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A CLASS OF QUASI-ADEQUATE
TRANSFORMATION SEMIGROUPS

ABDULLAHI UMAR

0 — Introduction

It is well known that 7x, the semigroup of full transformations on a set X
contains an isomorhpic copy of every semigroup of order not exceeding | X| — 1.
Therefore, as remarked by Howie [13], there is little point in attempting a com-
plete classification of the subsemigroups of 7x. However, there is some interest in
identifying certain special subsemigroups that appear to be of particular interest.
See for example, Howie [10, 11, 13] and Umar [15, 16].

In this paper we construct a class of transformation semigroups based on sim-
ple modification of Vagner’s [17] method of representing the elements of J(X),
the symmetric inverse semigroup as full transformations. In Section 1 we de-
scribe our construction while in Section 2, we show that the construction leads
to R-unipotent semigroups. (A regular semigroups is R-unipotent if each of its
principal right ideals has a unique idempotent generator. Equivalently, an R-
unipotent semigroup is a regular semigroup S in which E(S) is a left regular
band; i.e., efe = ef, for all e, f € E(S).) Further, we consider the finite case
where we obtain expressions for the order of the semigroup and that of its left
regular band of idempotents.

In Section 3 we further obtain a subclass of (irregular) quasi-adequate semi-
groups (these are the analogues of orthodox semigroups in the abundant semi-
group [9] theory), from our earlier construction and show that they are indeed
R*-unipotent semigroups. (An R*-unipotent semigroup is defined as a quasi-
adequate semigroup in which each of its principal right *-ideals has a unique
idempotent generator. Equivalently, an R*-unipotent semigroup is an abundant
semigroup S in which E(S) is a left regular band.) We also consider a finite case,
where we obtain expressions for the order of the semigroup and that of its left
regular band of idempotents.
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1 — Preliminaries

For standard terms in semigroup theory see [12]. Let Tx and Z(X) be the full
transformation and symmetric inverse semigroups on a set X (finite or infinite)
respectively. Vagner represents the element of J(X) as full transformations by
adjoining an extra element 0 to X and defining, for a € J(X), the full transfor-
mation a* in Txy(oy by

za* =za (ifr €doma) and za® =0 (otherwise) .
Now, for a given o in Tx let
Cla) = U{toflz (t €Ima) |ta™t] > 2}, F(a) = {x €eX:za= x} :

Then clearly C'(a*)a* = {0}. If now we replace {0} in these expressions, by a set
A, we are thus led to the following definition.

Definition 1.1. An element « (in 7,,) is called a Vagner map with respect to a
subset (of X)) A (possibly empty) or simply an A-Vagner map if C(a)a C A = A«

and «|4 is one-to-one.

Remark. Notice that (in the above definition) if A is finite then A = A«
implies a4 is one-to-one.

The following lemma is crucial in proving that the set of all A-Vagner maps
in 7y is a subsemigroup.

Lemma 1.2. Let o, 3 € Tx. Then C(af3) C C(a) U C(B)a™t,

Proof: For some ¢t € Imaf and z,y € C(a3), let z,y € t(aB)~! with z # y.
Then zaf = yaf. Now if za = ya then z,y € C(a); otherwise za, ya € C(f)
so that z,y € C(B)a™!. Thus C(aff) C C(a) UC(B)a™, as required. u

Now let F'4 be the set of all A-Vagner maps in 7,. Then we have

Lemma 1.3. Fy is a subsemigroup of Tx.

Proof: First notice that for all o, 8 € Fx

(Aa)3 = AB=A
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and af3|4 is one-to-one if both a|4 and (3|4 are one-to-one. Moreover,

C(aB)af C C(a)af U (C(B)a " )aB (by Lemma 1.2)

CABUC(B)B
CAUA
—A.

Hence a8 € F4, as required. n

Remark. Notice that if A = (), then F4 is the semigroup of one-to-one maps
of 7.

Lemma 1.4. Let o € Tx. Then « is an idempotent if and only if for all
telma,t€tal,ie., if and only if F(a) = Ima.

Proof: This statement is proved in [14] for the finite case and no essential
use is made of the finiteness of X. m

Lemma 1.5. Let o € F4. Then the following statements are equivalent:
(1) « is an idempotent;

(2) AC F(a) and za = x for all x ¢ C(a).

Proof:
(1) = (2) By Lemma 1.4, it is clear that for any idempotent o € Fly,

A=AaCIma=Fl(a) .
Moreover, for all y € Ima\ A, ya = y and ya~! = {z} with ¢ C(a). Thus
TO =Yy = ya

which implies that x = y = za, for all x ¢ C(a).

(2) = (1) Let « € C(a). Then za € C(a)a € A C F(a), so that za? = za.
And since xa = x for all x ¢ C(a) (by (2)), then za? = xa for all z. Thus « is
an idempotent. n

In view of the remark made after Lemma 1.3, from this point onwards it is
assumed that A # (.

Lemma 1.6. F4 is a regular semigroup.

Proof: Let o € F4 and let ag be a fixed element of A. Ifa € A, aa™'NA # 0
since A = Aa. For each a € A choose an element b, in aa~! N A and for each
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y € Ima\A, let ya=! = {z,}. Now define o’ € 7x by

adl =b, (a€ A)
yo! =z, (y € Ima\A)

ra/ =ayp (z€ X\Ima) .

Then clearly ad’a = o, Aa/ C A and A C {b,: a € A} = Aa’. Moreover, since
C(d/) = X\ Im «, then

C(a)d = (X\Ima)a' = {ap} ,

and it now follows that o/ € F4. Hence Fy is regular. m

2 — Orthodox semigroups

Recall that an orthodox semigroup is a regular semigroup whose set of idempo-
tents E(S) forms a subsemigroup. For a detailed account of orthodox semigroups
see [12, Chapter VI].

2.1 Green’s relations

For the definitions of the Green’s relations see, for example, [12]. It is now clear
by Lemma 1.6 and [12, Proposition II1.4.5 and Ex. I1.10] that in the semigroup
Fy, for a, B € Fyu

(2.1) (a,B) € L iff Ima=Img,
(2.2) (o, 3) € R iff aoal=p0p7",
(2.3) (,3) e LH iff ITma=ImfB and aca ' =G0 !.

Moreover, if (o, 3) € D =LoR ( = Ro L), then there exist 6 € F4 such that
al 0R 3, so that

Ima=Im§d and «aoa'=pop!.

However, aoa~! = 30371 implies that C(§) = C(/3), which in turn implies that
|Im 0\ A| = [Im S\ A|. Thus

Ima\A| = [Imdé\A| = [Im B\ 4] .
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Conversely, suppose that [Ima\A| = |[Im 5\ A|. Let § be a bijection from
Im B\ A onto Im o\ A, and define ¢ (in F4) by

6 { x50 (ifx ¢ C(B)UA)
| 2B8ea (fzeC(B)UA).

Then, clearly 6 and 3 coincide on C(83) U A, and since 0 is one-to-one otherwise,
it follows that
C(6)0=C(B)FCA=AB=A40.

Moreover, Imd =Ima and coa™! = o 371, so that aL 6R 3, i.e., aDS3. Thus
(2.4) (a, 3) e D iff [Ima\A| = |ImB\A4| .
Also, if (o, B) € J, then there exist d1,02,71,72 € Fa such that
a=01802 and f[=yay.
However, if |Im o\ A| < |Im B\ A|, then
Imyio\A| < [ImB\A| (since Imy;a C Ima) ,
and hence
Im S\ A| = [Imy1a72\A| < |[ImB\A| (since A C ImyiaNImys),

which is a contradiction. Thus, on the semigroup F4, D = J.

Lemma 2.1.1. Every R-class of F)4 contains exactly one idempotent.

Proof: Let e, n be two R-related idempotents in Fy, then C(e) = C(n).
Moreover, for all = ¢ C(e)

xze =x =2zn (by Lemma 1.5) ,

and for all z € C(¢)
ze,an € A CImenImn ,

so that Ime = Imn. Thus, (g,7) € LNR = H, and it follows that £ = 7, as
required. m

A regular semigroup is said to be R-unipotent if each of its principal right
ideals has a unique idempotent generator. (In other words each R-class contains
a unique idempotent.) Equivalently, an R-unipotent semigroup is a regular semi-
group S in which E(S) is a left regular band; i.e., efe = ef, for all e, f € E(S5).
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An L-unipotent semigroup is defined dually. Notice that an R(£)-unipotent semi-
group is necessarily orthodox. R(L)-unipotent semigroups have been studied, for
example, by Edwards [4] and Venkatesan [18]. R-unipotent semigroups are also
known as left inverse semigroups in the literature. In view of the above remarks,
by Lemmas 1.6 and 2.1.1, we obtain

Theorem 2.1.2. Let F5 be the semigroup of all A-vagner maps of Tx. Then
F'y is an R-unipotent semigroup.

2.2 The finite case

For any relation K we shall denote the K-class containing o by K,. Let
X =A{1,...,n} and A = {ay,a2,...,a;} € X for some 1 < k < n. It follows
from (2.3) that if |[Im | = r then there are k! (r — k)! elements in H,. To see
this notice that there must be r — k singleton (a o a~!)-classes outside Aa~! and
that these must map to the r — k elements of Im « outside A. Hence there are
(r — k)! ways of mapping those elements. The remaining (o o o~ !)-classes, k in
number, all intersect A and must map onto A in a one-one fashion. There are
thus k! possibilities. It now follows that |H,| = k! (r — k)!.

And from (2.1), we deduce that the number of L-classes in D, is equal to the
number of (r — k)-element subsets of X\ A (for the image set must contain A).

k : .
Hence there are <2k> L-classes in D,. However, the number of R-classes in

D,, is less obvious and the next lemma provides the answer.

Lemma 2.2.1. Let a € F4 such that |Im «| = r. Then there are k™" (:_:)

R-classes in D,,.

Proof: Since there are r — k elements not in C(a) U A, then the number of
R-classes in D, is equivalent to the number of partitions of X,, into r subsets
subject to the conditions that there are r — k singletons (from X,,\A) and of

the remaining k subsets each must contain an element of A. However, there are
n—k
r—k
of partitioning the remaining n — r + k elements into k subsets, with each subset
containing an element of A. Hence there are

n—r [ n—k
o ()

number of partitions as required. n

ways of choosing the r — k singletons from X, \ A and there are k"~" ways

Evidently, we now have



A CLASS OF QUASI-ADEQUATE TRANSFORMATION SEMIGROUPS 559
Lemma 2.2.2. Let o € F)4 such that |Ima| =r. Then

2
T = BT <:j,’j> B (r— B)! .

Theorem 2.2.3. Let F4 be the semigroup of all A-Vagner maps of Tx.
Then

n

2
Fal =3 ko (jfj,’j) K (r — k)L

r==k

Theorem 2.2.4. Let F4 be the semigroup of all A-Vagner maps of Tx.
Then

n

E(F) =Yk ("’;) — (k+ 1)k

r==k

Proof: It follows directly from Lemmas 2.1.1 and 2.2.1. n

3 — Irregular quasi-adequate semigroups

Let X be a well ordered set and let A be a (non empty) subset of X. Also,
let Tx be the full transformation semigroup on X, and let F'4 be the semigroup
of all A-Vagner maps of Tx. Consider the subset of F'4 denoted by F',

(3.1) FZ:{aEFA: (Ve e X) za <z and AQF(a)}

consisting of all order-decreasing maps of F4 for which A C F(«). Then clearly
F, is a subsemigroup of F4, since for all o, 3 € F'j

(za)f<za<z and AC F(a)NF(B)C F(apf) .

Notice that if A is finite then A = Aa and za < z (for all x € X) implies
A C F(a).

3.1 Green’s and starred Green’s relations

Lemma 3.1.1. Fj is R-trivial.
Proof: Let (a,3) € R. Then there exist d, v in F/, such that

ad=pF and f[y=a.
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However, for all z € X
zf=zad <zxa and xa=zly <zl
so that xa = 6. Thus a = (. »

Lemma 3.1.2. Let o, 3 € F;. Then the following are equivalent:

(1) (a, B) € L;

(2) Ima =Im g and za~! = 237! for all z € Ima\A.

Proof: Let (a,3) € L. Then certainly Im o = Im § and there exists 4, 7 in

F’y such that
ba=0F and YOB=a«.

Let z € Ima\A = Im 3\4 and let y = za~!. Then

yyB=ya =z
and so
yy=26"".
Hence
y>yy=26"".

That is, za~! > 287!, and we can similarly show that
zﬁ_l > 2a7 1.

Thus
237 =za "t

as required.
Conversely, suppose that Ima = Im 8 and za~! = 287! for all 2 € Ima/\ A.
Let 9, v be defined by

ra (ifxc Aa!)
xd =
x  (otherwise)

{ af (ifyeABTT)
Ty =

x (otherwise) .

Then, clearly § and a coincide on Aa~!, and since

C(a) CC(a)aa™t CAa! and AC Aa!,
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it follows that
C0)=Cla)aCA=Aa=A¢.

Thus 0 € F;. Similarly, § € F; and o = 003, = ya. Hence (a,3) € L. n
Some immediate consequences of Lemma 3.1.1 are:

Corollary 3.1.3. On the semigroup F'y, H = R = 1, the indentity and
L="7D.

Corollary 3.1.4. F' is either a band or an irregular semigroup.

Proof: Let x be a regular element of F';. Then there exists ' in F'; such
that © = 2’z and (z,z2") € R, so that z = z2’ € E(F). Thus the only regular
elements of I, are its idempotents. u

Now in view of the above Corollary it is natural to ask: when is F'; a band?
To investigate this, first we introduce some new notations and record some basic
results about F;. Let us denote by A~ and AT the sets

{mEX:(EIaEA)a;Sa}, {xEX:(EIaEA)a;Za}
respectively. Then clearly AC A" N AT and A-UAT = X.
Lemma 3.1.5. Let o € F;. Then A~\A" C F(«).

Proof: If A-\A" ¢ F(«), then there is a smallest element ¢ € A7\ A" such
that ca # c. Then, as o € F'y, we have ca < ¢ so that ca € A7\ AT and by the
choice of ¢ we have (ca)a = ca. Hence ¢ € C(a) and as a € Fy, we have ca € A,
a contradiction. m

Lemma 3.1.6. F is a band if and only if |[AT\A| < 1.

Proof: First observe that if AT\ A = (), then A = A* so that
X=A UA* = A~ = (A \A)UA=(A\A")U A
C F(a) (by Lemma 3.1.5) .
Thus F; is the trivial semigroup. Next, if AT\ A = {y}, then ya = y or ya € A,
and hence (ya)a = ya. Moreover, za = x for all z € (A"\AT) U A = (AT\A),
by Lemma 3.1.5, so that a? = . Thus F; is a band if |[AT\ 4] < 1.
Conversely, suppose that F,; is a band and |[AT\A| > 2, then there exist z,

y € AT\ A with z # y such that z > y. Now choose an element a, € A for which
ay <y and define 8 in F'; by

=y, yB=ay, and z0B=2z (otherwise) .
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Then, clearly 3 is a non-idempotent element in F',, which is a contradiction as
F is a band. Thus if F; is a band then |[AT\A| < 1. Hence the proof.

Recall from [9] that on a semigroup S the relation £* (R*) is defined by the
rule that (a,b) € £* (R*) if and only if the elements a, b are related by the Green’s
relation £ (R) in some oversemigroup of S. The join of the equivalences £* and
R* is denotes by D* and their intersection by H*. A semigroup S in which each
L*-class and each R*-class contains an idempotent is called abundant. Of course
regular semigroups are abundant (and in this case K* = K, for K any of H, L,
R or D). The starred relations play a role in the theory of abundant semigroups
analogous to that of Green’s relations in the theory of regular semigroups. As in
[9] we introduce *-ideals to obtain the starred analogue of the Green’s relation
J.

The L*-class containing the element a is denoted by L*. The corresponding
notation is used for the class of the other relations. We now define a left (right)
x-ideal of a semigroup S to be a left (right) ideal I of S for which L} C I (R} C I),
for all elements a of I. A subset I of S is a x-ideal if it is both a left *-ideal and a
right *-ideal. The principal *-ideal J*(a) generated by the element a of S is the
intersection of all x-ideals of .S to which a belongs. The relation J* is defined by
the rule that: aJ*b if and only if J*(a) = J*(b). Again, for a regular semigroup
ST = J*. In the case of ambiguity we denote a relation K on S by Kg.

Before we characterize the starred Green’s relations we need the following
definition and lemmas:

Definition 3.1.7. Let S be a semigroup and let U be a subsemigroup of S.
Then U will be called an inverse ideal of S if for all u € U, there exists v’ € S
such that uu/u = v and v/, v'u € U.

Lemma 3.1.8. Every inverse ideal U of a semigroup S is abundant.
Proof: Since for all u € U
(u,u'v) € Ls and  (u,uu’) € Rg

it follows that
(u,u'v) € L; and  (u,un’) € Ry .

Hence every L*-class and every R*-class of U contains an idempotent, since uu/,
u'u are idempotents in U. Thus U is abundant. u

Again, recall from [9] that for any subsemigroup U of S

Lyn(UxU)C L, and RLN(UxU)CRY .
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And for any regular elements a, b of a semigroup S
(a,b) e K iff (a,b) € K",

where K is any of H, £ or R. Moreover, in any semigroup S, K C K*. Hence we
have

Lemma 3.1.9. Let U be an inverse ideal of a semigroup S. Then
(1) £, =LsnN (U xU);

(2) Rfy = R N (U x U);

(8) Hy =HsN (U x U).

Proof:

(1) Certainly,
LsN(UxU)CLy.

Conversely, suppose that (a,b) € L}; and o/, V' are elements in S such that
ad’a = a, bb'b = b and ad’, a’a, b, b'b € U. Then
(d'a,a) € Lg and (b, b'b) € Lg ,
which implies that
(d'a,a) € L;; and (b, b'b) € L]; .
And, by transitivity
(d'a,b'b) € L,

which is equivalent to
(a'a,b'b) € Ly .

Now, since Ly C Ls N (U x U), then

(d'a,b'b) € Lg
and hence,

(a, b) € Lg .

So that
Li; CLsN(UxU),

and the result follows.
(2) The proof is similar to that of (1).

(3) This is a simple set-theoretic consequence of (1) and (2). m
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Corollary 3.1.10. IfU is an inverse ideal of a semigroup S, then

Ly =L5n(UxU), Ry=R50N({UxU) and Hy =H50 (U x U) .

Lemma 3.1.11. F is an inverse ideal of F4.
Proof: Let o € ;. Notice that for all ¢t € Ima\A
ta~ =1,
and for all t € A, if z € ta™! then
r>rxa=t=ta.
Thus min(ta™!) exists for all ¢+ € Ima. Now, let ag = min A and define o/ by
ta' = z; = min(ta™!) (t €Ima), yo =ap (otherwise) .

Then, it is clear that A C F(a’) and C(a/)NIma = (). Thus C(o/)e/ = {ap} and
Ad' = A. Tt now follows that o/ € F4 and ac’a = a. (However notice that o/
need not be a decreasing map.) Also,

Clad)aa' C C(a)-ad' UC(d))a™t - aa’ (by Lemma 1.2)
CAdUA
=A,

C(da)d’a C C(d)-d'aUCa)(/)™t-o/a (by Lemma 1.2)
CAaU A
=A,

and A C F(a)NF (o)) = F(¢/) N F(a) C F(ad') N F(d'a). Moreover, since for
all z € X
zad = (za)d’ = 2o = min(zaa™ ) <z,

it follows that aa’ € F;. To see that o’ € F, first notice that if y ¢ Im «, then
y ¢ A~\A*", by Lemma 3.1.5, and hence y € AT\ Im . Thus for all ¢t € Im«

td'a =z =t (since m; € ta™ 1) |

forall y € AT\ Ima
yd'a =apa =ag <y .

Hence the proof. n
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A quasi-adequate semigroup is an abundant semigroup in which E(S5) is a
subsemigroup. Thus the class of quasi-adequate semigroups includes all orthodox
semigroups. By contrast with the regular case, an abundant semigroup in which
each of its principal right x-ideals has a unique idempotent generator need not be
quasi-adequate. In fact S, , the semigroup of all decreasing full transformations
of X;, = {1,...,n} is an abundant semigroup whose each of its principal right
«-ideals has a unique idempotent generator ([15, Lemma 2.6 and Theorem 2.7])
but it is idempotent-generated ([15, Theorem 1.4]). El-Qallali [5] defines an
R*-unipotent semigroup to be a quasi-adequate semigroup in which each of its
principal right x-ideal has a unique idempotent generator. In other words, an
R*-unipotent semigroup is a quasi-adequate semigroup in which each R*-class
contains a unique idempotent. Also, El-Qallali showed that the latter condition
is equivalent to having a right regular band of idempotents ([5, Lemma 1.1]).
By Lemmas 2.1.1, 3.1.8, 3.1.9 and 3.1.11 we have

Theorem 3.1.12. Let F'y be as defined in (3.1). Then F, is an
R*-unipotent semigroup.

By equation (2.1) and (2.2), Corollary 3.1.10 and Lemma 3.1.11 we deduce

Lemma 3.1.13. Let (o, 3) € F'y. Then
(1) (o, B) € L* if and only if Ima = Im 3;
(2) (o, ) € R* ifand only if a oo™t = Bo 7L,

To characterize D* on F; we let T = (A7\A") U A and define a relation K
on I’y by the rule

(o, 3) e K iff Ima\T| = |ImpB\T| .

Then, clearly, £* C K and R* C K, since T' C F(a) N F(B) € Ima N Imf.
Also, D* C K, since D* is the smallest equivalence containing both £* and R*.
We now have

Lemma 3.1.14. K=R*oL*oR*=L*oR*o L* = D*.

Proof: Suppose that (a, 3) € K so that [Ima\T'| = [Im S\T| and let 6 be a
bijection from Im « onto Im g such that, for all t € T, t0 = t. Define 6,y € Tx
as follows:

xd = min(za, zab) |

zy = min(z8, 607 .
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Then, it is clear that C(6) = C(«), and for all x € C(6), 6 = min(za, zalf) =
za € A, so that C(d)0 C A = AJ. Similarly, C(vy)y € A = Ay. Moreover,
are decreasing maps for which Imé§ = Im~, 606~ = aoa™! and yoy~! = o
Thus ¢,y € Fy and aR*0L* vR*(3, by Lemma 3.1.13. Thus

9, v
gt

KCR*oLfoR*.

Conversely, let (o, ) € R* o L* o R*. Then, there exist §,7 € F; such that
aR*dL* vR*B. Since T is contained in Im ¢, Im 3, Im~ and Im § we have

Imo\T| = [Imé\T|, Imdé\T =Im~\T and |Im~\T| = [ImG\T| ,

so that
Imo\T| = [Im B\T'| .

Thus
RoLfoR*CK.

On the other hand, let (o, ) € K and let ap = min A. Also, let M(a) =
{max(za,zaf): x € X} and define ¢’, 7' € Tx as follows:

5 rza (ff x € M(a))
T =
ap  (otherwise) ,

i — za® (if x € M(«))
ap (otherwise) .

Notice that, A C T C M(«) and C(8') N M(«) = (. Thus C(¢') € X\M («), so
that C'(8")0" = {ag}. Similarly, C(y')y" = {ag}. Moreover, &', 4" are decreasing
maps for which Ima = Im ¢, §o (§')™' = vo (7/)! and Im+ = Im 3. Thus
8,7 € Fy and aL* §'R*~'L*3, by Lemma 3.1.13. Thus

KCLoRo L.
Similarly (from above), we can show that

L*oR* oL CK.
And finally, from the inequality

D'CK=RoLfoR" =L oR*o L C D",

we deduce the result of the lemma. n
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The following lemma is essential to our next investigation about the properties

of J*.

Lemma 3.1.15 ([9, Lemma 1.7]). Let a be an element of a semigroup S.
Then b € J*(a) if and only if there are elements ag,a1,...,a, € S, T1,..., Ty,
Y1, ..., Yn € St such that a = ag, b = a,, and (a;, v;a;_1y;) € D* fori=1,...,n.

We immediately have:
Lemma 3.1.16. Let a € J*(3). Then [Ima\T'| < |Im 5\T'|.

Proof: Let a € J*(f). Then, by Lemma 3.1.15, there exist fo, f1, ..., On,
0153 0ns Y15-- -, 0 € Fy such that 8 = (o, o = By, and (5;,0;8i—1v:) € D* for
1 =1,...,n. However, by Lemma 3.1.14, this implies that

Im B\T'| = [Im(0;Bi—17:)\T'| < |Im ;1 \T|

so that
Imo\T| < [ImpB\T| ,

as required. m
Thus we now have the final result of this section:
Lemma 3.1.17. On the semigroup F',, D* = J*.

Proof: Notice we need only show that J* C D* (since D* C J*). So,
suppose that (o, 5) € J*, then J*(a) = J*(f3), so that a € J*() and § € J*(«).
However, by Lemma 3.1.16, this implies that

Imo\T| < |[ImpB\T| and |[ImSB\T| < |Ima\T|

so that
Im o\T'| = [Im B\T| .

Thus, by Lemma 3.1.14,
J D",

as required. m
3.2 The finite case

We aim to find a formula for the order of the semigroup F; in the case where
A={1,...,k} and X = {1,...,n}. Let

J*(n,r) = Ha € Fy: [Ima| :7‘}‘ .
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Then J*(n, k) = k"% J*(n,n) =1 and J*(n,7) =0ifr=00orn <rorr < k.
Lemma 3.2.1. J*(n,r)=kJ*(n—1,r)+ (n—r+1)J*(n—1,r —1).

Proof: Maps « for which |[Im«| = r divide naturally into two classes de-
pending upon whether

Im(a|{1,...,n—1}) =Ima (1)
Im(a|{1,...,n—1}) CIma (2).

In case (1), n must map to one of the k elements in A, and so there are
k J*(n — 1,r) elements of this kind. In case (2), Im(a|{1,...,n—1})|=r—1
and n must map to one of the n — r + 1 elements not in Im(a|{1,...,n — 1}).
Hence there are (n —r + 1) J*(n — 1,7 — 1) elements of this kind. Thus,

J'(nr)y=kJ*"n—=—1,r)+(n—r+1)J(n—-1,r—1),
as required. m

Recall that the Stirling number of the second kind denoted by S(n,k) is
usually defined as

S(n,1)=1=S5(n,n) and S(n,k)=Sn-1,k—1)+kS(n—1,k),
where n, k are natural numbers such that n > k.
Lemma 3.2.2. J*(n,r)=k""Sn—k+1,n—r+1) (n>r>k).

Proof: Certainly the result is true when n = k. Suppose that £k < n and
that the result is true for all s such that £ < s <n—1. Consider J*(n, ). Clearly
the result is true if r = n or r = k. Hence we may assume that k < r < n. We
have

Jnr)=kJ*(n—1,7r)+(n—r+1)J(n—-1,r—-1)

so that using the induction hypothesis,

J*nr)=k- k""" Stn—kn—r)+(n—r+1)- k" "Sn—k,n—r+1)
=k {S—kn—1)+ (n—r+1)S(n—kn—r+1)}
=k""Sn—-k+1,n—-r+1)

as required. m

Then we immediately have:
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Theorem 3.2.3. Let F; be as defined in (3.1). Then

n
|Fy| = Z ETSn—k+1,n—r+1).
r=—=k

Theorem 3.2.4. Let F; be as defined in (3.1). Then

E(F)| =Y k" (;f;;;) = (k+ 1"
r=k

Proof: The result will follow from Theorem 2.2.4 if we show that E(F ) =
E(F4). Clearly
E(F,)C E(Fa) .

Conversely, suppose that ¢ € F(F4). Then ae = a, for all a € A, by Lemma
1.5. Since A = {1,...,k}, then for all z € C(¢)\A

re<k<ux.

Also, by Lemma 1.5, ze = x for all x ¢ C(g). Thus, for any = € X, ze < z and
A C F(a). Thus € € F(Fy ). Therefore,

E(Fa) CE(Fy) .
Hence E(F4) = E(F') as required. u

Remark. Notice that F; is isomorphic to (I, _;)!, the semigroup of order-
decreasing partial one-to-one transformations on X,_;, when £k = 1. Thus
Lemma 3.2.2 and Theorem 3.2.3 reduce to [2, Proposition 3.1 and Remark 3.6],
when k = 1.
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