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ON p-SEPARABILITY IN
SKEW POLYNOMIAL RINGS

XIALONG Lou

Presented by G. Renault

Abstract: A characterization of the g-separable polynomial is given and a relation
between p-separability and separability is also obtained.

1 — Introduction

Throughout this paper, we let R be an arbitrary ring with 1, and R[X; p]
be the skew polynomial ring °,_o X*R whose multiplication is given by aX =
Xp(a), a € R, where p is an automorphism of R. By R[X; p](p), we denote the set
of all monic polynomials g in R[X;p| with g R[X; p] = R[X;p|g. A polynomial
g in R[X; p]() is called a separable (resp. Galois) polynomial if R[.X; p]/gR[X; p]
is a separable (resp. Galois) extension of R. Let f be a polynomial in R[X; p] )
with p-invariant coefficients. Then f is called a p-separable polynomial if the
derivative f’ of f is invertible in R[X; p| modulo fR[X; p].

In [1] and [2], S. Ikehata studied p-separable polynomials in skew polynomial
rings and obtained many interesting results. The purpose of this paper is to
give one more equivalent condition of p-separability, and a relation between
p-separability and separability.

Throughout, we use the following notations:

C(A) = the center of a ring A.
RF = {a € R| pla) = a}.

f=X" —i—an_an*l +...+aX +ay € R[X;p](o).
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S = R[X; p|/fR[X; p] = { izt eR o=X+ R[X;p]f}.
mi: S — R is the projection map defined by m; (307 r; 2) = r;.

t: S — R is the trace map defined by t(u) = S0 m;(ua?), for u € S, and it is
easy to verify that t is a R- R-homomorphism.

Ty = ]t(a:’ xj)|nxn, n =deg f.
p*: R[X;p] — R[X;p| is the ring automorphism defined by

p*(ZXidi) = ZXip(di), for ZXidi € R[X;p] .
By = {8 €ER|rs=spkr), forre R}, for each integer k.

2 — Basic definition

Let IP be a ring with 1 and @ a subring of IP containing 1. Then IP is called
a separable extension of @ if there exist a;, b; in IP, i« = 1,...,n for an integer
n, such that Y a;b; = 1 and Y, t(a; ®r b)) = Y_;(a; @ b;) t for each ¢ in P, and
the set {a;;b; }~ is called a separable set; IP is called a Galois extension over @
with Galois group G = {g1,...,9m} (a finite automorphism group of IP) for some
integer m, gy = 1 in G, if there exist ¢;, d; in P, i = 1,..., k for some integer k
such that Y, ¢; gj(d;) = 81; (Kronecker delta) and @ = IP¢ (= {t in PP | g;(t) = ¢
for each g; in G}), and the set {c;;d;}¥_; is called a Galois set.

Remark. By Prop. 1.3 in [5], Galois sets are separable sets.

3 — An equivalent condition of p-separable

An n x n matrix B = |b;| is called a p-matrix over R, if for every b;;
(i, =1,...,n), there exists some integer ! such that b;; € By.
Now we begin with the following lemma

Lemma 1. Let B = |b;j| be an n x n-matrix over R. If B satisfies

1) p(bi;) = bij, bij = bji, i,j = 1,2,...,n, namely p(B) = B, B' (the trans-
pose of B) =B;

2) B is a p-matrix;
3) B has a left (or right) inverse matrix A = |a;;| which is a p-matrix;

then B is a matrix over C'(RP), and det(B) is invertible in R.
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Proof: Since A is a p-matrix, then for every a;; (1,7 =1,...,n) there exists
some integer [ such that a;; € B;. So by by ai; = ajj p U bs) = a;j bs, and
AB = E (E is the unitary matrix) iff > ag; by = o (k, 1 = 1,2,...,n) iff
S bgag; = 6 (k1 =1,2,...,n) iff BLA' = F iff BA' = E, we obtain that
A = Al is the inverse matrix of B. Since p(BA) = B p(A) = E, so p(A) = A. Now
we know that B and A are p-matrix such that p(A) = A and p(B) = B. These
conditions imply that A and B are matrices over C'(R”). Finally, by BA = E,
we have that det(B) is invertible in R. m

Given f € R[X; p](oy N RP[X], by [2], T} is a matrix over C'(R’). Moreover, in
[1], S. Ikehata proved the following result.

Lemma 2. Let f € R[X; p|q)NRP[X], then f is p-separable iff det(Ty) = 6(f)
is invertible in R.

Then we prove the following theorem which gives another equivalent condition
of p-separability.

Theorem 3. Let f € R°[X]N R[X; p](), then the following are equivalent:

1) f is p-separable;

2) det(T'r) = 6(f) is invertible in R;

3) T} has a left inverse matrix which is a p-matrix.

Proof: 1) < 2). This is the result of Lemma 2.

3) = 2). By Lemma 1, it suffices to prove that T is a p-matrix.
For a € R, since

atit1j+1 = at(@V) =tlaz™) = t(x" p(a))

t
=t(2") p"(a) = tip1,j41 0" (a) .

So ti41,5+1 € B_j—;. Thus T} is a p-matrix.

2) = 3). Let T]*{ = |Ajt1,4+1|, where A;4q j11 is the algebraic com-
plement of #1141 (4,5 =0,1,...,n —1). Then T} Ty = 6(f) E. So it suffices to
prove that 6~1(f) T} is a p-matrix. For a € R,

aty g tog, -t tiveg e tng, =

— . . L . .o n(n—1)—i—j
=ty 2,4, 'tJJj t]+27jj+2 o lngg, P ( ) (a) )
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where j1, jo2,...,Jj,Jj+2:-- -, Jn is a permutation of 1,2,...,4,¢+2,...,n. So

aAiy1 107 (f) = Aipri PV @) 57H(F)
= Aiy1;410 7 (f)p " (a) .
So Ai+1,j+l (571(]‘.) S Bi—i—j- Thus Tf_l = T}k 571(](.) is a p—matrix. [ |

4 — A relation between separability and p-separability

By Theorem 2.1 in [1], when f is p-separable, then f is separable. On the
contrary, the conclusion is not right. One of such example was given in [1], and one
more example will be given in the final part of this paper. The following theorem
at some extent shows the “distance” between the two kinds of separability.

Theorem 4. Let f € RP[X]N R[X; p|(o), then the following are equivalent:
1) f is p-separable;
2) f is separable with a separable set {x;,y;} such that Y, z; t(y;) = 1.

Proof: 2)=-1). Suppose {z;;y;} to be a separable set such that Y, z; t(y;) =1,
where ; = 720 2% pik, yi = 272 i #*. Then

ZZ:SCi XY = Z(g $kpik> ® (nz:l Gis :cs)

i

—zx & (X5 nas?)

i s=0

Setting dis = Y _; Dik Qs> 2k = ZS;O dpsx®. Then ), z; ®y; = Zk 0 Lok @z, Tt is
easy to verify that {z*; z;} is still a separable set such that 3, 2* t(z) = 1. Now
we prove that u = Z’,;‘;é zFt(z,u), for u € S. Since t is a R-R-homomorphism,
so we can define the map 1 ®t from S®g S to S by (1 ®1)(s1 ® s2) = s1t(s2).
From (1®t)(uXp g2 @ z,) = (1 @t) (Tp (1):5 ® 2 u), we obtain that

n—1 _
u = uZa:kt(zk) = Zaykt(zku) .
k=0 k=0

In particular,

n—1 n—1 n—1

) = Z z" t(zkmj) = Z z" t(Z di.s :ESH)
k=0 k=0 s=0
n—1ln—1

—ZZ:E dps t(z*1) ji=0,1,....,n—1.

k=0 s=0
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So, ZQ;& dps t(x517) = Ok k,j =0,1,...,n — 1. By setting A = |dp11,s41], we
have ATy = E, where Ty = [ts41,j4+1). Since {z¥;z;} is a separable set, then for
a € R,

n—1 n—1
Zwk®zka:a2xk®zk Zxkpk ®zk—2x ® pk(a) z
k=0 k=0

k=0

So p*(a) dys = dis p~*(a), for a € R. Thus dys € Byis, and so A is a p-matrix.
Hence by theorem 3, f is p-separable.

1) = 2). In the proof of 2) = 3) of Theorem 3 , we know that
Ty has an inverse matrix which is a p-matrix. Setting T’ ' = |ditj 1], and
Yit1 Ek; 0 dit1k+1 ¥ i=0,1,...,n—1. By the proof of Lemma 4.1, Lemma 4.2

and Theorem 4.3 in [7] we know that {y;.1;2°} is a separable set. Since Tf_1 Ty =
E,

n—1
Zdi+1,k+1t($i):5k07 kzO,l,...,n—l,
=0
and so
n—1 n—1ln—1 n—1ln—1
ZyZJrlt ZZd+1k+1$t ZZZE d+1k+1t( ) 1.
i=0 1=0 k=0 k=0 i=0

Thus {y;+1; 2"} is a separable set such that Z?:_ol yirit(z!) =1.m
By the above proof, we can easily verify the following result.

Theorem 5. Let f € R[X; ] (0) be separable, and there exists a separable
set {x;;y;} such that Y7, x;t(y;) = 1, then Ty has a left inverse matrix which is a
p-matrix.

Remark. When R is a commutative ring, then under the hypothesis of
theorem 5 we know that det(7) is invertible in R.

5 — Application and example

Let f be a Galois polynomial with Galois group G, and t¢ = > e g be the
trace map from S to R. Let {z;;y;} be a Galois set, then Y, x; t¢(y;) = 1. Now
we prove a lemma.

Lemma 6. Let f be a Galois polynomial with Galois group G, and tgp* =
p tg. Thent =tg.
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Proof: Since S/R is a Galois extension, there exists a Galois set {z;;z;},
where x; = ZZ;& zF pig, zi = Zz;é ¢ir ¥, Then

;[L‘i@Zi:Z(nZl$kpik)®(nzlqisxs) Za: ®<22pquw )

1 k=0 k=0 i s=0

By setting dks = Y Dik ¢is and yp = > 0_ dksx k=0,1,....n—=1,, 2,02 =
>0 L2k @yp. Tt is easy to verify that {xF ,yk} is still a Galois set. Since t and t¢
are R-R-homomorphisms, it suffices to prove that t(z!) = tg(z!) (0 <1 <n—1).
Since tg is a R-R-homomorphism, so we can define the map 1 ® t¢ from S®gr S
to S by (1®tg)(s1 ® s2) = s1tg(s2). Then

n—1

=2t Zm ta(zr) = (1®tg) (me ®zk)

k=0

=(1®tg) (ni:x ®zkx7’)
k=0

:Zxktg(zkxi) 0<i<n-1),

n—1 n—1 n—1
t(zh) = Z mi(xlat) = Z TFZ(Z zlt* tg(zkxz))

=0 =0 k=0
n—1n-—1

= 53 m) gt (aa))
k=0 =0
n—1n-—1

=3 > w@h) (1) talp)') (27 )
k=0 =0
nf(i n—1 ) n—1 n—1 )

= Z Z TRt (2t z) = Z ta (( (2! TF) xl> Zk>
k=0 =0 k=0 =0
n—1

= te(@F ) = ta(x Zx zp) =ta(z) (0<1<n—1).u

By Proposition 1.3 in [5], when f is a Galois polynomial, f is a separable
polynomial. Thus by Theorem 4, we obtain the following result.

Theorem 7. Let f € R[X;p|) be a Galois polynomial with Galois group
G, and tg p* = p*tg. Then T} has a left inverse matrix which is a p-matrix. In
particular, when f € RP[X]N R[X; pl(o), f is p-separable.
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To show that the condition tg p* = p* tg is possible, we give the following
example.

Let f = X? — Xa —b € R[X; pl(o) be a Galois polynomial. By Lemma 1.5 in
[3], its Galois group is {1, o}, where ¢ is defined by o(xb1+bg) = (a—x) by +by, for
xb1+bp € S. Then tg(zb; + bo) = aby + 2bg, p*tg(xbl +by) = p(a) p(bl) + 2p(b()),
and tg p*(xby +bo) = ap(b1) +2p(bo). Since f is Galois, f is separable. Then by
Lemma 2 in [4], p(a) = a. Hence tg p* = p* L.

Next example will show that there exists a separable polynomial which is not
p-separable.

Setting R = Z/(4) ® Z/(4), and p is the automorphism of R defined by
p(z1,22) = (22,71), for (z1,72) € R. It is easy to verify that f = X? —1 ¢
R[X; ploy N RP[X]. By setting d = (1,0), then d + p(d) = 1. By Lemma 3 in [3],
f is separable. But det(Tf) = 6(f) = 0. So by Theorem 4, f is not p-separable.
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