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A NEW THEOREM ON ABSOLUTE MATRIX
SUMMABILITY OF FOURIER SERIES

Sebnem Yildiz

ABSTRACT. We generalize a main theorem dealing with absolute weighted
mean summability of Fourier series to the |A,pp|r summability factors of
Fourier series under weaker conditions. Also some new and known results
are obtained.

1. Introduction

Let > a, be a given infinite series with partial sums (s,). By u% and t& we
denote the nth Cesaro means of order a, with o« > —1, of the sequence (s,) and
(nay), respectively, that is (see [6])

1 n 1 n
up = Ao ZA%:iSU and t; = Ao ZAﬁ;ljvav,
n =0 n v=0
where
(a+1)(a+2)...(a+n)
n!

A% = =0(n®), A, =0 for n>0.

The series Y a, is said to be summable |C, oy, k > 1, if (see [8,10])

e’} 0o 1
S ks~ = 30 St < o
n=1 n=1

If we take o = 1, then |C, |, summability reduces to |C, 1| summability.
Let (p,) be a sequence of positive real numbers such that

Pn:va—M)o as n—oo, (Pi=p_;=0, i>1).
v=0

2010 Mathematics Subject Classification: 26D15; 42A24; 40F05; 40G99.

Key words and phrases: summability factors, absolute matrix summability, Fourier series,
infinite series, Holder inequality, Minkowski inequality.

Communicated by Gradimir Milovanovié.

107



108 YILDIZ

The sequence-to-sequence transformation t,, = % ZZ:O PuSy defines the sequence

(t,) of the Riesz mean or simply the (N, p,) mean of the sequence (s, ) generated
by the sequence of coefficients (p,) (see [9]).
The series ) a,, is said to be summable |N,py|,, k > 1, if (see [1])

o0
P\ k-1
> (—") ltn —tn_1]* < co.

n=1 Dn

In the special case when p, = 1 for all values of n (resp. k = 1), |N,pn|k summa-
bility is the same as |C, 1| (resp. |V, p,|) summability.

2. Known Results

The following theorems are dealing with [N, p,,|  summability factors of infinite
series.

THEOREM 2.1. [2] Let (p,) be a sequence of positive numbers such that
(2.1) P, =0O(np,) as n— oo.

Let (X,,) be a positive monotonic nondecreasing sequence. If the sequences (X,,),
(An) and (py,) satisfy the conditions

(2.2) AmXm =O0(1) as m — oo,

(2.3) > nXa|A%X\| =0(1) asm — oo,
n=1

(2.4) to|¥ = O(X,n) asm — oo,

HMS

Pn
P
then the series Zan)\n s summable |J\7,pn|k, k>1.

THEOREM 2.2. |4] Let (X,,) be a positive monotonic nondecreasing sequence.
If the sequences (X,,), (A\n), and (py) satisfy the conditions (2.1)—(2.3) and

S Do |tn]®
(2.5) ZP XF1 =0(Xn) as m — 0o,

then the series Y an\, is summable |N,py|,, k > 1.

REMARK 2.1. It should be noted that condition ([2.5)) is reduced to the condition
(2.4), when k = 1. When k > 1, condition (2.5)) is weaker than condition (2.4) but
the converse is not true (see [4] for details).

3. An application of absolute matrix summability to Fourier series

Let A = (any) be a normal matrix, i.e., a lower triangular matrix of nonzero
diagonal entries. Then A defines the sequence-to-sequence transformation, mapping
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the sequence s = (s,,) to As = (A, (s)), where A,(s) = >.0'_; anoSw, n = 0,1,...
The series Y a, is said to be summable |A|g, k > 1, if (see [13])

i “HAA,(s)]F < oo,

and it is said to be summable |A, p, |k, k£ > 1, if (see [12])
o
P k-1 _
Z (—n) |AA,(s)F < oo
1 ‘Pn

where AA,,(s) = An(s) — Ap_1(s).

If we take p, = 1 for all n, then |A,p,|; summability is the same as |A]j
summability. Also, if we take an, = 5=, then [A4, p, |, summability is the same as
|N ,Pn|x summability. For any sequence (\,) we write A2\, = A\, — A\, 41 and
AN, = Ay — Apt1. A sequence (A,,) is said to be of bounded variation, denoted by
(An) € BV, if 3% |AX,| < oc. Let f(t) be a periodic function with period 2,
and Lebesgue integrable over (—m, ). Write

f(z) ~ %ao + Z(an cosnx + by, sinnx) = Z Cn(x)
ot) = 3[flx+ )+ fle—1)], and a(t) = & [(t—w)* 'o(w)du (a>0).

It is well known that if ¢(¢t) € BV(0, ﬂ') then tn(x) = O(1), where t,(z) is the
(C,1) mean of the sequence (nCy(z)) (see [7]).

Many works have been done dealing with absolute summability factors of
Fourier series (see [315,[11]). Among them, in |4], Bor has proved the following
theorem dealing with the Fourier series.

THEOREM 3.1. If ¢1(t) € BV(0,7), (Xy,) is a positive monotonic nondecreasing
sequence, the sequences (py), ()\n) satisfy conditions (2.1)—(2.3) and

m
Pn
ZP— Xk 1 =0(Xn) as m — oo,

then the series S Cp(x)\, is summable |N,py|p, k > 1.

If we take p,, = 1 for all values of n, then we obtain a new result dealing with
|C, 1| summability factors of Fourier series.

4. Main Results

We generalize Theorem for |A, p,|r summability factors of Fourier series.
Before stating the main theorem, we must first introduce some further notations.
With a normal matrix A = (an,), we associate two lower semimatrices A =
(Gny) and A = (@yy) where @py = > i api, n,v = 0,1,... and dgo = Goo = ago,
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Qpy = Qpy —an—1,4, * = 1,2,... We note that A and A are the well-known matrices
of series-to-sequence and series-to-series transformations, respectively. So, we have

(4.1) Apn(s) = zn: AnoSy = zn: Anvay and AA,(s) = Xn: Ay
v=0 v=0 v=0
THEOREM 4.1. Let k > 1 and A = (ay,) be a positive normal matriz such that
ano=1,n=0,1,..., ap_1,4 = Gpo, forn=>v+1,
ann = O(pn/Pr), nws1 = O] Ay (dnyl).

If all the conditions of Theorem are satisfied, then the series > Cp(x)\, is
summable |A, pplk, k = 1.

If we take a,, = 1’;—?, then we get Theorem We need the following lemma
for the proof of our theorem.

LEMMA 4.1. [2] Under the conditions of Theorem we have

nXn|AX,| =O0(1) asn — o0, and ZXH|A)\n| < 00.

n=1

5. Proof of Theorem [4.1]

Let (In(v)) denote the A-transform of the series > 7, Cy(x)A\,. Then, by
{@.1), we have AL, (z) = >0, @nyCy(z)Ay. Applying Abel’s transformation to
this sum, we get

n n—1 v n
— Anv)\v Ann)\n
Aly(@) = 3 anaCo(@)h = DA, () 37 rCy(a) + 2220 Y rC(a)
v=1 v=1 r=1 r=1
n—1
Anv)\v N 1
=3 A () 0+ b + trnn 24 (@)
bt v n
n—1 v+ 1 n—1 v+ 1
=3 Ay(ano) Moto() —+ > an 1Aty (7) .
v=1 v=1
n—1
ty () n+1
An v >\v nn)\ntn
+ ; Ano+1Av+1— +a (z) "

= n,l(l‘) + In’g(aj) + In73($) + In,4(x).

To complete the proof of Theorem by Minkowski’s inequality, it is sufficient to
show that

AN
Z (—) I (z)|F <00, for r=1,234.
Pn

n=1
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First, by applying Holder’s inequality with indices k and k’, where k& > 1 and
%—l—%:l,wehave

%l(ij)k_l mf(pn) {Z|”“|A >||Av||tv<x>|}k

oS (2)7 T iasan o)l
v=1 n—1 k—1
x {Z |Au<am)}

m+1 P b
—om Y (1) {Zm Al
n=2 n
m m+1
1>Z|Av|’“*1lkvlltv(x>l’“ Z |Ay (Gno)]
v=1 n=v+1
1 Do
:O(I)Zﬁp\v”tv(x)‘kﬁ
v=1 Y v
- sy Jte(@)]F po [tu(z
1) UZ:1 A|)‘U|;Fr Xﬁ,1 ‘/\m|ZP Xk 1
m—1
1) AN Xy + O(1)[ A X = O(1)  as m — oo,
v=1

by virtue of the hypotheses of Theorem [£.I] and Lemma [£.I] Now, using Hélder’s
inequality we have

m—+1 m+1 k
Pn k— Pn k—1 v+1
S (B () {D i psall AN e o)1}
o Dn 2 Pn
m+1 n—1 k
pn k—1
—o Y (2) S lannllandiniol]
n=2 n v=1
m—+1 n—1
]Dn k—1 .
=om Yy (52) S @IAND A @)l o)
Pn
n=2 v:l n—1 k—1
X 18l
v=1
m+1 n—1
Pn k—1 B .
=0 X (0) ekt Do AN DA )l
n=2 n v=1

m+1

=0(1) Y (lAXD T ANt @)]F Y A (anw)]

v=1 n=v+1
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S Do
Zfik =ty (2)F (0] AN )
— P, X}

-1
= 0(1) 3 A |AA|Z el @l

v=

v

Do
LOmmiaN S B L)
v=1 v

3

=0(1) AW AN )| Xy + O(1)m| AN | X,

v=1
m—1 m—1

=0(1) > vXy|A%A, |+ O0(1) > Xy|AX| + O(1)m|Arn| X, = O(1)
v=1 v=1

as m — 00, by virtue of the hypotheses of Theorem [I.I]and Lemma[4.1] Again, we
have that

P\ k-1 BN R to(z)|*
) (H> |I.5(2)|F = ;::2 (pT) ;an,mmﬂ E}‘r)
m+1 E—1 n—1 |t ({E)| k
< = |An,v H>‘v v}
n§::2 <pn) {v_l et o v
m+1 k_ k
—om Y (%) 1{ZAU el
n=2 n
mtl k=17
—om . (5*) Z\Av el () *
n=2 n

x {; |Av<am>|}“

m—+1 P b1 n—1
oM Y (51) bkt Y 1A @) Ao [ ltu(a)]”

n=2 Dn v=1

m m—+1

DY PostFlta@l® 3 1Bu@n)]
v=1 n=v+1
Pv
Z—Wt o1 Aol

m

1 Po
=0 Y. mrlhvnllt (@) 5= 0(1) as m = oo,
v=1 Y v
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by virtue of the hypotheses of Theorem [d.1|and Lemma Finally, as in T}, 1, we
have that

" P\ k1 " P\ k-1
> (5E) sl =0m 3 (J) aka (@)l
n=1 n n=1 n
O Doy ke
=0(1) Z Fp‘n‘k 1|/\n||tn(x)|k
n=1""
1 Pn
=0() Y. rmrPallta (@I 5 = 0(1) as m oo,
n=1 "1 n

by virtue of hypotheses of the Theorem [£.I] and Lemma [£I] This completes the
proof of Theorem

If we take ay, = %’; in Theorem then we get Theorem and if we take
pn = 1 for all values of n in Theorem [4.1] then we get a new result dealing with the
| Al summability method. Also, if we take ay, = %”L and p,, = 1 for all values of n
in Theorem then we get a result concerning the |C, 1|, summability methods.
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