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ON MATSUMOTO CHANGE OF
m-th ROOT FINSLER METRICS

Akbar Tayebi and Mohammad Shahbazi Nia

ABSTRACT. We consider Matsumoto change of Finsler metrics. First, we find a
condition under which the Matsumoto change of a Finsler metric is projectively
related to it. Then, considering the subspace of m-th root Finsler metrics, if
F is the Matsumoto change of F, we prove that F is locally projectively flat
if and only if it is locally dually flat. In this case, F' and F reduce to locally
Minkowskian metrics.

1. Introduction

Let (M, F) be a Finsler space. In 1984, C. Shibata studied the properties of
Finsler space (M, F) whose fundamental metric function F is obtained from F
by the relation F(x,y) — F(x,y) = f(F,B), where B(z,y) = b;(z)y’ is a 1-form
on M and f = f(F, () is a positively homogeneous function of F and 8. This
change of Finsler metric function has been called a g-change. He studied some
geometrical properties of tensors being invariant by S-change of the metric [9]. If
1Bl|F := supp(y, =1 [B] < 1, then F is again a Finsler metric.

There is a special case of -change, namely

2

(1.1) F(x,y) = F 5

which is called the Matsumoto change of F. If F' reduces to a Riemannian metric

a, then F reduces to the Matsumoto metric F = aa—Zﬂ Due to this reason, trans-

formation (L) is called the Matsumoto change of Finsler metrics. The Matsumoto
metric is an important metric in the Finsler geometry which is the Matsumoto’s
slope-of-a-mountain metric. This metric was introduced by Matsumoto as a re-
alization of Finsler’s idea “a slope measure of a mountain with respect to a time
measure”.

Two Finsler metrics F' and F on a manifold M are called projectively related if
any geodesic of the first is also geodesic for the second and vice versa. In this case,
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there is a scalar function P = P(z,vy) defined on T My such that G* = G + Py?,
where G and G* are the geodesic spray coefficients of F' and F, respectively. In this
paper, we find a condition under which the Matsumoto change of a Finsler metric
is projectively related to it. Let (M, F) be a Finsler manifold and 8 = b;(z)y’ a
1-form on M. Put 7y = 2(b;); + bjs), sij := 5(bij; — bjji), roo = 7i;y'y’, where
| denotes the horizontal derivation with respect to the Berwald connection of F.
Then, we have the following.

THEOREM 1.1. Let (M, I) be a Finsler manifold. Suppose that F =F?/(F-p)
be the Matsumoto change of F'. Then F' is projectively related F if only if B satisfies
2(F; — b)) F = 2F,(F — B)

F(F = p)

8ij = [Ajnk — Airjk}yk, where  A; :=
In this case, the projective factor is given by P = ﬁ 700-

Let M be an n-dimensional C'*® manifold, T'M its tangent bundle. Let F' =
{/A be a Finsler metric on M, where A := aiy ., (@)Y y2 oyt with a4
symmetric in all its indices. Then F is called an m-th root Finsler metric [LOHIS].
The special m-th root metric in the form F = %/yly2...y™ is called the Berwald—
Moo6r metric [IH3L[51[6].

A Finsler metric is said to be locally projectively flat if at any point there is
a local coordinate system in which the geodesics are straight lines as point sets.
It is known that a Finsler metric F(z,y) on an open domain U C R" is locally
projectively flat if and only if G* = Py, where P = P(x,y) is called the projective
factor and is a C'™ scalar function on T'Mj satisfying P(z, \y) = AP(x,y) for all
A> 0.

THEOREM 1.2. Let F = /A (m > 2), be an m-th root Finsler metric on an
open subset U C R"™. Suppose that F' = F?/(F — jB) be the Matsumoto change of
F. Then F is locally projectively flat if and only if Ay = 0 and b; = constant.

A Finsler metric F' on a manifold M is said to be locally dually flat if at any
point there is a coordinate system (z°) in which the spray coefficients are in the form
G' = —1¢YH,;, where H = H(xz,y) is a positively homogeneous scalar function
on TMy=TM ~ {0} [8].

THEOREM 1.3. Let F = %/A (m > 2), be an m-th root Finsler metric on an
open subset U C R™. Suppose that F' = F?/(F — ) be the Matsumoto change
of F. Then F is a locally dually flat Finsler metric if and only if Ay = 0 and

b; = constant.

2. Proof of Theorem [I.1]

In this section, we are going to prove Theorem [[.T1 To this aim we first prove
the following result.

LemMA 2.1 (Rapesék [7]). Let F' and F be two Finsler metrics on a mani-
fold M. Then F is projectively related to F if and only if F' satisfies F‘k,lykfF” =0,
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where | denotes the horizontal derivation with respect to the Berwald connection
of F. In this case, the spray coefficients are related by G* = G' + Py*, where

Fouk
p— kY
2F
The P = P(x,y) is called the projective factor of F(x,y).

(2.1)

Throughout this paper, we use the Berwald connection and the h- and v- co-
variant derivatives of a Finsler tensor field are denoted by “|" and “," respectively.
Now, let (M, F) be a Finsler manifold and 8 = b;(z)y* a 1-form on M. Put

Tij *= %(bilj +bj), Ti0 += Tz'jij Too = Tijyiyja
Sij = %(bilj = bji), Si0 *= Sijyja
1/0b;  Ob; , o
fy = 5(3;03‘ a;fi)’ Roi == Rjiy’,  Roo = Rijy'y’.
Proor oF THEOREM [Tl The following relations hold
ob;
bi|j = 8_903 - flbs; fl = lsiv

where F;k = F;k (x,y) is the Christoffel symbols of the Berwald connection of F'.
Then we have

(2.2) Sij = %(bilj —bj1i) = %(gi; - gf;jz)’

23) o= %(bﬂj +by) = %(3; + gzﬂ - 2bSFfj) = Rij — b3,
By ([22) and ([Z3]), we get

(2.4) 5|l = bi\lyi = (% - fzbs)yiv

(2.5) Buy' = (% - fzbs)yiyl = Roo — 2b,G® = rqp,

(2.6) Biray" = (% - bsfzsk)yk,

whence (24) and (Z8) imply B, y* — B = suwy”® = sw. For F = F2/(F — j3), we
have

_ BuF? - [@EB+ FBk)(F — B) = 2(Fy — b)) F By,
o EEr T | (F— 6 |
gk — {(2FZTOO + FBy")(F — B) — 2(Fy — bl)FToo]F
it (F =By '
Then

Firay® — Fy = [(QFZTOO + Py — 1*;;5”);1;3— B) —2(F — bl)FT00:| r

ST T
(F- By -
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Put
2(F; — b)) F = 2F;(F - B)

F(F —p)
Then by Lemma 1] F is projectively related to F if and only if s;0 = A;rgo, which,
taking a vertical derivation, yields

A; =

(2.8) s1; = Aiiroo + 2Aim0;.
Since S1; = —Sil, then by m we get AliTOO + 2./4[7"01' = *AilTOO — 2./41'7"01 or
(2.9) Apiroo = —Aires — Airor.

By 238) and [29), we get s;; = A;ro; — Ajro;. Now, by (3] and 7)), we have

— k B|kku2 B FQTOO
= 57 ~ T pp

By (21, it follows that

_ F\kyk _ 700
oF  2(F-p)
3. Proof of Theorem

It is known that a Finsler metric F(x,y) on U C R"™ is projective if and
only if its geodesic coefficients G* are of the form G'(x,y) = P(z,y)y’, where
P:TU =U x R™ — R is positively homogeneous of degree one with respect to y.
In [4], Hamel showed that a Finsler metric ' on U C R" is projectively flat if and
only if it satisfies kayzyk =F,.

LEMMA 3.1. Let F = /A (m > 2), be an m-th root Finsler metric on an open
subset U C R™. Suppose that the equation
VAT 4 AW + PAT + QAT 4 TAT 1 4 AmT2Q 4+ T =0
holds, where ®, ¥, 0,YT Q,= are homogeneous polynomials in y. Then ¥ = = =
P=0="=Q=T=0.

For an m-th root metric F = /A, put

0A 0%A 0A - 0%2A
A= — = i =—, Ag=Auy", Ag=A k= gk
ayl ) J ay] ay] ; T Oz’ 0 ziY 0l akyllY Gaczc')yl Yy
Then we have the following.
PrOOF OF THEOREM [[L2l For F = ’:\/_T@’ we infer
_ 1 E 2 2
(31) [F]Il = W A%_QAzl — 2Am_1AIlﬁ + mAWBIz 5
m _
Floeg = 2 (L —2)AgA A7 3+ Ay Am 2+ (281 Ag — Ao + 240 A1B) A —2
zhyl - 1
y'Y m (AE _ 5)3

L (22840 - 240B1)Am 1 + (2 = 2)BA A AT 3 + mBy A
(Am — B)3
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N (282An — 284180 — 68AB)Am 1 + (L —2)32 A0 A A7 2

(3.2) T
(A% =)’
_ (2mBoB — mBBy) A
(Aw—pp |

where

0 0 . .

ﬂmi = aﬁla BZ = a_ﬁz = bi7 ﬂO = Bmiyzv ﬂOl = Bzilyz'
T Y

Since F is locally projectively flat metric, we have [Fluryiy® — [F],: = 0. By
substituting (3] and ([B.2)) into this, we get
(3.3) (& —2)Ag A AT 2 + (A — Ap) A= 2
+ (26040 — B(Aor — Apt) + 240 Ai5] AW
+ [ = 26(A0 = Agr) = 2405 AR ! 4 (2 ) BAA AR P
+ m(Boy — But)A™ + [26%(Aor — Agt) — 2BA180 — 6514051}14%_1
+ (% —2) B2 A A AT > + [2mBoBy — mB(Bor — Bur)| AT = 0.
Simplifying (B3], it results that
(3.4) (£ —2)Ag AT 1 4 (Ag — Ag) AT
+ [28140 — (Aot — Agt) + 240 A1 f] AT
— [28(Aor — Apt) + 2408 ] AT+ (2 - 2)BA A AT
+m(Bor — Bu) A7+ m[26051 — B(Bor — Bur)] A
+2B[B(Au — Ap) — AiBo — 3AoB A+ (£ — 2)B%AgA; = 0.
According to Lemma Bl ([3.4) reduces to the following
(3.5) ApA; =0,
(3.6) Ao — Ay =0,
26140 — B(Ao — Ap) + 2A0A18 = 0,
B(Ao — Agt) + Ao =0,

(3.7) Bot = Bzt =0,
26081 — B(Bor — Bat) = 0,

(3.8) B(Aor — Agr) — Aifo — 3408 = 0.

By 34), we have

(3.9) Ayt — Ao = 0.

The relations [3.H), 4; # 0 and 8 # 0 imply that
(3.10) Ay = 0.
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Taking a vertical derivation of ([BI0) yields
(3.11) Ag+Ag = 0.

By B3) and BII)), we get A,; = 0. On the other hand, by substituting (3.9
and (BI0) in &8, we have Sy = 0. Taking a vertical derivation of it implies that
Boi + Bzt = 0. By cousidering [B7), we get 5,1 = 0, which means that b; are
constants. (]

4. Proof of Theorem

In [8], Shen proved that the Finsler metric F' on an open subset U C R" is
dually flat if and only if it satisfies (F?),x,y* = 2(F?),.. Now, we are going to
characterize locally dually flat Finsler metrics which is obtained by a Matsumoto
change of m-th root metrics. First, we remark the following.

LEMMA 4.1. Let F = /A (m > 2), be an m-th root Finsler metric on an open
subset U C R™. Suppose that the equation

WATH L EAT 4 @AW + QAT L TAT2 Q=0
holds, where ®, ¥, 0,7, Q, = are homogeneous polynomials in y. Then ¥ = = =
P=0=T=0=0.
Proor oF THEOREM [[L3l The following holds
24w [Am A, — 24,8+ mAB,]

(4.1) [F2] Y EE

)

o1 2 [AuAm T4 (BAg — BAnB + AiBy)Am T4 (2 — 1) AgAjAm 2
[F ]zkyly = E

(Am — p)*
(42) +(% - 1)ﬁA0AlA%_2 + mﬁlmA% + (% _ Q)ﬁQAOAlA%_Q
(Aw - B)*
| (262 A — 4B Ao +4BAB0) AT 1 + mB AT
(A — B)*

Since F is a locally dually flat metric, then
(4.3) [F?] hyiy® — 2[F?],0 = 0.
By substituting (A1) and (2] in @3), we infer:
(4.4) (AOZ _ zAzl)A%—l + [Bido — 3(Aor — 24,1)B + Ayg] A
2 3
(= = 1) A AT 2 4 (2 = 1) BAGAAT 2 4 m(Bor — 2B, AT
m m
8
+ 28[8(Ao — 24.1) — 2408 + 24180 AT + (= = 2) B Ag A AT

+mB(Bos — 2B,1) A = 0.
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Simplifying ([&4) implies that
(4.5) (A —24,) A%+ 4 [B1Ao — 3(Aqr — 24,1)8 + Azﬂo]A#Jr1
2 2 3 1 1
+ (= = 1) AoA AT + (2 —1)BAAAT +m(for — 28,1 ) AT
m m
+mB(Bor — 2B,) A + 28[B(Ao — 24,1) — 2A0B; + 2480 A
8
+ (= —2) 82404, =0,
m

By Lemma FT] [35) reduces to

(4.6) Ao Ay = 0,
(4.7) Ag — 24, = 0,

28(Bor — 2B,1) = 0,
(4.8) 3B8(Ao — 24,1) — Ao — Ao = 0,
(4.9) Bor — 2B, =0,

B(Aor — 2A,1) + 2(B1Ao + BoAr) = 0.

By (@6), we have Ay = 0. Taking a vertical derivation of it implies that
Ay + Ao = 0. Then by [@1), it follows that A, = 0. In this case, (£J)) reduces to
Bo = 0. Taking a vertical derivation of it implies that Bo; + 8,1 = 0. Then by (£9),
we get (8, = 0 which means that b; are constants. This completes the proof. [

COROLLARY 4.1. Let F' = /A (m > 2) be an m-th root Finsler metric on an
open subset U C R™. Suppose that F = F?/(F — ) be the Matsumoto change of
F. Then F is locally projectively flat if and only if it is locally dually flat. In this
case, F' and F are Berwald-Modér metrics.

ProoOF. By Theorem and [[3 F is locally projectively flat if and only if it
is locally dually flat. Since A, = 0, then a;,. ;, (x) = ¢ is a constant. In this case,

we get
F=%cyly?...ym

which is a locally Minkowskian metric. Since b; = constant and F=F?/(F-p),
then F is locally Minkowskian, too. Il

5. Conclusion

Every locally Minkowskian metric is locally projectively flat and locally dually
flat metric. In this paper, we study the Matsumoto change of a Finsler metric and
prove that the Matsumoto change of an m-th root metric is locally projectively flat if
and only if it is locally dually flat if and only if it is locally Minkowskian. The study
of this Finslerian change on an m-th root metric will enhance our understanding
of the geometric meaning of the class of m-th root metrics.
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