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BI-LIPSCHITZITY OF QUASICONFORMAL
HARMONIC MAPPINGS IN n-DIMENSIONAL
SPACE WITH RESPECT TO k-METRIC

Shadia Shalandi

ABSTRACT. We explore conditions which guarantee bi-Lipschitzity of har-
monic quasiconformal maps with respect to k-metric. We prove that harmonic
k-quasiconformal maps with nonzero Jacobian between any two domains in R"
are bi-Lipschitz with respect to k-metric, and prove the converse too.

1. Introduction

We prove results about bi-Lipschitzity of harmonic k-qc mappings f: Dy — D,
where Dy and D5 are arbitrary proper subdomains of R™, with respect to k-metric.

Similar problems have been studied at the Belgrade Seminar for Complex Anal-
ysis. In [1], Mateljevi¢ proved such a result in n-dimensional space, but only in
the case when both D; and Dy are the upper half space in R™. Also, in the same
paper, Proposition 5 gives an estimate in dimension 2 for minimal and maximal
moduli of directional derivative at a point, in terms of distance to the boundary, for
arbitrary codomain. As a corollary, he proved that every harmonic quasiconformal
map of the unit disk is a quasi-isometry with respect to hyperbolic distances. He
posed a question if analogue of Proposition 5 holds in higher dimensions. In the
case n = 2, Manojlovi¢ proved in [2] that, when D; and D, are arbitrary domains
in the plane, then harmonic quasiconformal maps are bi-Lipschitz with respect to
k-metric.

Note that the Lipischitz condition for maps between domains in R™ was ob-
tained by Mateljevi¢ and Vourinen [6]. Here a different proof, based on results of
Bozin and Mateljevié [3], is given.

Let B"(z,r) = {z € R" : ||z — z|| < r}, S" " Y(a,r) = 0B™(z,r), and let
B",S"! stand for the unit ball and the unit sphere in R”, respectively. For a
domain G C R" let p: G — (0,00) be a continuous function. We say that p is a
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metric density if, for every locally rectifiable curve v in G, the integral
L) = [ s,
¥

exists. In this case we call [,(7y) the p-length of v. A metric density d,: G x G —
[0, 00) defines a metric as follows. For a,b € G, let d,(a,b) = inf, [,(7), where the
infimum is taken over all locally rectifiable curves in G joining a and b. For a fixed
a,b € G, suppose that there exists a d,-length minimizing curve v: [0,1] — G with
v(0) = a, v(1) = b such that d,(a,b) = 1,(7[[0,t]) + ,(7|[t,1]), for all ¢ € [0,1].
Then + is called a geodesic segment joining a and b.

In dimensions n > 3, we do not have a Riemann mapping theorem, and it
is natural to look for counterparts of the hyperbolic metric. So-called hyperbolic
type metrics have been the subject of many recent papers. One of the most im-
portant of these metrics is the quasihyperbolic metric kg of a domain G C R. The
quasihyperbolic k-metric k = kg of G is a particular case of the geodesic metric d,
when p(x) = 1/d(z,0G) [4, [5], where d(z, 0G) is the distance from point z to the
boundary of G.

We will consider Euclidean harmonic maps, also called harmonic maps in this
paper, i.e., those with zero Laplacian of each coordinate function. Also, we will
deal with quasiconformal maps. For a domain D in R™ a map f: D — R” is
K-quasiconformal if it is a homeomorphism of D to f(D), and if f belongs to the
Sobolev space W1',.(D) and there exists K, 1 < K < oo, such that [[Df(z)||" <
KJs(x) a.e. on D, where || D f(x)|| denote the operator norm of the Jacobian matrix
of f at x.

Our main result is that harmonic k-quasiconformal mappings which do not
have zero of Jacobian f: Dy — D, are bi-Lipschitz. This result is based on two
Theorems from [3]. We also prove that every harmonic mappings f: D1 — Do
which is bi-Lipschitz with respect to k-metric is quasiconformal, where D; and Do
are domains in R".

2. Background

In this section we give some background results which will be used in our main
proofs.

THEOREM 2.1. [6] Let Dy and Dy be two domains in R™ and let p1 and po be
two densities, ds = p1(z)|dz|, and ds = pa(w)|dw| where |dz|, and |dw| stand for
FEuclidean metric, and Ay(2), Af(2) are respectively the mazimum and the minimum
of modulus of eigenvalues of the Jacobian matriz at z, and suppose that f: D1 — Do
is a C' quasiconformal mapping
(A) Ifthere is a positive constant ¢y such that at every point z, pa(f(2))Af(z) <
c1p1(z), z € Dy, then d,,(f(z1), f(22)) < c1dp, (21, 22).

(B) If f(D1) = D2, and there is a positive constant co such that at ev-
ery point z, A\f(2)p2(f(2)) = c2p1(2), 2 € D1, then d,,(f(21), f(22)) >
Cdel (21, 22), 21,22 € Dl.

For convenience, we give a proof of this known result.
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PROOF. Part (A). Suppose that v is geodesic with parametrization

Y(t) = (1), 72(8),73(1), - - -, W (2)),
and derivative
V(1) = (1 (1), 72(8),75(), - - 7 (1))
Eet Y:(t) = f(v(t); then v (t) = Dy(v(t))y'(t), and [[vi(D)]| < Ag[l ()] We

dp, (21, 22) = inf Pl(Z)\dZK/O pr(Y(@) I () dt.

v
Letting wy = f(z1) and wg = f(22), we can write

1
dpor,n) = inf [ pafwldu] < [ o)1)

*

Using change of variable,

1
dmwmwa<[;mqwamAmv@mﬁ,

and by (A), we get

1
dawwméﬁ/mhwmﬂmwéﬁ/m@WASWMMJﬁ
0 vy

Then dy, (f(z1), f(22)) < c1dp, (21, 22).
Part (B). Let g be an inverse function of f. We have f(z1) = w1y — 21 = g(w1)
and f(z2) = w2 — 22 = g(w2).

Let v(t) = g(7:(8)); then v/(t) = Dy (7:(1))7:(¢), and thus || (£)[[ < Agll7.(8)]]-
Here Ay = Tlfa because Dy(w) = [Dy(z)]7!. It follows that

(o) g(u2)) = inf [ (el < [ o GEDIDs O @)t

By assumption in (B), we get

1) dyy (o)) < [ (oGOl < = [ gl )l
<o [ patw)idul < - dpy ).
Then codp, (21, 22) < dp, (f(21), f(22)). -

In the following two theorems from [3] Theorems 4.1 and 4.2], nonzero Jacobian
families are defined as closed families of harmonic maps with nonzero Jacobians (see

13]).

THEOREM 2.2. For every nonzero Jacobian closed family of k-quasiconformal
harmonic maps, there is a constant ¢ > 0, such that if f: B® — R™ is from the
family, d(0,0f(B™)) > 1, and f(0) =0, then J¢(0) > c.
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THEOREM 2.3. There is a constant ¢ > 0, depending only on k, such that if
f: D1 — R™ is k-quasiconformal harmonic map, d(0,0f(B™)) < 1, and f(0) =0,
then J;(0) < c.

We will also need the following well known theorem for qc maps, called local
quasi-symmetry (see, for instance, [4]).

THEOREM 2.4. If f: B™ — R" is a K-quasiconformal map and f: B™ — R"
its continuous extension, then for any two points a,b € S*~!

A(f(0), f(@)
A(F(0). F )

for some constant ¢(K,n) independent of f.

< c(k,n),

3. Bi-Lipschitzity with respect to k-metric

THEOREM 3.1. Suppose that f: D1 — Dy, where D1, Dy C R™, is a harmonic
quasi-conformal mapping, and that f belongs to a nonzero Jacobian family of har-
monic maps, then the following holds for some constant C

1 oa d(f(2),0D2)
TH@) < =30 oDy

PROOF. Let zg be a point in Dy, r{ = d(ZO,aDl), ro = d(f(Zo),aDg)

Let B(zp,71) be the n dimensional ball centered at zg of radius r; and let
D3 = f(B(z0,71)). Also assume that f is K-quasiconformal.

Define f: B" — R by f(2) = = (f(20+7r12)—f(20)). Note that since D3 C Do,

=

we have ro = d(f(z0),0D3) > d(f(z0),dD3), and hence d(0,df(B™)) < 1. We have

< C’J%(z).

8f1/8x1 N 8f1/a.%'n
8f2/83:1 N 8f2/6xn
J¢(20) = det : . :
(“)fn}(“)xl 8fn/.8xn
T18f1/8.131 . Tlafl/al‘n
n r10fa/0x1 ... 1ri0fa/0x, riym
70 = (o) der | T R (2 ).
r10fn/0x1 ... 1r10fn/0xy,

Since, d(0,8f(B™)) < 1, by Theorem J3(0) <, s0

n

1
@Jf(zo) <c

L _Ty d(f(z),0D3)
C1 0 T1 d(Z,aDl)

where ¢; = /.
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Note that, by Theorem for any point w € 9Ds,

d(f(20),0D3) > ﬁd(f(zo),w).

So, since by our construction there is a point w which belongs to both 9Dy and
0Ds3, we have

d(f(20),0D3) > d(f(20),0D2)

1
c¢(K,n)

and so we have
T2

c(K,n)’
Now again, define f: B" — R"™ by f(z) = C(Ifig’")(f(zo + r12) — f(z0)) for
z € B". Note that d(0,0f(B")) > 1. We have

d(f(20),0D3) >

_3f1/0ac1 . 8f1/81’n
0fs/0 co. 0fy/0xy,
| O

0f, )0z ... Ofn)On

_r18f1/6x1 e T1af1/a$n
B C(K, ’/l) n B r18f2/8:c1 A T‘18f2/813n

Jf(O)—( - ) — det 2 E
(710 fn/0x1 ... T10fn/0%y

70 = (s () "y (a0)

By Theorem since d(0,df(B™)) > 1, we have J:(0) = ¢, so

T c
—J Z .
g T2 Sy
Then
112 d(f(20),0Ds)
Ti(z)F > 12 = W120),955)
2 f(ZO) 1 d(Zo,aDl)
where co = C(le/rf) Finally, set C' = max(cy, c3). O

A consequence of Theorem [3.1]is the following:

THEOREM 3.2. Suppose that f: D1 — Dy, where D1, Dy C R™, is a harmonic
K -quasiconformal mapping, and that f belongs to a nonzero Jacobian family of
harmonic maps. Then f is bi-Lipschitz with respect to k-metric.

PROOF. From the quasiconformality condition and using that our map is C*,
we have a constant k such that at every point z

Ap(2) SkJ7(2), Ap(2) >



90 SHALANDI

where Ay and Ay are the greatest and smallest moduli of eigenvalues of the Jacobian
matrix. By Theorem [3.1] there is a constant C' such that

[ d(f(2),0Dz)

—Jw(2) < < CJ7(2).
Jn(z) < d(2.0D7) <CJn(z)

C
The metric densities for £ metrics are
1 1

pl(z) = d(z’aDl)v pQ(Z) d(w,@Dg)’

and so we have

p2(f(2))As(2) = mAf(Z) < mk‘]%(z)
1 d(f(z),0D2)
s d(f(z)aaDz)kO d(z,0D) k d(z,0D) kCp1(2),
1 1 1 .
PN = 7,005 = e ama 17T
1 1dy(=.0p)_ 111
~ d(f(2),0Dy) kC d(z,0D1) Em = Epl(z)
Then by Theorem the map f is bi-Lipschitz with respect to k-metric. O

THEOREM 3.3. If a bijective harmonic map f: D1 — Do, where D1, Dy C R”,
is bi-Lipschitz with respect to k-metric, then it is a quasiconformal mapping.

PRrOOF. Note that, by elliptic regularity, f is a C' map. Let =,z + Az be
two points in D; where ||Az| — 0, and suppose that the Jacobian matrix D (z)
maps unit sphere to ellipsoid with minimal and maximal axes equal to Ay and
Ay respectively, and let p;, and p2 be metric density functions in Dy and Do
respectively. Assume that

1
Edpz (f($)7 f(y)) < dﬂl (mvy) < CdP2 (f(l‘), f(y))
We prove that I;—’; < 2, wherefrom quasiconformality follows. As Az — 0, we have
dp, (z, + Az) = p1(x)[| Az (1 + o(1)),
dp, (f(2), f(z + Ax)) = pa(2)[|DfAz|(1 + o(1)).

Note that
A= sup |[Ds(x)e|| and Ay= inf |[Ds(x)e].
e|lell=1 e llell=1

Suppose supremum is achieved for vector ey, and infimum is achieved for es (since
matrix multiplication is continuous, and unit sphere is compact, there have to be
such vectors e; and ez).

We are going to consider Ax = tey, t — 0 and Ax = teg, t — 0. Putting
Ax = tey, t — 0 we have

dp, (z,x +ter) = p1(x)t(1+o(1)) ast — 0
dp, (f(x), f(x +ter)) = p2(f(x))Ast(1 +0(1)) as t — 0.



BI-LIPSCHITZITY OF QHC MAPS 91

Putting Az = tes, t — 0, we have
dp, (z, 2 +tez) = p1(x)t(1+o(1)) ast = 0
dya (F(2), £ (@ + te2)) = pa(F@)Ast(1 + o(1)) as t 0.
Using the bi-Lipschitz condition, we get

L F@)AS (1 +0(1)) < pa(@)t(1 4 0(1)) < epa(F())iAs (1 + o(1)),

%Pz(f(x))t/\f(l +o(1)) < pr(@)t(1 + o(1)) < cpa(f(2))tA (14 o(1)).

Letting ¢ tend to zero and dividing by ¢, we get
1
02 (F@)Ar < p(a) < pa(f@DA,

%pg(f(x))/\f < pi() < cpa(f(2)) Ay

So Lpa(f(x)As < cpa(f(x))Ay, wherefrom 1;—; <A O

Note that the proof of previous theorem assumes only that p; and py are
positive continous and that f is C*. So in fact we have proved

THEOREM 3.4. Suppose that p1, p2 are positive continuous metric densities
defined in R™ domains D1 and Dy respectively, and f: D1 — Do is C' bijection
which is bi-Lipschitz with respect metrics d,, and d,,. Then f is a quasiconformal
mapping.
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