed conditions satisfy the relations of Lemma and, moreover that we obtain
a CR submanifold of the required form.

3.2. Case cos ¢ = 0. In this case we have W = FE3 and the submanifold is
foliated by almost complex spheres. We will now present a construction of the sub-
manifold following the method given in [I]. If p € M is a point of the submanifold,
then there exists a G5 basis eq, . .., e of the space R7 such that e; = p, eq = E5(p)
and the tangent space of the totally geodesic leaf at the point p is spanned by es
and es = p X ea. We can parameterize that leaf by

(cos 1 cos xa, sin x1 €os T2, sin 22, 0,0, 0, 0)

for 1,22 in some neighborhood of (0,0). We denote by 7 the integral curve for
the vector field Fs5, parameterized by xs such that v(0) = p. If v(z3) is a point
of the curve, then there also exists a Go transformation A(x3) mapping, respec-
tively, p into v(x3), and the vectors E1(p) and E3(p) into E1(vy(z3)) and E3(y(z3)).
Note that we have a possibility of choosing the vector field E; belonging to the al-
most complex distribution. Now, we have that locally the immersion is given by
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f(x1,m2,23) = A(x3)(cosx1 cosza, sinzy cos xa,sinxy)?, for a differentiable Ga ma-
trix function A(z3). Denoting by A; the columns of A, we obtain

f(:Cl, T2, SCg) = COS X1 COS SCQAl (563) ~+ sin I1 COS SCQAQ (1‘3) ~+ sin SCQAg(SCg).
Since the point p, obtained for 1 = x2 = 0, is mapped into v(x3), we have that
A1 = ~. Similarly e4 is mapped into v/, so es is mapped into A, orthogonal to v, ~'
and v x v'. Moreover we have A3 = A; x Ay = v x As. Therefore, v, A> and ~/'
determine a Go frame.

We have
Oy, [ = —sinzq cosxa Ay + cosxq cosxaAg,
Oz, f = —sinxg cosx1 Ay — sinxg sin xy Az + cos e As,
and further
aimf = —cosxwa(cosx1 Ay + sinxy Ag) = — cos x%f + sinxg cos x90y, f,
(ﬁlmf = sinxa(sinx1 A1 — cosz1Ag) = —tanxe0y, f,
aizmzf = —p-

Also, straightforwardly we have f x Caog"slwf = Oz, f, 80 Oy, f and 0., f span an
almost complex distribution, with integral manifolds being totally geodesic spheres,
parameterized by x1,x2. Moreover this makes f a CR immersion of a required
form. Also, note that by reparameterization of the curve v we obtain the same CR
submanifold, so the condition that x3 is the arc-length parameter is not necessary.

This completes the proof.
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