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CLASSIFICATION OF PRODUCT SHAPED
HYPERSURFACES IN LORENTZ SPACE FORMS

Dan Yang, Le Hao, and Bingren Chen

ABSTRACT. We define the product shaped hypersurfaces in Lorentz space
forms by imposing the shape operator to be product type. Based on the
classification of the isoparametric hypersurfaces, we obtain the whole families
of the product shaped hypersurfaces in Minkowski, de Sitter and anti-de Sitter
spaces.

1. Introduction

Let R} be an n-dimensional real vector space together with an inner product
given by

k n
<:C7:C>:721'12+ Z ZL'?,
i=1 j=k+1
where = (x1,...,xy,) is the natural coordinate of R} and R} is called an n-
dimensional semi-Euclidean space. We recall that the semi-Riemannian manifolds

Si(c) and Hy(c) are as follows:

k n+1
1
S2() = { (a1, .. nl Y g2 2_ 2
L(c) {(xl, Tnt1) € RY Z$Z+_Z i = , (e >0),
=1 1=k+1
k+1 n+1 1
n n+1 2 2
Hk(c):{(xl,...,xn+1)emk11 —;xi +_;2xi :E},(c<o).

These spaces are complete ones with constant curvature c¢. S} (c) and Hj}(c) are
called semi-sphere and semi-hyperbolic space, respectively. In general relativity, the
Lorentz manifolds R}, ST(c) and H}(c) are respectively known as the Minkowski,
de Sitter and anti-de Sitter space, which is called Lorentz space form and is denoted

by N%(c).
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The notion of golden structure on a manifold was introduced in [2, [3] as a
tensor field of (1,1)-type J on M which satisfies the same equation as the golden
ratio: J? = J + I, where I is the usual Kronecker tensor field of M. In real
space form, Crasmareanu—Hretcanu—Munteanu [I] gave the definition of the golden
shaped hypersurfaces and product shaped hypersurfaces, and obtained the classi-
fication of this two kinds of hypersurfaces. In Lorentz space form, there are two
kinds of hypersurfaces according to the index of the hypersurfaces, that is, space-
like hypersurfaces and Lorentz hypersurfaces. A hypersurface in a Lorentz space
form N7 (c) is said to be spacelike if the induced metric on the hypersurface from
that of the Lorentz space is positive definite. A hypersurface in a Lorentz space
form N7*1(c) is said to be Lorentz if the induced metric on the hypersurface is
indefinite and the index is one. In the Lorentz space form, the first author and
Fu [6] defined the golden shaped hypersurfaces and gave the whole families of the
golden shaped hypersurfaces. Since, in 2], there is a natural correspondence de-
rived between golden structures and almost product structures, it is necessary to
study the product shaped version in the Lorentz space form.

Let M™ be a hypersurface in the Lorentz space form N7 (¢c) and for a certain
normal vector field N, let A = An be the associated shape operator. We firstly
give the following definition.

DEFINITION 1.1. A hypersurface M™ in a Lorentz space form N7 (c) is called
a product shaped hypersurface if A% = 1.

In this paper, we will give the complete classification of the product shaped
hypersurfaces in Lorentz space forms. Our results state that there are two kinds
of hypersurfaces in the Minkowski space R?™!, three kinds of hypersurfaces in the
de Sitter space S?‘H(l) and three kinds of hypersurfaces in the anti-de Sitter space
H’f“ (—1), respectively. We find that there are large differences between the golden
shaped hypersurface and the product shaped hypersurface.

2. The classification of product shaped hypersurfaces

In this section, we will give the complete classification of the product shaped
hypersurfaces in the Minkowski space, the de Sitter space and the anti-de Sitter
space, respectively. In order to give the proof of the theorems, we firstly give the
following proposition.

PROPOSITION 2.1. The product shaped hypersurfaces in a Lorentz space form
N’f"'l(c) are isoparametric hypersurfaces with two distinct principle curvatures 1
and —1.

PROOF. If M is a spacelike hypersurface in N7"!(c), the normal vector is
timelike and the shape operator A can be diagonalized by choosing the orthogonal
frame field on M. Denote the principal curvatures of the spacelike hypersurface by
A,...,An. By A% = I, the principal curvatures of the spacelike product shaped
hypersurface are 1 or —1 respectively, and hence the hypersurface is isoparametric.
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If M is a Lorentz hypersurface in N7 (¢), the normal vector is spacelike. By
[4], the shape operator maybe have the following four forms

ap 0 O ... O ag 0 0 ... 0

0 as 0 ... O 1 a 0 ... 0
(1) A= 0 0 a3 ... O (2) A = 0 0 a ... 0

O 0 0 ... ap 0 0 0 ... ap_o

@0 0 0 0 0 ao bO 0 0

0 a 1 O 0

7b0 ag 0 0

-1 0 an 0 0 0 0 0
BA=10 0 0 o 0 (4) A= ar e

0 0 0 0 ... ans 0 0 0 oo dno

We consider the four forms one by one for the Lorentz product shaped hyper-
surface.
(a) If the shape operator has the form (1), by A2 = I, we get a; = 1 or —1 for
1 =1,2...,n. So the principal curvatures of the hypersurface are =1 and
the hypersurface is isoparametric.
(b) If the shape operator has the form (2), by 4% = I, we get a3 = 1 and
2ag = 0, which is impossible.
(c) If the shape operator has the form (3), by 42 = I, we get —1 = 0, which is

impossible.

(d) If the shape operator has the form (4), by A% = I, we get by = 0 and a; = 1
or —1fori=0,1...,n—2. Therefore the principal curvatures of the product
shaped hypersurface are +1, and the hypersurface is isoparametric. (I

Next we will give the proof of the main theorems.
THEOREM 2.1. The only product shaped hypersurfaces in the Minkowski space
R are
(1) Spacelike hypersurface H"(—1) = {z € R’f“‘ — i+ Z?I; z?=-1};
(2) Lorentz hypersurface Sy(1) = {x € R{| — af + Z?I; z? =1},
PRrOOF. By [5], the isoparametric hypersurfaces in Minkowski space R} ™! have
the following six cases:

RM: R = {x = (21,...,Tnt1) € R?H ‘xl = 0} with A = 0;

n+1
1
R®: H"(c) = {:c c RyH! ’ -3+ Z:cf = E} (¢ <0) with A =+v/—cI;
i=2
n+1 1
R(3)Z R" H" " = RnJrl ‘ 2 2 _ = 0
X x € R} xl—i—i;”xz - (c<0)

with A = +(0, ® V—cIp_r);
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RW: R} = {z € RY™ | 2,41 = 0} with A =0;

n+1 1
R®): §7(c) = {x e R ‘ —x2+ fo = Z} (¢ >0) with A = +/cI;
i=2

n+1
1
R©®: R x g7 = {x GR?“’ —ai ) 2l = E} (c>0)
1=r+2
with A = +(0, & Ve l,_,).

Here R, R®, R®) are spacelike hypersurfaces and R®, R(®), R are
Lorentz hypersurfaces.

It follows from Proposition 211 that the product shaped hypersurfaces are
isoparametric hypersurfaces with two distinct principal curvatures 1 and —1, which
are nonzero constant. So the cases R R®) R® and R©) are impossible.

For the case R(?)| since the eigenvalues of the shape operator are 1, so ¢ = —1
and the spacelike product shaped hypersurface is

n+1
i=2
This gives case () of Theorem [Z1

For the case R(®| since the eigenvalues of the shape operator are 41, then
¢ =1 and the Lorentz product shaped hypersurface is

n+1
S(1) = {ac e R ) —af+ ) i = 1}.
=2

This gives case () of Theorem [Z11 O

For n = 2, we give the pictures of the product shaped surfaces ({Il) and () in
Theorem 2.1], see Fig. 1.
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FIGURE 1.
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THEOREM 2.2. The only product shaped hypersurfaces in the de Sitter space
S"H(1) are

(1) Spacelike hypersurface R™ = {:E € ST CRYY? | 21 = zpsa+to }(to > 0);

(2) Lorentz hypersurface ST (2 {:E € S""H RIY2 | 200 = f};
(3) Lorentz hypersurface S™(2 ) xSPTT(2)={z € R"+1 | 22‘” o =3, —zi+
Z?:;M:E? =1}, wherer=1,...,n—1.

PROOF. The isoparametric hypersurfaces in the de Sitter space ST (1) have
the following cases [5]:
sW. R = {z €SI C R | 21 = g0 + 1o} (fo > 0) with A = +£1;
S(Q):S” {xES"+1C R"+2’x1 V1je—1 } (0<e< 1) with A=++v1—clI;
s@). H"(c {:c € S”HC R”Jr2 |zn+2 1 — 1/c} (c<0) with A=4v1—cI;
24r n+2
I A D P

1=34r
WithA:i(\/l—C1IT@\/1_CQIn_T and - +——1 c1 >0, co <O0;

S®): §7(c ={zestt'c R?+2’$n+2 V1—1/c} (¢>1) with A=+Ve—11I;
2+r n+2
datm e at=

1=34r

WithA:j:(\/Cl—llT@(—\/CQ— I, _, ), andi—i—%—l c1>0, c>0.

SW: 8"(¢)) x H" " (cq) = {z € st c rrt?

SO): S7(e1) x ST (eq) = {z e sttt c Rt

Here SV, ) 5B S™) are spacelike hypersurfaces and S(®), S(®) are Lorentz hy-
persurfaces. It follows from Proposition 1] that the product shaped hypersurfaces
are isoparametric hypersurfaces with two distinct principal curvatures 1 and —1.
So case S cannot occur.

For the case S(), the eigenvalue of the shape operator is exactly 1 or —1, so

R"={z eSS C R |21 = zpy2 +to} (to>0)

is the spacelike product shaped hypersurface in the de Sitter space. This gives
case () of Theorem

For the case S(?), since the eigenvalue of the shape operator is +1, then ¢ = 0,
which contradicts to 0 < ¢ < 1. This implies that case S is impossible. Similarly,
case S® is impossible as well.

For the case S(®), since the eigenvalue of the shape operator is £1, then ¢ = 2,
and the Lorentz product shaped hypersurface is

ST(2 {:I: S S”H C R"+2 Tpto = 2/2}.

This gives case () of Theorem [Z21
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For the case SO, If \/e; — 1 =1, —/c2 — 1 = —1, then ¢; = ¢3 = 2, and the
Lorentz product shaped hypersurface is

24r n+2 1
ST(2 SnTT(9) = Rn—i—l ’ 2 _ - _ 2 _
@xst@={eem | Sat =g wtr 3 =g,
with A = I, ®(—1I,,—,). This gives case [B]) of Theorem[2:2l Similarly, if —\/c; — 1=
—1,vc2a — 1 =1, we also get case [@B) of Theorem 22 O

For n = 1, we give the pictures of the product shaped curves () and (@) in
Theorem [2.2]

z-axis
z-axis

FIGURE 2.

THEOREM 2.3. The only product shaped hypersurfaces in the anti-de Sitter
space HY T (=1) are
(1) Spacelike hypersurface H"(—2) = {z € H?“(—l) CRYT? |2y = ‘/75},
(2) Spacelike hypersurface H"(—2) x H" "(-2) = {:U € it (—1) c RyH? |

*INLZQH = 2’ —:E2+Z?+32+T ;= 7%};
(3) Lorentz hypersurface R} = {x € HyT{(—1) C Ry | 2y = :En+2+t0} to> 0).

PRrROOF. By [5], the isoparametric hypersurfaces in H**(—1) have the follow-
ing cases:

HWY . H"(c) = {x € H’f"'l(—l) C R;H_Q ‘ x1 =+/1/c+ 1} (c< —
with A =+v—-1—cI;

2+r
H®: H"(¢1) x H" " (c2) = {x € Hy T (—1) c Ry ’ x?+ Zx ,

n+2
—$2+ Z x }
1=3+7r
. 1 1
withA=+v—-1—-c I, &vV-1—colp_p, and —+ — = -1, ¢; <0, ¢ <0
C1 Co
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H® . T ={zeHt (-1 )CR"+2|x1:zn+2+to} (to > 0) with A = =+T;
H(4):S" {er”+1 Rn+2‘$1 V1/e+1 } (c>0)
with A = +v/14cl;
HO): H(¢) = {z e H}"H(—1) C Ry |2y = /-1 1/c} (-1 < c < 0)
with A = £v1+cl;

r+2
HO®: S7(¢c;) x H" " (cq) = {x € Hy ™ (~1) c Ry ‘ x7 + Zx

n+2
— :L'2 + Z :c }
i=3+r
. 1 1
with A = +(v/1+c11, ® 1+ colp,—,), and o + e -1, ¢1 >0, c2 <0,
see Fig. 2. Here H) | H®) are spacelike hypersurfaces and H®) H® HG) H©)
are Lorentz hypersurfaces, respectively.
Since the eigenvalues of the shape operator for the hypersurface in H}t(—1)
are 1 and —1, so H(®) cannot occur.
For the case H(D, the eigenvalue of the shape operator is +1, then ¢ = —2 and
the spacelike product shaped hypersurface is

H"(-2) = {z e H}* (1) C Ry*? |21 = V2 /2}.

This gives case () of Theorem [Z3]
For the case H® since the eigenvalues of the shape operator are 4+1. If

vV—1—c1 =1, —/—1—co = —1, then ¢; = co = —2, and the spacelike hyper-

surface is

H"(=2) x H"""(~2)
24r n+2

1
{remnineme] arya=g s 3 a3}

with A = I, & (—I,—,). This gives case () of Theorem [Z3]
For the case H®) | since the eigenvalue of the shape operator is just +1, so

= {:C S H?—H(*l) C R;H_Q | Tr1 = Tpy2 + to} (to > 0)

is the product shaped hypersurface. This gives case [B)) of Theorem

For the case H*®| since the eigenvalue of the shape operator is #1, then ¢ = 0,
which contradicts to ¢ > 0. So case H*) does not exist. Similarly, case H®) does
not exist, too. Il

REMARK 2.1. For n = 1, we can draw the pictures for the product shaped
curve in Theorem similar to Theorem

REMARK 2.2. We conclude that there are only two product shaped hyper-
surfaces in the Minkowski space R’f“, while there are n such hypersurfaces in
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the de Sitter space S7'(1) and [2] such hypersurfaces in the anti-de Sitter space
H (1) since r = 1,...,n—1 in Theorem 22 and Theorem 23, where [z] denotes
the integral part of x.
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