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ABSOLUTE AND UNIFORM CONVERGENCE OF
SPECTRAL EXPANSION OF THE FUNCTION FROM
THE CLASS W)(G), p > 1, IN EIGENFUNCTIONS OF

THIRD ORDER DIFFERENTIAL OPERATOR

V. M. Kurbanov and E. B. Akhundova

ABSTRACT. We study an ordinary differential operator of third order and ab-
solute and uniform convergence of spectral expansion of the function from the
class Wz}(G)7 G = (0,1), p > 1, in eigenfunctions of the operator. Uniform
convergence rate of this expansion is estimated.

1. Basic notion and formulation of results
Consider on the interval G = (0, 1) a formal differential operator
Lu=u® + pi(z)u® + pao(2)u® + ps(z)u
with summable complex valued coefficients p1(z) € La2(G), pi(x) € L1(G), I = 2,3.

Denote by D(G) a class of functions absolutely continuous together with own
derivatives to second order, inclusively on the closed interval G = [0, 1]. Following
[1], under the eigenfunction of the operator L responding to the eigenvalue A, we
understand any not identically equal to zero function u(z) € D(G) satisfying almost
everywhere in G the equation Lu + Au = 0.

Let {un(x)}32; be a complete orthonormalized in Ly(G) system consisting of
eigenfunctions of the operator L, and {)\,}52; be an appropriate system of eigen-
values, moreover Re A, = 0 (it is supposed that the coefficients of the operator L
admit the existence of such a system {u,(x)}22 ;). Under rather smooth coefficients
the existence of such systems follows from the monograph [2])

Denote by g, the number (12’)\71)1/3 for £Im A, > 0. We will say that the
function f(z) belongs to W, (G),1 < p < oo if f(x) is absolutely continuous on G
and f'(z) € L,(G).

Introduce a partial sum of spectral expansion of the function f(z) € W, (G)
in the system {un(2)}72; by ou(z, f) = X, <, faun(z), v > 0, where f, =
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170 KURBANOV AND AKHUNDOVA

(fyun) = fol f(x)up(x)dz. Denote R, (z,f) = f(z) — o,(x, f). We prove the
following theorems.

THEOREM 1.1. Let p1(z) = 0, pi(x) € L1(G), | = 2,3; f(z) € W) (G), p > 1,
and the following condition be fulfilled

(1.1) |f@)u? @) < CHelunllo, 0<a <2, =1,

where C(f) > 0 is a constant dependent on the function f(x). Then the spectral
expansion of the function f(x) in the system {u,(v)};; converges absolutely and
uniformly on G = [0, 1], and we have the estimation

(1.2)  sup |R,(z, f)]
zeG 3

< const {C(f)V“‘Q B+ (1 o+ 1F) Zfﬂml},

r=2
where § = min{%,%},
Al =1z, @)

COROLLARY 1.1. If in Theorem [L1], the function f(x) satisfies the condition
f(0) = f(1) = 0, then obviously [(ILT)) is fulfilled and ve have the estimation

sup | Ry (, f)| < const v P f'll,, v >2;
zeG

ifC(f)=0o0r0<a<2-—4, then sup,cq |Ru(z, )| = o(v™7), v = +o0.

THEOREM 1.2. Let p1(x) € Lo(G), pi(z) € L1(G), | = 2,3; f(x) € WL(G)
and condition ([ILT)) be fulfilled. Then the spectral expansion of the function f(x) in
system {un,(2)}22, converges absolutely and uniformly on G = [0,1], and we have
the estimation

sup |Ry (. J)] < const {C(f)V“‘Q v (F Bl + 1F 1)

z€G 3
+V_1||f||oozv2_rl|pr||1}, V>
r=2

+ % =1, v > 2, const is independent of f(x), and

S

COROLLARY 1.2. If in Theorem[L2, C(f) =0 or 0 < a < 3/2, then

sup |R, (z, )] = o(u_%), v — +00.
z€G
THEOREM 1.3. Let p1(z) € La(G),pi(x) € Li(G), | = 2,3; f(z) € W)(G),
1 < p < 2, condition (LI be fulfilled, and the system {u,(z)}5>; be uniformly
bounded. Then the spectral expansion of the function f(x) in system {un(x)}S2,

converges absolutely and uniformly on G, and we have the estimation
_ Sl
sup |, o )] < const { €70 404

zeG 3
_1 _ _
I+ o e 302 ’“|pr||1}, ey
r=2
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where p~t + ¢t = 1.
COROLLARY 1.3. If in Theorem L3, C(f) =0 or 0 < a <2 —q %, then

sup |R,(z, )| = 0(1/_
zeG

Q=

), vV — +00.

Note that such results for the Schrodinger operator L; = fdd—; + q(x) were
obtained in [3H7]. In the case f(z) € W{(G) the absolute and uniform convergence
of spectral expansion in eigenfunctions of a third order operator was studied in [8].

2. Some auxiliary statements

To prove, the formulated results it is necessary to estimate the Fourier coeffi-
cients of the function f(x) in the system {u,(x)}52;. To this end we established
the representation for the eigenfunction u,,(x). Introduce the notation

3
K(z) = ij exp(iw;(sgnIm A,)z),

Jj=1

M (un () ——unQZpr ulF="(9),

2

L _ . m, m -m
in(gc) = 5/%2 Z (Fipn)"wj L mm) (),
m=0

where w1 = —1, wy = exp(—in/3), wz = exp(ir/3).

LEMMA 2.1. For the eigenfunction un(x), the following representations are
valid (A, #0, 1 =10,2)

3
(2.1) )(x +t) Z —iwipn)' X X () exp(—iw;pint)
j=1
f/ M(un(E)KP (€ — 2 —t)de,  if Tm Ay, > 0
3

(2.2) (x +t) Z iwpin ) X () exp(iw; pint)
j=1

—/ M(un(E)KP (€ — 2 —t)de, if Tm A, < 0.

PROOF. For definiteness we consider the case Im A\, < 0. Multiply each side
of the equation Luy, (&) + Apun(€) = 0 by the function Kt(l)(f —x —t) and integrate
the obtained equality with respect to £ from x to x + ¢, where z,x +t € G

T+t

3
@3) e [ uP©exp(-wspn(e ~ 2 - )

x
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x4+t
T / [p1(€)u® () + pa(€)ulD (€) + ps(E)un(€)}
x KD(€ =2 — t)de + A, /Ht un (KD (¢ — 2 — t)de = 0.

Integrating by parts and using Z?Zl w? = 3035 (dgs is the Kronecker symbol), we
transform the first expression in equality (Z3)) in the following way

x+t

3
S wj iy’ / W) (€) expl(—ito; pn (€ — @ — 1))dE
j=1

3 2
= ij(iwj,un )! Z (—iwjpin)™
j=1 m=0
x [u 512 ™ (@ + 1) — ul™ (@) exp(iw; pnt)]
x4+t
- ij ZWJ,Un Wj,un) / n (§) exp(—iw;pn (§ — x —1))dg
= S,unug)(x +1)

2
= wj(iwin) Y (iwipn) " ul ™™ (@) exp(iw;pnt) + (—ipn)?
= m=0
x4+t

x Zwmwmn)l / i (€) exp(— i (€ — z — 1)dE.
j=1

x

Taking this into account in (Z3) and taking into attention the equality (—iu,)% =
—An, We get

3
3M2“(l) x+t) Z 1wj i) [Z m+1( i)™ (2 m)( )] exp(iw; fint)

+/ {Zp uf = }KE”(&—x—t)dgzo.

Hence we find ugf)(x +t) and get formula ([Z2]). Lemma 211 is proved. O

For z = 0 we write formulas (Z1]) and (Z2]) in a more convenient form

N~}

(2.4) prtulD (8) = X7 (0)(—iw) exp(—iw;pnt)

— (—iws) By exp(iwspin (1 — 1))

-3 (it / M (1 (€)) explico; (€ — £))d

Jj=1



ABSOLUTE AND UNIFORM CONVERGENCE OF SPECTRAL EXPANSION 173

1
(i)l / M (1 (€)) expliwspan (€ — £))dE,
Im A, >0,1=0,2, where

B; = X5 (0) exp(—iwsptn) — wg/o M (un(€)) exp(—iwspn (& — 1))dE;

(2.5) ulD(t Z (iw;)! 0) exp(iw;fint)

(zwg) By exp(—iwapn (1 — 1))
3

=3 ()t / M (1n(€)) exp( =it pin (€ — 1))de

J=1,#2
1
T (@)t / M (1 (€)) exp(—iwoagin (€ — £))d,

where Im A\, < 0,1=0,2

Bf = X (0) expliwafin) — w2 / M (tn(€)) exp(—itapin (€ — £))d.

For the coefficients in formulas ([24)) and (Z3) we note that if the system
{un(2)}52, is a Bessel system in L2(G), then for, them the following estimations
are fulfilled (see [9110])

IXTO)] < flunll2, 1X57(0)] < Cllunllo

1B | < Cllunlloo, B3| < Cllun|oe.
Now, using formulas ([2.4]) and (Z3]), estimate the Fourier coefficients of the function
flx) e Wpl(G),p > 1, in system {u,(z)}22,.

LEMMA 2.2. Let the function f(x) € W, (G),p > 1, and the system {u,(x)}52,
satisfy condition (L1). Then for the Fourier coefficients f,, the estimations (py, > 1)
are valid

@7) |fl < const{c<f>uz3||un||oo+un1|<fp—1,un2u;2>>|

(2.6)

()] + (Zui Tllprlll)llflloo||UI|oo}

(2.8) [ful < const{[cwz3+un1|<f',exp<m3unt»|

3

+ i 1(F exp(—iwapin (1= )| + (| flloo + 1/ l11)117” Zui_errHl]

r=2

% tnloo + unll(f’,exp(iunt))l},
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if p1(z) =0,Im A, < 0;

(2.9) £ < Const{[C(f)ui'{_3+u;1|(f',exp(—iwzunt))|
i (s expliagin (1 — )]+ (1l + 17110152 Zui ’“||pr||1]

< tnloo + u;1|<f',exp<wnt>>|},

if p1(z) =0,Im A, > 0.

PROOF. By definition of the eigenfunction w,(x), the Fourier coefficients f,
for u, > 1 are calculated by the formula

1 1 1
= _:(fa (3)) (faplug)) A:(faPQU(l)) - A:(fapiiun)
Applying the estimation (see [10])
2.11 ul || < const(l+ i) 7 unllp, p=1,5=0,2
P
we find
1

2.12 () n

3
< const || f || sty ( Z uir||]?r||1) [l | oo-
r=2

Making integration in parts in the first summand on the right-hand side of equality
[(2I0) and taking into account condition (LTI, we get

m\( | < O lunlloo + [ (f,ul?)]-

From (Z10), (Z12)) and (ZI3)) it follows estimation (21)).

Estimate the expression ,u,jﬂ(f’,ug))’ in the case pi(z) = 0. For that we
use formulas (Z4) and (23) depending on the sign of Im A,,. For definiteness we
comnsider the case Im \,, < 0 and apply formula (Z3]) for [ = 2. Then by estimations

25), (ZTII) and

[ M (un ()] <

(2.13)

3

2 Ipe(O)[u ()

r=2

< const <Z pee )nunnm

Wl =

we get that
| D) = | )|
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3

<t Y0 XFO)(F expliwjpnt))|
J=1,j#2

+ 11, [BF I (', exp(—iwapin (1 — 1))

T ‘_iﬁ (7 M (€)) exp( ity (€ — ) ]

(] M (un(€)) expl—itcngin(é i) '

< const i, {|(f' exp(—ipnt))] + [|(f'; exp(iwspint))|
+1(f, exp(—iwaptn (1 = 1)))[] [[unlloo }

3
+ const ;2| /|11 (Zuiqprh) l|n]oo-

r=2

+ppt

Thus, in the case pi(x) = 0, Im A, < 0 the following estimation is fulfilled
210) | (7 ul?)] < const {17 exp i) + |1 explivagnt))

3
1 expliwain(t — D))] + | luis” Zuiwpm} |un||oo}.

r=2

Consequently, estimation (Z8]) follows from (Z.I0), (ZI2)-(2I4). Estimation
@3) for p1(z) = 0, Im A, > 0 is proved in the same way. The Lemma 2.2 is

proved. O

LEMMA 2.3 (see [10]). Let p1(x) € L2(G), pi(x) € L1(G), I = 2,3 and {u,(z)}
be an orthonormalized in Lo(G) system of eigenfunctions of the operator L. Then
the following estimations are fulfilled:

(2.15) Z 1 < const, forall >0,
T n <tau+1
(2.16) Z llun|l2, < const(l47), for all 7 > 0.
OSpn<T
LEMMA 2.4 (see [9]). If conditions of Lemma 23] are fulfilled, then the system

{M;QU%Q)(QU)}, tn =1, is a Bessel system, i.e., for any g(x) € La(G) the following

inequality is fulfilled
> (i uP @) [ < const g3
pn =1

LEMMA 2.5. Under conditions of Lemma 23], the system {exp(—iunt)} for
Im A, < 0 and the system {exp(iunt)} for Im A, > 0 satisfies the Riesz inequality
for1<p<2.
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PROOF. As these system satisfy the Bessel inequality in Lo(G) (see [11]) sub-
ject to condition (ZI3)), furthermore, for any g(x) € L1(G) it is valid

1
’/99590
0

where {¢n(2)} is any from the above mentioned systems, then by the Riesz—Torin
theorem (see [12]), for these systems the Riesz inequality is valid, i.e.,

S| [ st

n

for any g(z) € Ly(G), 1 < p < 2. Lemma [ZHis proved. O

x| < const||g]|1

q
< const ||g||g

LEMMA 2.6. Let the conditions of Lemma 23] be fulfilled. Then

(2.17) Z ”ugﬂl Sconstp™0 0>0, forallpu>2
Hn Z
PROOF. By estimations (215), (ZI6) and Abel transformation for any I € N

(1] +1

2
Y meed gm( X i)

p<pn<ful+ H7 k=[u] k< pn <k+1
(n]+1-1

< Z < Z ||un||c2>o)(k11+9(k+11)1+9)

k=[u] 1<pn<k+l

T )G (Tl )pd

1<pn <[p]+! 1<pn<[p]—1
[p]+1-1
k: +1)%(1+6)

CODSt Z k+ W

k=[u]

- _ — 1+6 _
+ const([p] 4 1) 7% + const[u] % < const ( yRE) + (1] ‘9).
k=[p]

Hence, by the arbitrariness of the natural number | we get estimation (ZI7). O

LEMMA 2.7. Let the conditions of Lemma 23] be fulfilled. Then

P
(2.18) Z % Sconstp!™P, 1<p<2, forallp>2
Un

Mo Z

PROOF. For p = 2 estimation (ZI8) follows from (ZTI7) for § = 1. Consider
the case p # 2 and apply the Holder inequality for p’ = 2, q¢ = 2

2—p°
2-p
Z ||un||p Z ||un||p Z luall2\” Z 1 2
_1 % 2__ ﬁ
Hn =R B =R Un Hn wn=p Mn 2 n
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(=)

pnzp Hn (1]

Having applied here Lemma for0 =1-— l and estimation (2.IH), we get

Z ”UnHoo Const( (__1));7/2[ ]1;;3 < const p' P,

n
Hn Z M

Lemma [2.7] is proved. O

LEMMA 2.8 (see [9]). Let {am}55_o be a numerical sequence with the elements
am = 0,8 be a complex number for which Re > 0. Then for the inequality

(5

to be fulfilled for any function f(z) € Ly(G), 1 <p <2, ¢= ﬁ, it is necessary

and sufficient the existence of a constant K such that for all N = 1,2,... the
following estimation is valid fo:o am < KN.

q 1
) < M1,

/ f(z) exp(—mpe)de
G

LEMMA 2.9. If under the conditions of Lemmal23], we have that for each system
2 z
{HunHo"oeWS”“t}zo:l and {|un| % —lwzun(l—t)}oo for Im A\, < 0, for each system

{H’LLHHE 7iw2“"t}oo and {||un ||q iwspin (1=1) } | Jor Im A\, <0 the Riesz inequal-
ity is fulfilled for 1 < p < 2, where p~! + ¢t = 1

PROOF. Let us consider the first one of these systems and prove for it the Riesz

inequality (the remaining systems are considered similarly). Since u, € [0,+00)

and w3 = zi , then iwsp,t = (i — ‘/Tg)unt and |ewsknt| = e 5 hnt, Taking
< lunllZ

2
/f (138 gy
Im/\ <0

this into account we get that for any f(z) € L,(G)
) 1 . q
<Xl (W)

1 q
S | [ e
< Yl (/ e tar)

Im A\, <0
k=0 k<pin <k+1

q

[e'e) 1 q
<Z( > ||un||§o)( / If(t>|65’“dt)
k=0 N k<pn<k+1 0

M

1 q
ak( / |f<t>|e%’“dt) |

el
Il

0

where ap =370 cppr [lumlZe-
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By inequality (2.I6)), for any natural number N it is fulfilled:

N N
Zo‘k = Z ( Z ||u"||go) = Z l|lun]|%, < const -N.
k=0

k=0 “k<pun<k+1 0 <N+1

Consequently, the condition of Lemma is fulfilled. Therefore, the following
inequality is valid

oo 1 . ay 1/q
{Sa( [ rorta) } <mois,
k=1 0
Lemma [2.9] is proved. O

3. Proof of the basic results

Proor oF THEOREM [L. 1l If suffices to consider the case 1 < p < 2. Prove the
uniform convergence of the series > oo | |f,||un(z)| on G. To this end we partition
this series in two sums: > o, <o | fnllun(z)| and 3°, _o [fnllun(z)]. The first sum
by inequality (ZI6]) doesn’t exceed the quantity const || f||1. For investigating the
second series we apply Lemma [Z2] i.e., estimations [2.8) and ([Z9) depending on
the sign of Im \,,. For that we represent the given series in the form

S lfallun@) =" [fallun(@) + D |fallun(2)| = I + I,

fn>2 neJp neJs
where J1 = {n : pu, > 2,Im A\, < 0}, Jo = {n: u, > 2,Im A, > 0}. By estima-
tion (Z.8)

=" |fallun(z)] < const Y C(f)pn>llunl%

neJy neJy

+const Y gt [(f, € ) [[un %
neJy

+ const Z pi M (f7 ez = g |12
neJy

3
const(1 e+ 1710) 3w ( 32 il )

neJy r=2
+oonst Y (f e[| o
neJy
=const(lf + If + I} + I} + I}).
Estimate the series I7,j = T,5. By Lemma and condition 0 < a < 2 we
find

2
(3.1) f=c) Y w el <o) Y Al

neJy Pn>2 T

< const O(f)2°72 < occ.
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For estimating the series I? we apply at first the Holder inequality for the sum,
and then Lemmas and

I =" Nunll 2P py (JlunlZ21(f s t)])

neJy
[unl|? 7 ) wantria L
/ 3 n
<{Z—p } {Z||un||oo|<f,ew >|q}
neJ Hn neJy
a2 7 ) oantria L
/ n
<{Z p } {Znunnmw,ew >|q}
2 M el

< const 27 YIM (p)|| ||, < oo

The series I3 is estimated in the same way as the series I?. For estimating the
series I{ we apply Lemma

3
(3.2) = (e + 1710 S uﬁ(zuiwmh) a2,
r=2

neJy
3
< const(|| flloo + |f’|1>(2 |pr|12”) <ol
r=2

Now estimate the series I7. For that we apply the Holder inequality, and then
Lemmas and 277

l[tn |l oo —i
r=> M—|(f'7€ ]

neJy
P\ S
< ( Z ||un1|)|oo> < Z |(f/,€_lunt)|q> < const ||fl||p2—% < 0.
neJy ,U/n neJ,

Thus, the series I; uniformly converges on G. Applying estimation (2.9) for the
coefficients f,, in the same way we prove the uniform convergence of the series I
on G. Consequently, the series > oo |fu| [ty (x)| uniformly converges on G. By
the completeness of the system {u,(x)}52; in Ly(G) and continuity of the function
f(x) on G the series °° | f,u,(x) uniformly converges to f(x), i.e. it holds the
equality

(33) f@) =Y faunlw), z€C
n=1
Now establish estimate (L2]). By equality (B3]

> futin(z)

Hn >V

Ry (2, ) = |f(2) — oz, )] =
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<Y fallun(e >+ D ) + Ta(v),
Hn >V n€A;(v) n€Az(v)

where A1(v) = {n : pp = v,Im A, < 0}, A2(v) = {n: up = v,Im A, < 0}. The
series T1(v),Ta(v) are estimated by the scheme demonstrated by estimating the
series I;. As a result we find

3
730) < const {2 411y 7 U+ 110 (3 Wb )
r=2
j=1,2 z€d.

Consequently, estimation (L2)) is valid for 1 < p < 2. For p > 2 the validity of
estimation ([.2) follows from the embedding L,(G) C L2(G).
Theorem [Tl is proved. O

Corollary [IT] follows from Theorem [T with regard to the inequality || f]loo <
|| /||1 that is fulfilled for the functionf(z) € WX(G), f(0) = f(1) = 0.

Proor oF THEOREM [LL2l In the present case it is necessary to prove the uni-
form convergence of the series }_, ~,|fnllun(z)| on G. By estimation [2.1) we
find

S U ullun (e const{c<f> S 0l

P 22 }Ln>2
2 1 / U7(12)
EY (f o, 2~ )}n NN ||un||m}( —)}
Hn 22 Hn 22 Hin
3
e 3 2l (Zui-wmrnl)}
P =2 r=2

< const{V] + Vo + V5 + V4 }.

The series V4 and Vj are estimated in the same way as the series I and I{. For V;
estimation B is fulfilled, and for Vj estimation ([B.2)) is fulfilled by changing the
multiplier (|| f|loc + ||f/|l1) by the multiplier || f||«.

By estimating the series V5, and V3, we apply the Bessel inequality for the
system {ug)(q}) /u2}, pa > 2, whose validity is established in the paper [9], and
also Lemma [27] for p = 2.

As a result, we find

= h IIunlloo<fP1, > (Z a2 )

I =2 I =2 "

(Z )05

1/2
1l
> < const 272 || f D1l|2;
Hn 22
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we (2 BE) (205l

" i 22
Consequently, the series Y7 | fouy,(z) converges absolutely and uniformly on G,
and the following equality f(z) = Y| faun(z), x € G, is valid. It is easy to see
that for the remainder R, (x, f) of this series the following estimation will be valid
(in the remainder the summation is conducted according to numbers n, for which

o > V)

1/2 .
) < const 272 || f/]|2.

3
sup |R, (z, f)] < const {C(f)V“‘Q (1Bl + 1) Z#-Tnmnl},
r=2
v > 2.
Theorem [[.2] is proved. O

For justification of Corollary [[L2] it suffices to take into account that the se-
quence of remainders of the converging series tends to zero, more exactly,

)
2 <fp1’ un>

=o(l), v— +oo;

Hn 2V

@)\ |2
Z (’,ULQ) =o(1), v — +oo.
S Hn,

PrOOF OF THEOREM [[.3l By orthonormality of the system {u, ()}, in
L2(G), condition 217 is fulfilled. On the other hand,

L= [(un, un)| < [unllpllunlly < llunllcollunllq:

Hence we find [u,[|;? < [Junl|ll,. Therefore, by inequality (2.I5) and uniform
boundedness of the system {u,(x)}52; we find

Z lunllZollunlly ? < Z lun|2? < C Z 1< constr, forall 7>0.

0 pn<T 0Spn<T O pn <7
Thus, for the system {u,(z)}52,, all the conditions of the sufﬁciency part of [9]
Theorem 3] are fulfilled. Therefore, for the system {u" } tn = 1 the Riesz
inequality is valid.

For proving Theorem [[3] it suffices to estimate the series V3 (all remaining
series V1, V5, V, were estimated in Theorem [[.2] without requirement of uniform
boundedness of the system {u,(x)}52 ). At first, apply the Holder inequality, and
then the Riesz inequality and LemmaIZﬂ Asa result, for V3 and its remainder we
get

(2)
-3 unlnuum}(f,“" )‘

o, =2
2

(Z IIUnIIOO) (Z

Hn 22 Hn>2

q\ 1/q L
) <oz 7
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(2)

05
2 fin f’ 1

Hn 2V
p \ 1/p (2)\ |9\ /¢
<(Z w) (Z (f',“L) ) < const ™| £l
sy PP sy Hin
Theorem is proved. O

10.

11.

12.
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