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ON THE INDICATOR OF GROWTH OF ENTIRE FUNCTIONS OF
EXPONENTIAL TYPE IN INFINITE DIMENSIONAL SPACES
AND THE LEVI PROBLEM IN INFINITE DIMENSIONAL
PROJECTIVE SPACES

MASARU NISHIHARA

Presented by Leopoldo Nachbin

Abstract: Let E be a separable complex Fréchet space with the bounded approx-
imation property, or a complex DFN-space and P(E) be the complex projective space
induced from E. Then we solve affirmatively the Levi problem in a Riemann domain
over the projective space P(F). By using this result, we give the infinite dimensional
version of the indicator theorem of entire functions of exponential type on C™.

1 — Introduction

Let E be a locally convex space, here always assumed to be complex and
Hausdorff. Let f be an entire function of exponential type on E. Then the
indicator Iy of the entire function f is the function on £ with values in [—o0, 00)
defined by

1
I+(z) = limsup lim sup i log | f(t2)]

2l —z t—o0
for every z € E. The indicator has the following properties:
(1) Iy is plurisubharmonic.

(2) Iy is positively homogeneous of order 1, that is, I¢(tz) = ti1¢(z) for every
positive number ¢ and every z € E.

Conversely when given a plurisubharmonic function p on E which is positively
homogeneous of order 1, we consider the problem to ask whether or not there
exists an entire function f of exponential type on E with Iy = p. Kiselman
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[18], Lelong [19] and Martineau [22] solved affirmatively this problem in case the
dimension of F is finite. Their results are called the indicator theorem of entire
functions of exponential type on C".

This paper is concerned with the Levi problem in infinite dimensional projec-
tive spaces and with the indicator theorem of entire functions of exponential type
in infinite dimensional spaces. The main theorems of this paper are the following
two theorems.

Theorem 1. Let E be a separable Fréchet space with the bounded ap-
proximation property or a DFN-space and (w,¢) be a Riemann domain over the
complex projective space P(FE) induced from E. Assume that w is not homeo-
morphic to P(E) through ¢. Then the following statements (1), (2), (3), (4) and
(5) are equivalent. Moreover if w is an open subset of P(E), the statements (1),
(2), (3), (4), (5) and (6) are equivalent:

(1) w is pseudoconvex;

(2) For any finite dimensional subspace F of E, ¢~ 1(P(F)) is a Stein mani-
fold;

(3) w is a domain of holomorphy;

(4) w is a domain of holomorphy and holomorphically separated;
(5) w is a domain of existence;
)

(6) There exists a non-constant holomorphic function f on w such that, for ev-
ery connected open neighbourhood V' of an arbitrary point on the bound-
ary of w, each component of w NV contains zero of f of arbitrarily high
order.

Theorem 2. Let E be a separable Fréchet space with the bounded approx-
imation property or a DFN-space, and p be a plurisubharmonic function in E
which is positively homogeneous of order 1. Then there exists an entire function
f of exponential type on E such that

1
p(z) = limsup lim sup ~ log | f(tz')]
2l —z t—o0o t
for every z € E.
Corollary 3. If E is a nuclear Fréchet space with the bounded approximation

property or a DFN-space, there exists an analytic functional y on the strong dual
space E' of the space FE such that

1
p(z) = limsup lim sup — log |u(exp(tz))]

2 —z t—o0 t
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for every z € E.

The proof of Theorem 2 is based on the characterization of pseudoconvex
domains of the projective space P(E) in Theorem 1. This method of the proof
was first given by Kiselman [18] in case E = C™.

The Levi problem was first solved by Oka [35] in C?. Moreover Oka [36]
extended his result to Riemann domains over C™. At the same time, Bremermann
[3] and Norguet [32] solved this problem in C". The Levi problem in infinite
dimensional spaces is also the important object of study in infinite dimensional
complex analysis, and has been solved affirmatively in various infinite dimensional
spaces (cf. Aurich [1], Colomeau and Mujica [5], Dineen [6], [8, Appendix 1],
Dineen, Noverraz and Schottenloher [9], Grumann [11], Grumann and Kiselman
[12], Hervier [14], Hirchowitz [15], Matos [23], Mujica [25], [27], Noverraz [33],
[34], Pomes [39], Popa [40], Schottenloher [41]). Josefson [16] gave an example
of a non-separable Banach space in which the Levi problem is negative. Fujita
[10], Kiselman [18] and Takeuchi [42] extended the result of the Levi problem in
Riemann domains over C™ to those over the complex projective space P(C"*1)
of dimension n. Kajiwara [17] and Nishihara [31] investigated the Levi problem
in Riemann domains over infinite dimensional projective spaces. In case F is
a topological vector space with the finite open topology, Kajiwara [17] solved
affirmatively the Levi problem in the projective space P(E). In case E is a Banach
space with a Schauder basis, Nishihara [31] solved affirmatively this problem in
Riemann domains over the projective spaces P(E). Therefore Theorem 1 is the
extension of Nishihara [31].

2 — Notations and preliminaries

Let E be a locally convex spaces and cs(F) be the set of all nontrivial contin-
uous seminorms on .

A Hausdorff space M is called a complex manifold modeled on the space F
if there exists a family F = {(U;, yi); ¢ € I} of pairs (Uj, ;) of open sets U; of
M and homeomorphisms ; of open sets U; onto open sets of F satisfying the
following conditions.

(1) For any i,j € I with U; NU; # (), the mappings ¢; o <pj_1: 0;(UinU;) —
©i(U; N Uj) between open sets in E are holomorphic.

(2) Ui =M.
el

F is called the atlas of M, and an element of F is called a chart of M.
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Let M and N be complex manifolds with atlases {(U;,¢i); @ € I} and
{(UL,¢)); a € A} respectively. Then a mapping f: M — N is said to be
holomorphic if, for any i € I and any « € A with f(U;) N U}, # (), the mapping
@l ofo gp;l is holomorphic when it is defined. Particularly, if N = C, f is
called a holomorphic function on M. We denote by H (M) the vector space of
all holomorphic functions in M. A function p: M — [—00,00) is said to be
plurisubharmonic if for each ¢ € I, the function f o ¢; s plurisubharmonic. We
denote by Ps(M) the set of all plurisubharmonic functions on M. We can define
a submanifold of the complex manifold M, a product manifold of M and another
complex manifold, a holomorphic fibre bundle over M, a holomorphic principal
bundle over M and a holomorphic vector bundle over M by the same way as in
case the dimension of M is finite. If there exists a local biholomorphic mapping ¢
of a complex manifold w into the complex manifold M, (w, ¢) is called a Riemann
domain over M. A section of w is a continuous mapping o: A — w, with A C M,
such that ¢ o o =id on A.

Let (w,¢) and (w',¢’) be a Riemann domain over a complex manifold M. If
a holomorphic mapping \ of w into w’ satisfies ¢ = ¢/ o\, the mapping \ is called
a morphism of (w, ¢) into («’, ¢’). Let (w, ¢) be a Riemann domain over M, and
let F C Hw). If (W, ¢') is a Riemann domain over M, then a morphism A of
(w,p) into («', ¢') is said to be an F-extension of w if for each f € F there exists
a unique f’ € H(w') such that f' oA = f. A morphism X of (w, ) into (', ¢’) is
said to be a holomorphic extension of w if \ is an H (w)-extension of w. w is said
to be an F-domain of holomorphy if each F-extension of w is an isomorphism.
w is said to be a domain of holomorphy if w is an H(w)-domain of holomorphy.
w is said to be a domain of existence if there exists f € H(w) such that w is an
{f}-domain of holomorphy. Let (w,¢) be a Riemann domain over the complex
manifold M and let F C H(w). A morphism \: w — ' is called an F-envelope
of holomorphy of w if:

(a) A is F-extension of w;

(D) If p: w — W is an F-extension of w, then there exists a morphism
v: W’ — W such that vopu =\

By the same was as Mujica [27, Theorem 56.4] we can prove the following
theorem.

Theorem 2.1. Let (w,y) be a Riemann domain over a complex manifold
M and let F C H(w). Then there exists the F-envelope of holomorphy of w and
the existence of it is unique up to isomorphism.

For F C H(w), we denote by Er(w) the F-envelope of holomorphy of a
Riemann domain w. Then we can prove the following proposition.
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Proposition 2.2. Let (w, ) be a Riemann domain over a complex manifold
and F C H(w).

(1) Let A\: w — W' be an F-extension of w. Then w' = Ex(w) if and only if
W' is an F-domain of holomorphy.

(2) w = Er(w) if and only if w is an F-domain of holomorphy.

Let M be a complex manifold and S be a subset of M. For a complex valued
function f and for a real valued function R on M, we write

fls =swp{|f(@); € S}, R(S)=nf{R(z); z €S} .
For F C H(M) we write

Sp={yeM; |f(y)|<|fls forall feF}.
Likewise, for S C M and F C Pg(M) we set

§g::{y€M; f(y) <sup f(x) forallfef}.
zes

Let (w,y) be a Riemann domain over M. Let F C H(w), w is said to be
F-separated if for each pair (x,y) of points of w satisfying x # y there exists a
holomorphic function h € F such that h(z) # h(y). w is said to be holomorphi-
cally separated if w is H(w)-separated. w is said to be F-fibre separated if for
each pair (x,y) of points of w, satisfying x # y and ¢(x) = ¢(y), there exists a
holomorphic function h € F such that h(z) # h(y).

We shall collected some properties of Riemann domains over a locally convex
space, for which we have use afterwards.

Let E be a locally convex space and (2, ®) be a Riemann domain over E. For
S C Q and for a convex balanced neighbourhood V of 0 in E we write S+V C Q)
if for each x € S there exists a section o: ®(x)+V — Q such that o o ®(x) = .

We define the distance functions dg : © — [0,4+o00], for a € cs(F), and
da: Q2 x E — (0,+0o0], as follows:

dg(x) :sup<{r>0; there is a section 0: B (®(x),r) —Q with co®(x) :x}U{O})
and

da(z, a):sup{r>0; there is a section o: Dp(®(x),a,r)—Q with o o q)(a;):a:}
where for £,a € E and r > 0 we write

BR(€r) ={€+b be B, a(b) <r},

Dg(& a,r) = {f—l—)\a; AeC, [N < r} .
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If d3(x) > 0 then for each r € (0,d3(x)] there is a unique set B&(x,r) C
containing z such that ®: B&(x,r) — B&(®(z),r) is a bijection. Likewise, for
each x € Q, a € F and r € (0,dq(x,a)] there is a unique set Dq(z,a,r) C
containing z such that ¢: Dq(z,a,7) — Dg(p(x),a,r) is bijection. The function
dg is continuous, and the function dq is lower semicontinuous. The domain €2 is
said to be pseudoconvex if the function — log dq is plurisubharmonic on €2 x E.
The following proposition is on Noverraz [34].

Proposition 2.3. For a Riemann domain (), ®) over a locally convex space
E, the following conditions are equivalent:

(a) Q is pseudoconvex;
(b) d%(XPS(Q)) = d3(X) for every X C  and a € cs(E);

(c) For each compact set K of Q) there exists « € cs(E) such that d%(f(\ps(g)) >
0;

(d) @ 1(F) is a Stein Manifold for each finite dimensional linear subspace F
of E.

Let E be a Fréchet space. A sequence (ej,) in the Fréchet space E is said to
be a Schauder basis if every x € E admits a unique representation as a series x =
>0 1 &n(x) e, where the series converges in the ordinary sense for the topology
of E. Let E, be the linear span of the set {ej,e2,...,e,} and let T,,: E — E, be
the canonical projection. Then it follows from the open mapping theorem that
the sequence (T},) is equicontinuous and converges to the identity uniformly on
compact sets, and that the space E has a fundamental sequence of continuous
seminorms c«; which satisfy the conditions a; = sup,, aj o T5,.

3 — Riemann domains with C*-action

In this section we investigate properties of Riemann domains with C*-action
over locally convex spaces. Results in this section are useful to investigate some
properties of Riemann domains over projective spaces.

A Riemann domain (2, ®) over a locally convex space E is said to be with
C*-action if (€2, @) satisfies the following conditions.

(1) C* acts freely on Q on the left: (\,z2) e C* xQ — Az € Q.
(2) The action (A\,z) € C* x Q — X -z € Q is holomorphic.
(3) (A - x) = AP(x) for every (A, z) € C* x Q.
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Let S be a subset of 2 or E. We set
(3.1) AS={razzeS).
Then we can prove the following lemma.

Lemma 3.1. Let E be a locally convex space and (2, ®) be a Riemann
domain with C*-action over E. Then we have

(3.2) da(\-z) = |\ d&(z) ,
(3.3) Sa(A-z,a) = |\ ba(z,a) = do(z, A\~ - a)
for any (\,z) € C* x Q, a € E and o € cs(F).

Proof: We shall show first the equality (3.3). Since the second equality of
(3.3) is trivial, we shall show only the first equality of (3.3). Let (x,a) be a point
of Q x E. Let r be a real number with 0 < r < dqo(z,a). There exists a section
o: Dg(®(z),a,r) — Q with 0 0o &(z) = z. For each A € C*, a mapping z €
o(Dg(®(x),a,r)) — A- 2z € Q is a biholomorphic mapping of o(Dg(®(z),a,r))
onto A - o(Dg(®(x),a,r)). Since A - Dg(®(z),a,r) = Dg(®(\- z),a, |\ r) and
S(N\-o(Dgp(®(x),a,r))) = XDg(®(x),a,r), amapping £ € Dg(®(A-x),a, |\|r) —
A-o(A71E) is a section of Q and satisfies \-o(A71¢) = Az if € = ®(\-z). Therefore
we have

(3.4) da(A-x,a) > A\ da(x,a) .
Since z, a and A are given arbitrarily, by (3.4) we have

5(2(A ’ ZC,CL) = ‘)\‘ ’)‘_1‘ 59()‘ ’ a:,a,)
< ’)‘|5Q()‘_1)‘33’a)
= [Alda(z;a) -

Thus we obtain the equality (3.3).
The equality (3.2) is obtained from (3.3) and from the equality d&(z) =
inf{dq(z,a); a(a) = 1}. This completes the proof. m

Let E be a Fréchet space with a Schauder basis (e,) and (£2, ®) be a pseudo-
convex Riemann domain with C*-action over E.

If U is any open subset of , then we consider the functions nf(z): U —
[0, +00] defined by

(3.5) niy(x) = inf oy (2, Ty 0 B(z) — @(x)) .

k>n
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These functions were introduced by Schottenloher [41], who proved that they are
strictly positive and lower semicontinuous on U. Thus the functions —logng; are
plurisubharmonic on U whenever U is pseudoconvex. We set

A, = {a? € ng(x) > 1} :
Tu(z) = (B|D,) Lo T, o ®(z) (z€A,),

where D, = Dq(z,T;, o ®(x) — ®(x),n¢(x)). Then the following lemma can be
verified.

Lemma 3.2. We set 2, = ®~1(E,,) for every n. Then there exist a sequence
of open sets A,, C Q and a sequence of holomorphic mappings 7,: A, — §2, with
the following properties:

(a) Q=Up2; An, Ay C Ay and Q,, C A, for every n;

(b) 7, =id on Q,, Po71, =T, 0P on A, and 7, © 41 = Tp41 0 T = T, O
A, for every n;

(c) For each compact subset K of ) and a balanced open neighbourhood V' of
0 in F with K +V C € there exists a positive integer n such that K C A,
and 1i(x) € x + V for every x € K and k > n;

(d) f(\ps(g) C A, for every compact subset K of Ay;
(e) A- A, = A, for every A € C* with |\| = 1.

(c) and (d) is in Schottenloher [41].
5). n

I

Proof: The proof of statement (a), (b)
The statement (e) follows from (3.3) and (3.

Lemma 3.3. Assume that the Fréchet space E has a continuous norm and
that Q is connected. Let (o) be a fundamental sequence of continuous norms
on E with a1 > 2, and oy, = supy, ay, o Ty for every n. Let (A,) and (1,,)
be two sequences satisfying the conditions in Lemma 3.2. Then there are two
sequences of open sets C,, C B, C A, and a sequence (V) of balanced convex
open neighbourhoods of 0 in E with the following properties:

(a) Q=Uy2 Bn=Up2, Cp, By C Bpy1 and Cy, + 'V, C Cpyq for every n;
(b
(c

d) The set (B, N Qk is relatively compact in A,, Ny for every n and
H ()
k;

(e) da*(Bn) > 1 for every n;

) B, NQy CC A, NQy for every n and k;
)

7,(Cpn) C By, N Qy, whenever k > n;
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(f) sup{a1(®(z)); x € By} < n for every n;
(g) A\ B, = By, A-C,, = C, for every A € C* with |A\| = 1.

Proof: By Mujica [26, Lemma 2.6] and by an examination of the proof of
Mujica [26, Lemma 2.6] there exist two sequences of open sets C,, C B,, C A, and
a sequence V,, of balanced convex open neighbourhoods of 0 in £ satisfying the
statements (a), (b), (c), (d), (e) and (f). We replace newly two sets |y—1 A - Bn
and U| A=1 A+ C, by B, and C,, respectively for each n. Then the two sets B,
and C), are open sets of () and satisfy the required conditions. This completes
the proof. m

A holomorphic function f in €2 is said to be C*-invariant if

fA-z) = f(x)

for every (A, z) € C* x Q. For each f € H(Q), we set
_ IR

(3.6) f(z) = 2 Jo f(e” - x)do

for every = € Q. Then f is holomorphic on Q. For each z, a function A — f()\ -x)
(A € C) is holomorphic and constant on |A| = 1. Therefore by the identity

theorem, the function A — f(X-z) (A € C*) is constant. Thus the function f is
C*-invariant.

Lemma 3.4. With the conditions and the notion of Lemma 3.3, for each
C*-invariant function f,, € H(Qy,) and for each € > 0 there exists C*-invariant
function f € H(Q2) such that

(@) f = fnonQy;

() [f = faoTle, <&

(c) |fle; < +oc for every j.

Proof: By Mujica [23, Lemma 2.7|, there exists a holomorphic function f
satisfying the conditions (a), (b) and (c). Then the function f may not be C*-
invariant. Let f be a C*-invariant holomorphic function on €2,, defined by (3.6).

Then it is easy to show that the function f satisfies the conditions (a), (b) and
(c). This completes the proof. m

The following lemma is on Dineen [7].

Lemma 3.5. Let E be a Fréchet space with a Schauder basis. Let « be a
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continuous seminorm on E satisfying the condition

(3.7) a(x) = sup a(i &n(2) en)

m>1 N\
for every x € E. If we set
7% = {n € IN; ale,) = ()} ,
(3.8) E¢ = {x € FE; &(x) =0 for everyn € ZO‘} ,

then E“ has a Schauder basis and a continuous norm, and E is the topological
direct sum of E* and a~1(0).

Let (€2, @) be a Riemann domain with C*-action over E and A be a subset of
Q or of E. Then we set

C*.Az{g.x; ¢ecCr, xeA}.

Lemma 3.6. Let (2, ®) be a connected pseudoconvex Riemann domain with
C*-action over a Fréchet space EE which has a Schauder basis. Let xo € () and let
a be a continuous seminorm on E satisfying the condition (3.7) in Lemma 3.5 and
d%(wg) > 0. Let mo: E — E® be the canonical projection and Q% = ®~1(E%).
Then:

(a) There is a holomorphic mapping o4 : € — Q% such that o, = id on Q¢
Doo,=7m0P on Q and o,(\-x) = - 04(x) for every (A, z) € C* x §;

(b) Let U be any connected pseudoconvex open subset of €0 such that
d%(yo) > 0 for some yo € U. Then U = o, /(U N Q) and foo, = f on
U for every f € H(U) which is bounded on an a-neighbourhood of yo;

(c) For z,y € Q we have v =y if and only if ®(x) = ®(y) and 0(x) = 04(y);

(d) For each a € E and t € Q% with 7y(a) = ®(t) there is a unique x € )
such that ®(x) = a and o4(x) = t;

(e) A net (x;) in Q converges in ) if and only if (®(z;)) converges in E and
(0a(x;)) converges in Q.

Proof: Any other things except for the equality o4(A - x) = A - 04(z) for
every (A, z) € C* x Q were proved in Mujica [26, Lemma 3.2]. Therefore we shall
show only this equality. Let (A, x) be any element of C* x Q. We set z = 04(x)
and w = o4(X - ), and then we have only to show the equality A -z = w. We
remark ®(\ - z) = ®(w). Since ®(£ - z) = £ P(z) for every £ € C*, a mapping
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o of C* - {®(2)} into Q defined by o({ P(2)) = 04(§ - x) for every £ € C* and a
mapping o’: £-P(z) € C*-{P(2)} — £z are sections of  with oo ®(2) = z and
o' o ®(z) = z respectively. Therefore it follows from the uniqueness of existence
of a section of Q that £ -z = 04(§ - x) for every £ € C*. Especially we have
Az =04(Ax) =w. This completes the proof. m

We define a holomorphic mapping ® of the product manifold Q% x a~1(0) of
Q% and a_1(0)~int0 E by ®(z,£) = ®(x)+¢ for every (z,§) € Q% x a‘l(NO). Then

(29x a~1(0), @) is a Riemann domain over E. Moreover (2% x a~1(0), ®) is with
C*-action:

C* x (% x o 10)) € (\, (,8) = (A-z,X-€) € Q¥ x o H(0) .

We define a morphism p of £ into Q% x a=1(0) by u(z) = (0a(x), ®(z) — 70 - ®(z))
for every x € Q. Then we have u(A-z) = X - u(x) for every (A, z) € C* x Q and
w1 is an isomorphism. Thus we have the following Lemma 3.7.

Lemma 3.7. Let (2, ®) be a connected pseudoconvex Riemann domain
with C*-action over a Fréchet space EE which has a Schauder basis. With the
conditions and the notations of Lemma 3.6, (2, ®) is identified with the Riemann
domain (Q* x a~1(0), ®) with C*-action over E = E* & o~ 1(0).

4 — Riemann domains over projective spaces

Let E be a locally convex space. Let z and 2’ be points in £ — {0}. z and
2" are said to be equivalent if there exists A\ € C* such that 2z’ = A\z. We denote
by P(E) the quotient space of E — {0} by this equivalent relation. Then P(E)
is a Hausdorff space. The Hausdorff space P(FE) is called the complex projective
space introduced from E. We denote by ¢ the quotient map of E—{0} onto P(F).
For any £ € E — {0}, we denote by [{] the equivalent class of £ (i.e., ¢(&) = [£]).
Let E’ be the complex vector space of all continuous linear functional on E. We
set

(4.1) SE:{(f,a) € E xE; f(a);é()}.

For each f € E' — {0}, we define a hyperplane E(f) of E and open subset
U(f) of P(E) by

(42) E(f)={¢c B f(&)=0},
(43) U(f) = {le e P(E); F(©) #0}
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respectively. For every (f,a) € Sg, we define a homeomorphism ¢ ,) of U(f)
onto E(f) by

1 1
G0N

for every [¢] € U(f). Then the family {U(f), ¢(f.a)}(f,a)es, defines the complex
structure of the projective space P(F).

Let (w,¢) be a Riemann domain over the complex projective space P(FE)
induced from E. We consider the fibre product €2 of w and £ — {0} defined by

(4.5) Q= {(z,w) €wx (E-{0}); () =q(w)} .

We denote by ® and @ projections of the fibre product © into E — {0} and w
respectively. Then (€2, ®) is a Riemann domain over E. For each (z,w) € Q and
for each \ € C*, we set

(4.4) e(r,a)([€]) =

(4.6) A (z,w) = (2, \w) .

Then points A - (z,w) of w x (E — {0}) belongs to § for all (z,w) € 2 and all
A € C*. The mapping (A, z) € C* x Q — X -z is holomorphic. By this action,
(Q,®) is the Riemann domain with C*-action over E. The Riemann domain
(Q, @) with C*-action over E is called the Riemann domain associated with the
Riemann domain (w, ). The Riemann domain w is the quotient space of € by
this C*-action and @ is the quotient map of €2 onto w. € is the total space of a
holomorphic principal bundle over w with the complex multiplicative group C*.
We have the following commutative diagram:

Q Q w
(4.7) o ®
E—{0} P(E) .

Let E be a locally convex space and (w, ) be a Riemann domain over the
projective space P(E). Then the Riemann domain w is said to be pseudoconvex
if for each (f,a) € Sg the Riemann domain (cp_l(U(f)),gp(ﬁa) o ple Y U(f)))
over E(f) is pseudoconvex.

Let F be a closed linear subspace of E. we set

(4.8) Qp = o7 (F)

(4.9) wrp =9 (P(F)) .
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Qr is a holomorphic principal bundle over wp with the complex multiplicative
group C*.

Let (2, ®) be a Riemann domain over a locally convex space E. Let a and b
be points of Q. By a line segment [a,b] in £ we mean a set in € containing the
points a and b and homeomorphic under ® to the line segment [®(a), ®(b)] in E.
By a polygonal line [xg,x1, ..., Z,] in  we mean a finite union of line segments
of the form [z;_q, ;] with j =1,...,n.

Remark 4.1. Let z and y be two points which belong to a connected
component of Q. Since there exists a polygonal line [xg,x1, ..., z,] with g = x
and with x,, = y, there exists a finite dimensional linear subspace F' of E such
that the set {x,y} is contained in a connected component of the set ®~1(F).

Lemma 4.2. Let E be a locally convex space and (w,y) be a Riemann
domain over the complex projective space P(E). Assume that w is not home-
omorphic to P(E) through ¢. Then for any finite dimensional linear subspace
F of E and for any connected component Vi of wg, there exists a finite dimen-
sional linear subspace G of E and a connected component Vg of wg = ¢~ (P(G))
satisfying the following conditions:

(1) Vr is a closed complex submanifold of Vg;

(2) Vg is not homeomorphism to P(G) through ¢.

Proof: By Remark 4.1 and the commutative diagram (4.7), there exist a
finite dimensional linear subspace Fjy of E and a connected component Vg, of
wr, such that Vg, is not homeomorphic to P(Fp) through ¢. We take a point z
of Vr and a point w of Vi,. By Remark 4.1 and by the commutative diagram
(4.7), there exist a finite dimensional subspace F; and a connected component
Vi, of wr, such that Vg, contains the set {z,w}. Let G be the complex vector
space spanned by all elements of the union F' U Fy U Fy. Then both P(F') and
P(Fp) are closed complex submanifolds of P(G). We denote by Vi the connected
component of wg containing the set {z, w}. Since (Vg, ¢|V) is a Riemann domain
over P(G), both Vg and Vp, are closed complex submanifolds of V. Then Vg
satisfies the required conditions (1) and (2). This completes the proof. u

Lemma 4.3. In addition to the assumption of Lemma 4.2, we assume that
w is pseudoconvex. Then, for any finite dimensional linear subspace F' of £, wp
is a Stein manifold. Moreover () is pseudoconvex.

Proof: Let F' be a finite dimensional linear subspace of . Let Vg be
any component of wrp. By Lemma 4.2 there exists a finite dimensional linear
subspace G of E and a component Vi of wg satisfying the conditions (1) and
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(2) in Lemma 4.2. Since w is pseudoconvex, Vi is also pseudoconvex. By Fujita
[10], Kiselman [18] and Takeuchi [42], the pseudoconvex Riemann domain Vg
over the projective space P(G) is a Stein manifold. Since VF is a closed complex
submanifold of the Stein manifold Vg, Vr is also a Stein manifold. Therefore wg
is a Stein manifold.

For every finite dimensional linear subspace F' of E, Qg is the total space
of a holomorphic principal bundle over the Stein manifold wgr with the complex
multiplicative group C*. Therefore by Matsushima and Morimoto [24] Qp is a
Stein manifold. Thus it follows from Proposition 2.3 that 2 is pseudoconvex.
This completes the proof. u

Proposition 4.4. With the assumption of Lemma 4.2 the following state-
ments are equivalent.

(1) w is pseudoconvex;

(2) wr is a Stein manifold for every finite dimensional linear subspace F of
E;

(3) Q is pseudoconvex.

Proof: It follows from Lemma 4.3 that (1) implies (2). An examination of
the proof of Lemma 4.3 shows that (2) implies (3).

We shall show that (3) implies (1). For any (f,a) € Sg in (4.1), we have only
to prove that the Riemann domain (¢~ (U(f)), ¢(t.a) © le” HU(f))) over the
vector space E(f) is pseudoconvex. Let L be a finite dimensional linear subspace
of E(f). Then by Proposition 2.3 we have only to show that ¢! o 30(}1@) (L) is
a Stein manifold. We set F' = L @ (a) where (a) is the linear span of the set
{a}. Since f =0 on L, cp(_fl,a)(L) = ¢(L 4 a). By the assumption Qp is a Stein
manifold. Since Qp is the total space of a holomorphic principal bundle over
the complex manifold wgr with the complex multiplicative group C* and since
C* is the complexification of the compact group {e??; # € R}, it follows from
Matsushima and Morimoto [24] that wp is also a Stein manifold. Since L + a is
an affine subspace of the finite dimensional space F', the set o~ ! o gp(*f%a)(L) =
¢ Y (q(L + a)) is a closed submanifold of the Stein manifold wg. Therefore the

complex manifold ¢~ o go(_fl,a)(L) is a Stein manifold. This completes the proof. m

After this we assume that Riemann domains (w, ¢) over the projective space
P(E) are not homeomorphic to P(E) through ¢.

Let E be a locally convex space, and let a and 8 be nontrivial continuous
seminorms on F with o < 3. We set

P(E), = {m e P(E); a(z) # o} .
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We define a pseudodistance pO‘E’ﬁ on the open set P(E), by

410)  p%% (), [y) = inf{ﬁ(e”’ ﬁ it aé’y)> 6,0 R}

for every [z],[y] € P(E)q. Let (w,¢) be a Riemann domain over P(E) with
o(w) C P(F)q, that is, (w, ¢) be a Riemann domain over the complex manifold
P(E),. Let a be a point of P(F), and r be a positive number, we denote by
BP(E)(a,r;p%’ﬁ) the open ball {b € P(E)a;,o%’ﬂ(a7 b) < r} with respect to the
pseudodistance p%’ﬂ with center ¢ and with radius r. We define the boundary
distance function A%?: w — [0,00) for any «, 8 € cs(E) with 3 > a by

Ag’ﬂ(x) :Sup{r; there is a section o': BP(E)(@(x), r; p%’ﬁ) —w with cop(z) :x} ‘

If A%8(x) > 0, then for each r € (0,A%P(x)] there exists a unique subset
Bu(z,7;p%") of w containing  such that a mapping ¢ : By(z,7;p%") —

B;’(ﬁE) (p(x), 75 p%7) is bijective.

Lemma 4.5. Let E be a locally convex space and (w,¢) be a connected
pseudoconvex Riemann domain. Then if a continuous seminorm « on E satisfies
d&(a) > 0 for some points a of ), we have dqg(-,-) = o0 on Q x a~1(0) and
p(w) C P(E)q.

Proof: Since d3 is continuous, there exists an open neighbourhood N(a)
such that d& > 0 on N(a). For any v € a~1(0) and any x € N(a), we have
0(z,v) = oo. Since w is pseudoconvex, it follows from Proposition 4.4 that
da(-,-) = 0o on Q x a~1(0). Thus for any = € (2, there exists a section o of { on
®(x) + a~1(0). Therefore the set ®(z) + a~1(0) is contained in E — {0}. Thus
® () is not contained in a~1(0). Thus a(®(z)) # 0 for every x € Q. It follows
from the commutative diagram (4.7) that ¢(w) C P(E),. This completes the
proof. m

Lemma 4.6. Let E be a locally convex space. Let (w,y) be a Riemann
domain over the projective space P(FE). Let S be a subset of w. Then the
mapping ¢|S : S — P(E) is injective if and only if the mapping ®|Q~1(9) :
Q~Y(S) — E — {0} is injective.

Proof: Assume that the mapping ¢|S is injective. Let a and b be any different
points of Q~1(S). If Q(a) # Q(b), it follows from the commutative diagram (4.7)
and from the injectivity of ¢|S that ®(a) # ®(b). If Q(a) = Q(b), there exist
different points w; and wy of E — {0} such that a = (Q(a),w1), b = (Q(b), w2).
Since wy = ®(a) and we = ®(b), ®(a) # ®(b). Therefore ®|Q~1(S) is injective.
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Assume that the mapping ®|Q~1(S) is injective. Let a and b be differ-
ent points of S. Then there exist points w; and wy of E — {0} such that
(a,w1), (b,ws) € QL(S). Then (a, \-w1), (b, N -ws) € Q7L(Y) for any A, N € C*.
Since (a,A - wy) # (b,N - ws) for any A\, N € C* and ®|Q~1(S) is injective,
A wy # N -ws for any A\, N € C*. Therefore g(w;) # q(wz). Thus it follows from
go® = ¢oQ that p(a) # ¢(b). Therefore ¢|S is injective. This completes the
proof. u

For a subset S of Q, we set

Lemma 4.7. Let a be a point of ). Let o be a continuous seminorm on E
with d3(a) > 0. For every positive number r with 0 < r < d&(a), the mapping
®|\V(B§(a,r)): V(B&(a,r)) — E — {0} is injective.

Proof: Let (z1,w;) and (22, w2) be different points of V(Bg(a,r)) C w X
(E — {0}). We have only to show that w; # we. We assume that w; = ws.
Since (z1,w1) # (22, w2), we have z; # z3. Since p(z1) = q(wi) = q(wz) =
©(22), both z; and zo belong to ¢~ '(p(21)). Since both (z1,w;) and (z2,ws)
belong to V(B§&(a, r)), there exists complex number A1, Ay € C* such that (z1, A;-
w1), (22, A2 - w2) € B§(a,r). Since ®|B{(a,r) is injective, Aj - wy # Ag - wa. Since
B%(®(a),r) is convex, the line segment [A;-w1, A2-w2] is contained in B%(®(a), r).
The set {(z1,(1 —t)A1 - wy + tAg - w2); t € [0,1]} is homeomorphically mapped
by ® onto [A1 - wi, A2 - we]. Since (z1, A1 - wi) € B&(a,r) and [A1 - wy, Ay - wa] C
Bg%(®(a),r), it is valid that (21, Ad2-w2) € B§(a,r). Then we have ®((21, A2-w2)) =
O ((22, A2 - wg)). Since ®|B&(a,r) is injective, it follows that z; = 2. This is a
contradiction. This completes the proof. n

We obtain the following Lemma 4.8 from Lemma 4.6 and 4.7.

Lemma 4.8. With the assumption of Lemma 4.7. The mapping ¢|Q(B§(a, 1))
is injective.

Lemma 4.9. We assume that there exists a nontrivial continuous seminorm
a on E such that ¢(w) C P(E),. Let a a point of Q. Let 3 be a continuous
seminorm on E with 3 > « and with dg(a) > 0. For every positive number r

with0 <7r < dé(a), the open set (poQ(Bé(a, 7)) contains the open set Bp(g)(po
Q(a),r/a(®(a)); p5")-

Proof: Let u be a point of Bpg)(p o Q(a),r/a(@(a));p%’ﬁ). Then there
exist a point w of E—{0} with a(w) = 1 and a real number 6 such that u = g(w)



ENTIRE FUNCTIONS OF EXPONENTIAL TYPE it

and

This implies that (e’ a(®(a))w — ®(a)) < r. Therefore e a(®(a)) w belongs
to Bg(@(a),r). Since the mapping @ : BQ(a,T) — E — {0} is injective, there

is a unique point z of w such that (z, ezea(q)(a)) ) belongs to Bﬂ(a r). Then

we have gp 0 Q(z,¢é a(q)(a))w) € po Q(Bﬂ(a,r)) and ¢ o Q(z,ea(®(a))w) =
qo ®(z,e%a(®(a))w) = q(e?a(®(a))w) = g(w) = u. Therefore we have u €
Yo Q(Bﬂ(a, 7)). This completes the proof. m

Therefore from Lemma 4.8 and 4.9 we obtain the following Lemma 4.10 which
plays the important role in section 6.

Lemma 4.10. Let a be a point of ) with dg(a) > 1 > 0. Then we have

AP (Q(a)) =

a(®(a))

We end this section by proving the following Proposition 4.11.

Proposition 4.11. Let E be a locally convex space, (w,y) be the pro-
jective space P(E) and F C H(w). If w is an F-domain of holomorphy, w is
pseudoconvex.

Proof: Let a be any point of E — {0} and f be any continuous linear
functional of E with f(a) # 0. For the open set U(f) defined by (4.3), we set

(4.11) wy =9 (U(S)) -

We have only to show that the Riemann domain (wy, p(f,4) © ¢|wy) over E(f)
is pseudoconvex. We set

F = {hwa; he .7-“} U {g/f; g€ E’} .
Then wy is an F'-domain of holomorphy. Thus by Noverraz [32], wy is pseudo-
convex. m
5 — Cartan—Thullen type theorem

Let E be a locally convex space and (w,¢) be a Riemann domain over the
projective space P(FE).
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An increasing sequence U = (U;)32; of open subset of w is called a regular
I : . . . oo
cover of w if w = (Jj2; U; and if there exists an increasing sequence ()32, of
continuous seminorms on £ such that

@(w) C P(E)al ) A (U]) >0

Uj+1

for every j. We denote by H*(U) the Fréchet algebra
H>U) = {f € H(w); |flu; < oo for avery ] }

endowed with the topology generated by the norms f — [f]y,.

Let E be a locally convex space, (£2,®) be a Riemann domain and f be a
holomorphic function on . For any point a of €2, there exist continuous n-
homogeneous polynomials P,: E — C and a balanced convex open neighbour-
hood V of 0 in E such that a +V C  and

fata) =3 Pua)
n=0

uniformly for z € V. We denote by o(f,a) the smallest integer n such that P,
are not identically zero in E. We write o(f,a) = oo if P, are identically zero in
E for all n. We call o(f,a) the order of zero of f at a. If functions f and g are
holomorphic in a neighbourhood of a point a in E, o(fg,a) = o(f,a) + o(g,a). f
is identically zero in a neighbourhood of a if and only if o(f,a) = co.

Let E' be a metrizable locally convex space and (ozj);’il be a fundamental
sequence of continuous seminorms on F. We set

(o)} o Py ()
MNre,y) =Y 277 22770
PE ( ) ]gl 1_|-p%17‘”(:1:,y)

for every x,y € P(E)q,. Then p]{;j }is a continuous distance of P(E)qs, which
defines the same topology as the initial topology of P(E),,. We denote by Ai,aj )
the boundary distance function of w with respect to the distance p){gaj b and by
Bi;aj }(x, r) the open neighbourhood of z in w which is homeomorphic to the open

set {z € P(E)qy; p}{;j}(tp(m), z) < r} through ¢ for r with r < Ai,aj}(x). we set

B ) = BE (@, Al (@) .

Theorem 5.1. Let E be a separable metrizable locally convex space and
(w,¢) be a connected Riemann domain over the projective space P(E). Assume
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that there exist a regular cover U = (U;){2, of w and an increasing sequence
()32 of continuous seminorms on E such that dq(-,-) = oo on 2 x a7 1(0), that

~

w is a H>®(U)-fibre separated and that Ag"™ (U; H(w)) > 0 for every j. Then w
is a domain of existence.

Proof: We remark that it follows from an examination of the proof of
Lemma 4.5 that 6(-,-) = co on Q x a7 '(0) implies ¢(w) C P(E),,. Since the
projective space P(FE) is separable, there exists a countable dense subset D of
P(E). we set A = ¢~ }(D). Let (x3) be a sequence in A with the property
that each point of A appears in the sequence (zy) infinitely many times. We set
Vi, = U, H(w) for each k > 1. By the assumption, we have Aiaj}(ﬁk H(w)) > 0.
Thus B;{,aj }(x) is not contained in Vj, for each x € w and k > 1. After replacing
a sequence (V) by subsequence, if necessary, we can find a sequence (yx) in w
such that yy € B[Eaj}(a:k), yr ¢ Vi and yi € Vi1 for every k > 1. Hence we can
inductively find a sequence (fx) in H(w) such that

\frlvi <27% and  fy(yr) =1

for every k > 1. Since Y 5o 2% is convergent, the infinite product

o0

[Ta- sk

k=1

converges uniformly on Vj, for each k and there it defines a function f € H(w)
which is not identically zero in w. We set N(f) = {z € w; f(z) = 0} and
A" = A\N(f). Then A’ is a countable dense subset of w. We set B = {(z,y) €
A" x A5 p(x) = ¢(y) and = # y}. B is a countable subset of w X w. Since w
is H>(U)-fibre separated, the set S;, = {g € H*(U); Reg(z) # Reg(y)} is
nonvoid for each (z,y) € B. The set S, is open in H*(U). We claim the set
Szy is dense in H*®(U). Indeed, given f € H*(U) with f ¢ S, ,, choose g € S,
and set g, = f+ (1/n)g. Then g, € S, for every n and the sequence (g)
converges to f in H*(U). Since H*(U) is a Baire space, the set S = N{S.y;
(z,y) € B} is dense in H*(U). Thus there exists a function g € H*(U) such
that Reg(z) # Reg(y) for every (z,y) € B. Since the set of quotient

(log| ()| — log| £ (1))
Re (g($) - 9(3/))

with (z,y) € B is countable, there exists # € (0,1) such that log|f(z)| —
log | f(y)| # 0 Re(g(x) — g(y)) for every (z,y) € B. We set

h(z) = f(x)exp(—0 g(x))
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for every x € w. Then we have h(z) # h(y) for every (z,y) € B.

We shall show that w is the domain of existence of h. Let A\: w — @ be an
{h}-envelope of holomorphy of w and let h € H(&) with h o A = h. We denote
by @ the projection of the Riemann domain @ into P(E). We remark that by
Proposition 2.2 and Lemma 4.11 @ is pseudoconvex. To prove that A is injective,
we assume that there exist distinct points a and b of w such that A\(a) = A(b).
Then there exist an open neighbourhood U(a) of a and an open neighbourhood
U(b) of b with U(a) N U(b) = 0 such that A\|U(a), A|U(b), ¢|U(a) and ¢|U(b)
are homeomorphisms and that A(U(a)) = AU (b)). Then we have \(x) = A\(y) if
(z,y) € U(a) x U(b) and p(z) = ¢(y). Thus we have h(z) = hoA(z) = hoA(y) =
h(y) if (z,y) € U(a) x U(b) and o(z) = ¢(y). We set W = o(U(a)) = ¢(U(b)),
S1=¢U(a) N N(f)) and S2 = o(U(b) N N(f)). The set S; U Sy is an analytic
subset of the open set W of P(F). Therefore W\ (S;U.S2) is a dense open subset
of W. Therefore we have DN (W\(S1US2)) # 0. Hence there exists a point p of
W such that p ¢ S1 U Ss, p € D. Then there exists a point (x,y) € U(a) x U(b)
with p(z) = p(y) = p. Since p ¢ S1 U Sy, {x,y} N N(f) = 0. Therefore (z,y)
belongs to B. Thus we have h(z) # h(y). On the other hand since p(z) = ¢(y)
and (z,y) € U(a) x U(b), h(z) = h(y). This is a contradiction. Therefore \ is
injective.

To prove that A\ is surjective, we assume that @ # A(w). Then there exists
a point zg € (@\Mw)) N A(w) # @ where A(w) is the topological closure of \(w)
in @. Since @ is pseudoconvex, it follows from an examination of the proof of
Lemma 4.5 that ¢(w) C P(E)qs,. We set a = ¢(z09). There exists a continuous
linear functional x on E such that j(a) # 0. Then ¢~(U(p)) is an open subset of
@ and contains the subset {2} of @ where U(u) is in (4.3). (g7 (U(1)), ©(4,0)°?)
is a Riemann domain over the locally convex space E(u) where E(u) and ¢, q)
are in (4.3) and in (4.4) respectively. There exists an open neighbourhood V' of
0 in E(u) such that there exists a section s of the Riemann domain @~*(U (1))
on V. Then ho s is holomorphic in V. For any x € V there exists a sequence
of n-homogeneous polynomials P)': E — C and a convex balanced open neigh-
bourhood U of 0 in E such that z +U C V and

uniformly for £ € U. Then PJ'(§) is given by
1

T or

P (6)

x

/ 7 gint flw+e”-¢)do
0

for any £ € E. Since hos is not identically 0 in V, the order o(i~z 0 s,0) of
zero of h o s at 0 is finite. We set n(0) = o(h o s,0). Then there exists {y € F
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such that Py © (&) # 0. Since z — Py © (&) is continuous, there exists an
open neighbourhood N(0) of 0 in V such that PO (&o) # 0 for any 2 € N(0).

Therefore we have o(h o s,z) < n(0) for every 2 € N(0). There exists a positive
number r such that 2r < Ai{;aj}(zO) and @, q) © @(Béaj}(zo,%)) C N(0). We

can find p € A such that A\(p) € Béaj}(zo, r). Then we have Aiaj}(p) < r and it
follows that

A( iaj}(p)) _ Béaj}()\(p),ﬁiaj}(l?)) C Béaj}()\(p),r) C B;E«aj}(zo’2T) .

By the definition of the sequence (x}) there exists a strictly increasing sequence
(ky) of natural numbers such that zj, = p for every n. Hence each y;, belongs

to Biaj}(p) and therefore A(yg,) € Béaj}(zo,Qr). We set 2k, = ©(ua) © P(Yk,)-
Then z;, belong to N(0). On the other hand we have o(h o s, z, ) > ky. Since

o(hos,z) < n(0) for every z € N(0), this is a contradiction. This completes the
proof. n

6 — Levi problem in a Riemann domain over an infinite dimensional
complex projective space

The aim of this section is to prove Theorem 1. Let E be a Fréchet space
with a Schauder basis (e,)52;. We shall first assume that E has a continu-
ous norm. Let (w, ) be a connected pseudoconvex Riemann domain over the
complex projective space P(F). Let (©,®) be the Riemann domain with C*-
action associated with the Riemann domain (w,¢) over P(E). We choose a
fundamental sequence (a,)n2; of continuous norms on E with a,1+1 > 2, and
Q= SUpy, ay, 0 T, for every n. With the notations of Lemma 3.2 and Lemma 3.3,

we set wp, = QO_I(P(En))a An,w = Q(An)a Bn,w = Q(Bn)7 Cn,w = Q(Cn) and
(6.1) Tnw(2) = Qoo (QAn) 7' (2)

for every z € A, . Then the mapping 7, is a holomorphic mapping of A, .
into wy,. By Lemma 3.3 (e), (f) and Lemma 4.10, we have

(6.2) AL (B, ) > 1/n .

A sequence C = (Oj,w)?g of open sets of w is a regular cover of w. In fact, by

Lemma 3.3 (a) and Lemma 4.10, there exists an increasing sequence (3;)52; of
continuous norms on E such that 81 > a7 and

(6.3) AL ) > 14

Cj+1
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for every j > 1.

Lemma 6.1. For each f,, € H(wy) and for each € > 0 there exists f € H(w)
such that

(@) f=fn onwp;

(b) ‘f — fao Tn,w’C’n,w <e€

(c) |fle;,., < oo for every j.

Proof: We define a holomorphic function g, on €2, = ®~1(E,) by g, = fn o
(Q|Qy,) for each n. Each g, is a C*-invariant function on €2,,. By Lemma 3.4, there

exists a C*-invariant function g € H(Q2) such that g = g, on Q, [g—gnom|c, < e,
and |g|c; < oo for every j. We define a holomorphic function f on w by

f(z)=goQ Yz) forevery z€w.
Then f satisfies the required conditions (a), (b) and (c). This completes the
proof. n

Lemma 6.2. w is H*>(C)-separated.

Proof: Let a and b be any different points of w. There exists a positive
integer N such that the set {a,b, 7 (a), TN (D)} is contained in Cy,, and that
TNw(a) # TN w(b). By Proposition 4.4, wy is a Stein manifold. By Oka—Cartan
theorem, there exists a holomorphic function fy on wy such that fx(7yw(a)) =2
and fn(7nw(b)) = 0. By Lemma 6.1, there exists a holomorphic function f €
H(w) such that

(a) f = fn onwy;

(®) |If = fvomvwloy., <1/2

(c) |fle;,., < oo for every j > 1.

Since {a,b} C Cn,
£(@) = 1) > |fn 0 Tww(a) = fv o vw(®)] = | £(a) = fv 0 7w (a)
- ‘f(b) —fno 7'N7w(b)‘
>2-1/2—-1/2=1.

Therefore we have f(a) # f(b). Thus w is H>(C)-separated. This completes the
proof. n

Lemma 6.3. It is valid that

~

AZV (Chw H(C)) >0
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for every n.

Proof: Let n be any positive integer and zy be any point of én’w H>(C)-
Then there exists a positive integer ng such that ng > n and z¢ € Cj, for every
k > ng. By Lemma 6.1, for each k > ng, for each fr € H(wy) and each € > 0,
there exists a function f € H*(C) such that |f — fy o Trw|c,, < € Therefore

| fre © Tk w(wo)| < |f(20)| + €
<|fle. +e
< |froThwlo,., +2¢€
< | frlBpwnwy +2€ .

o~

Since ¢ is arbitrarily given, 7. (z0) € (Bnw Nwk)py(,,)- We shall show that
A% (z9) > 1/n. We assume that A2V (xg) < 1/n. Then there exists an
integer N > ng such that

(6.4) ASY (T w(20)) < 1/n
for every m > N. There exists a point yo of  such that Q(yg) = zo. We set
V(7m(y0) = {A- Tm(wo); A€ C*},
S(7m(y0)) = {ew Tm(yo); 0 € R} and
K= (BN Qm);l(ﬂm)

for every m > N. Since § is pseudoconvex, since dg"(Bp N Q) > 1 and
supg, a1 <n, we have dy" (Kp,)>1 and supg, a<n. Therefore by Lemma 4.10,
we have

(6.5) A (Q(Km)) 2

S

Since Q(Tim (Y0)) = Tm w(20), it follows from (6.4) and (6.5) that K, W (75, (yo)) =0
for every m > N. We set

Tin = Kim U S(7m(y0))

for every m > N. Since (), is a Stein manifold, fm H(Qm) 18 compact in Q.
We write T}, = Am H(Qm)- We remark that the set T,, is contained in the set
V(tm(yo)) U Ky, In fact, let z be a point of Q,,\(V (75 (y0)) U K,). Since €, is
a Stein manifold and V(7,,(y0)) is a closed submanifold of €2,,, by Oka-Cartan
theorem there exists a holomorphic function s in €, with s = 0 on V(7,,,(%0))
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and with s(x) = 1. Since K,, is a Runge compact subset of €2,,,, there exists a
holomorphic function ¢ in Q such that |t(x)| > 1, |t|k,, < 1/(|s|k,, + 1). Then
we have |s(x)t(x)| > 1 and |st|,, < 1. Therefore 2 cannot belong to T},,. Thus
the set T}, is contained in the set V(7 (y0)) U K. Since V(7 (y0)) N Ky = 0, it
follows that T, NV (T (y0)) N Ky = 0 and T, = (Ton NV (T (40))) U K. Let V3
and V5 be open neighbourhoods of T}, N V(Tm(yo)) and of K,,, respectively, with
V1NV, = (. Let g be a holomorphic function on V; UV; defined by g = 2 on V; and
g =0 on V5. Since T is a Runge compact subset of €2,,,, there exists a function

h € H(2y) such that [h —g|s < 1/2. Then we have Reh > 3/2 on S(7,(y0))

and |h|p,nq,, < 1/2 where Reh is the real part of h. Let h be a holomorphic
function on €, defined by (3.6). The holomorphic function % is constant on
Q™ Y(2) for every z € wy,. Thus we can define a holomorphic function h* on wy,
by h*(z) = ho Q7 '(z) for every z € wy,. Then we have |R*| By < 1/2 and
h*(Tmw(x0)) > 3/2. Therefore 7, ., (z0) does not belong to (B, N wm);,(wm).
This is a contradiction. Therefore we have

~

Aal’a"(Cn’w Hoo(c)) > >0.

S|

This completes the proof. u
From Lemma 6.2 and 6.3 we obtain the following Proposition 6.4.

Proposition 6.4. Let E be a Fréchet space with a Schauder basis and with a
continuous norm. Let (w,¢) be a connected pseudoconvex Riemann domain over
the complex projective space P(E). Then there exist a regular cover U = (U;)72,
of w and an increasing sequence (ozj);’il of continuous norms on E such that w
is H>(U)-separated and Ay (ﬁj o)) > 0 for every j.

Next we shall assume that the Fréchet space E has not a continuous norm. Let
(w, ¢) be a connected pseudoconvex Riemann domain over the complex projective
space P(E). Let (Q2,®) be the Riemann domain over E associated with the
Riemann domain (w, ¢) over P(E). Then by Lemma 4.5 there exists a continuous
seminorm «ag on E such that «q satisfies the condition (3.7), that d,(-,-) = oo on
Q x ag ' (0) and that p(w) C P(E)a,. Let (e,) be a Schauder basis of E and F0
be a Fréchet space, defined by (3.8), with a Schauder basis and with a continuous
norm. E is a closed subspace of E and E is the topological direct sum of E<0
and of ag'(0). We set w® = o~ (P(E®)). We denote by 7, the canonical
projective of E onto E®. We set Q% = &~ 1(E%) and w® = o }(P(E)).
Then (2%, ®|Q%) and (w*, p|w*®) are Riemann domains over E* and P(E*)

respectively. We set
Gao(2) = (QIQ) 070y 0 Q7 (2)
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for every z € w where o, is a holomorphic mapping of €2 onto 2% in Lemma 3.6
(a). Since by Lemma 3.6 (a) we have o4,(A- ) = X - 0q,(z) for every (A, z) €
C* x (2, the mapping ,, is well-defined and a holomorphic mapping of w onto w™°.
Moreover we have 7,, = id on w®. (w*, p|w®®) is the connected pseudoconvex
Riemann domain over the projective space P(E*?) and E®° has a Schauder basis
and a continuous norm. Thus, by Proposition 6.4, there exist a regular cover U =
(Uj)32, of w? and an increasing sequence («;)32 with ay > ap| E° of continuous

~

norms on £ such that w® is H*°(U)-separated and AZH™ (U; Heo@)) > 0 for
every j. We set V; = 6,1 (U;) for every j and V = (Vj)521. For each continuous
norm 3 on E*°, we define a continuous seminorm 3 on E by 3(z) = (7, (z)) for

every x € E. If a continuous norm 3 on E* with § > oy satisfies Agif}l (U;) >0,

it is valid that A%ﬁ(vj) = A(O}iﬁ (Uj) > 0. Since 173 H(w) C ‘7] Ho (V)5
AV (Vi pwy) = ALY (Vi meeyy)
> AGHY (5&01(@‘ HoU)))

~

= Ag}xbaj (U] Hoo(u)) >0.

Let w be a point of p(w). Let a and b be different points in the set o~ (w).
Then there exist points  and y of Q such that Q(x) = a and Q(y) = b. Then
we have ®(z) = ®(y) and =z # y. By Lemma 3.6 (c), 04(x) # 0a(y). Thus
Tag (@) # Fay(b). Since w* is H*(U)-separated, there exists f € H*(U) such
that f(da,(a)) = f(Fae(b)). Since foay € H*®(V), w is H*(V)-fibre separated.
Thus we can obtain the following Proposition 6.5.

Proposition 6.5. Let E be a Fréchet space with a Schauder basis and (w, ¢)
be a connected pseudoconvex Riemann domain over the complex projective space
P(E). Then there exist a regular cover U = (U;)j2; of w and an increasing
sequence ()72, of continuous seminorms on E such that q(-,-) = 0o on  x

~

ag (0), that w is H>®(U)-fibre separated and that Ag"™ (Uj H(w)) > 0 for every
J-

A separable Fréchet space is said to have the bounded approximation property
if there is a sequence of continuous linear operator of finite rank which converges
pointwise to the identity. Pelczynski [38] has shown that every separable Fréchet
space with the bounded approximation property is topologically isomorphic to a
complement subspace of a Fréchet space with a Schauder basis.

Proposition 6.6. Let E be a separable Fréchet space with the bounded
approximation property or DFN-space, and (w, @) be a connected pseudoconvex
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Riemann domain over the complex projective space P(E). Then there exist a
regular cover U = (U;)32, of w and an increasing sequence (c;)72, of continuous
seminorms on E such that dq(-,-) = oo on Q x a;*(0), that w is H>(U)-fibre
separated and that Afj““]’(ﬁj H(w)) > 0 for every j.

Proof: If F is a separable Fréchet space with the bounded approximation
property, by Pelczynski [38] there exist complex Fréchet spaces F' and G such
that G is the topological direct sum of £ and F' and that G has a Schauder
basis. Let  be the product space of the Riemann domain € associated with the
Riemann domain (w, ¢) and the space F' and ® be a mapping of Q into the space
G defined by ®(z,y) = ®(x) + y for every (z,y) € Q@ = Q x F. We set

Then (Q, Zﬁ) is a connected pseudoconvex Riemann domain with C*-action over
G = E®F. Let w be the quotient space by this C*-action. Let @ be the quotient
map of Q onto &. We denote by G the quotient map G—{0} of the projective space
P(G). Let @ be the mapping of & into P(G) defined by () = o ®o Q! (x) for
every x € @. Then ¢ is well-defined and (@, @) is a connected Riemann domain
over P(G). Moreover the Riemann domain (Q, ®) is that associated with the
Riemann domain (@, @). Since Q is pseudoconvex, it follows from Proposition 4.4
that w is also pseudoconvex. By Proposition 6.5, there exist a regular cover
U = (Uj)32, of @ and an increasing sequence (a;)72; of continuous seminorms
on G such that d5(-,-) = oo on Q x a71(0), that & is H*°(U)-fibre separated and
that Agl’aj (U ; H(z)) > 0 for every j. Riemann domains © and w are identified

with a closed submanifold € x {0} of Q and with a closed submanifold Q (2 x {0})

of & respectively. We set
Vi=UjNw and [ =0o4E .

Then a sequence V = (V;)32; of open sets in w and a sequence (a;)32; of contin-
uous seminorms of F satisfy the required condition.

If E is a DFN-space, by Colombeau and Mujica [5] and Nachbin [28] and
Paques and Zaine [37] there exists a Hilbert norm « on E such that (2, ®) is a
Riemann domain over the separable pre-Hilbert space (E,«). Thus by the same
way as the proof of Proposition 6.4, we can obtain a regular cover (U;)72; of w
satisfying the required conditions. This completes the proof. n

Proposition 6.7. With the condition of Proposition 6.5, w is holomorphi-
cally separated.

Proof: Let E be a separated Fréchet space with the bounded approximation
property. By an examination of the proof of Proposition 6.6, there exist a Fréchet
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space G with a Schauder basis and a pseudoconvex Riemann domain (&, ) over
the projective space P(G) such that the space E is a complement subspace of
G and that w is a closed submanifold of @w. Therefore we have only to prove
this proposition in case E has a Schauder basis. Let (2, ®) be the Riemann
domain over E associated with the Riemann domain (w, ¢) over P(E). Let a and
b be different points of w. There exist points x and y of Q such that Q(z) = a,
Q(y) = b. We choose a Schauder basis (e,,)22, of E such that the linear span
of the set {e1,e2} contains the set {®(x), ®(y)}. By an examination of the proof
of Proposition 6.4, there exist a continuous seminorm «, a complement subspace
E® of E and a holomorphic mapping G, : w — w® = ¢ 1 (P(E%)) such that
E® has a Schauder basis and a continuous norm, that {ej,ea} C E“ and that
0o = id on w®. By Lemma 6.2, w® is H(w®)-separated. Since {a,b} C w®, there
exists a function h € H(w®) such that h(a) # h(b). We define a holomorphic
function f on w by f = hod,. Since flw®* = h, we have f(a) # f(b). Thus w is
H (w)-separated.

Let E be a DFN-space. Then by Colombeau and Mujica [5], Nachbin [28] and
Paque and Zaine [37], there exists a Hilbert norm « of E such that (2, ®) is a
Riemann domain over the separable pre-Hilbert space (E,«). Thus by the same
way as the proof of Lemma 6.2, we can show that w is H(w)-separated. This
completes the proof. m

Proof of Theorem 1: Without loss of generality we may assume that w
is connected. We remark that (2, ®) can be regarded as a Riemann domain
over a separable pre-Hilbert space by Colombeau and Mujica [5], Nachbin [28§]
and Paque and Zaine [35] if F is a DFN-space. The proof of this theorem is
completed by Proposition 6.6, Proposition 6.7, Theorem 5.1, an examination of
the proof of Theorem 5.1 and Proposition 4.11. n

7 — The indicator of entire functions of exponential type

The aim of this section is to prove Theorem 2 and Corollary 3. Let F be a
locally convex space. An entire function f € H(FE) is said to be exponential type
if

log | f(¢2)]

(7.1) limsup ———+ < oo .
(OETEYS K’

for every z € E. If f is an entire function of exponential type on E, by Hervé
[13] there exists a continuous seminorm « on E such that

(7.2) [f(2)] < [f(0)| +expafz) —1
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for every z € E. We denote by EXP(FE) the space of all entire functions of
exponential type on the space E. A function p on E is said to be positively
homogeneous of order o if p(Az) = A\7p(z) for every A > 0 and every z € E. For
an entire function f of exponential type on FE, the indicator Iy of the function f
on FE is plurisubharmonic and positively homogeneous of order 1.

Lemma 7.1. Let E be a separable Fréchet space with the bounded approx-
imation property or a DFN-space and §2 be a pseudoconvex domain of E. Let
I be a finite dimensional linear subspace of E. Then the restriction mapping of
H(Q) into H(Q N F) is surjective.

Proof: If E is a DFN-space, it follows from Colombeau-Mujica [5, Lemma 4.2]
that this restriction mapping is surjective. Therefore it is sufficient to show this
lemma in case F is a separable Fréchet space with the bounded approximation
property. Let E be a separable Fréchet space with the bounded approximation
property. By Pelczynski [38] there exist a Fréchet space Fq with a Schauder basis
and a Fréchet space Es such that F1 is the topological direct sum of E and Es. Let
{e1, €2, ...,e,} be a basis of F where n is the dimension of the space F'. We choose
a sequence (e;)72; of Ey so that (e;)72; is a Schauder basis of Fy. There exists
uniquely a sequence (&,)>2; of a continuous linear functionals on E such that
x =721 &n(T) ey for each x € E. We denote by 7 the canonical projection of £
onto E. Since the restriction mapping H (7~ (Q)) — H(Q) is surjective, we have
only to show that the restriction mapping H (7~ 1(2)) — H(Q N F) is surjective.
If Ey has a continuous norm, it follows from Mujica [26, Lemma 2.7] that the
restriction mapping is surjective. We assume that F; has not a continuous norm.
Let ¢ be a point of 771(€2). Then there exists a continuous seminorm « on E;
such that d?,l(ﬂ)(azo) > 0, afe;) # 0 for every j with 1 < j < n and a(z) =
sup{a (X", &n() en); m > 1}, Since m1(€Q) is pseudoconvex, by Lemma 4.5
the continuous seminorm a on E satisfies that d,-1(q) = 00 on 7 (Q) x a~1(0).
By Lemma 3.5, there exists a Fréchet space Ef* with a Schauder basis and with
a continuous norm such that the space Ej is the topological direct sum of Ef
and a71(0). Then 7 }(Q) ={z+y € E;;z € 7 H(Q)NEY, y € a~1(0)}. Since
771(Q) N EY is a pseudoconvex domain of Ef and since F is a subspace of E$,
the restriction mapping H(7~1(Q) N EY) — H(Q N F) is surjective. Since the
restriction mapping H (7~ (Q)) — H(7~1(2) N Ef) is surjective, the restriction
mapping H(771(2)) — H(2N F) is surjective. This completes the proof.

Lemma 7.2. Let E be a separable Fréchet space with the bounded ap-
proximation property or a DFN-space. Let ) be a pseudoconvex domain with
C*-action of the product space E x C with 0 ¢ Q and QN (E x {0}) # 0. We
denote by ¢ the quotient mapping of (E x C) — {0} onto the projective space
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P(ExC). We set w = q(f2). Then if the domain w of P(E x C) is pseudoconvex,
there exists a holomorphic function f on w such that f is not identically zero and
foq(x,0) =0 for every (z,0) € €.

Proof: There exists a finite dimensional linear subspace F' of E such that
(FxC)NQ#D. We set wp,c =wNP(F x C). By Oka—Cartan theorem, there
exists a holomorphic function kA on wry ¢ such that h is not identically zero and
hoq(z,0) =0 for every x € F with (z,0) € 2. Then a function

_ hog(,0)
¢

is holomorphic in (F x C)NQ. By Lemma 7.1, there exists a holomorphic function

h on Q such that h(z,¢) = % for every (z,¢) € QN (F x C). We define a

holomorphic function g on Q by g(z,() = (E(ac, ¢) for every (z,() € Q C E x C.
We define a C*-invariant holomorphic function g on €2 by

(z,¢) ((x, ()€ (FxC)n Q)

2m
3.0 = 5 [ oler,cC) s
21 Jo
for every (z,¢) € Q C E x C. Then we have g|Q2N (F x C) = hogq. We define
a holomorphic function f on w by f(z) = go ¢ !(z) for every z € w. Then we
have f o q(z,0) = 0 for every (z,0) € Q C E x C. Since flwpyc = h, f is not
identically zero. This completes the proof. n

We recall that the Borel transform of an entire function F' of exponential type
in one complex variable is given for large |t| by

!.

Ht)y=Y Ajt771 if F(r)=> Aj-
< ; J
J=1

j=1

The corresponding integral representation is
oo
H(t) = / F(st)e " rds ,
0

where 7 € C has to chosen suitable for every t. It follows from this formula that
H can be holomorphically continued into the complement of the convex compact
set

K= {t €C; VreC, limsup%log |[F(st)] > RetT} :

S§—00

Conversely we have
1
F(r)=-—— | Ht)e'"dt
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where I' is some large circle. This integral representation of F' shows immediately
that for all € > 0 we have

|F(1)| < C. exp(sup Retr + e|T])
teL

if H is holomorphic outside a compact convex set L C C.
Let F be a locally convex space and p be a positively homogeneous plurisub-
harmonic function of order 1 on E with values in [—00,00). Then we set

(7.3) D, = |J{z € B; p(tz) < Ret},
teC

(7.4) o= {(z,g) € ExC; pltz) < Retg} ,
teC

(7.5) wp = q(Sp) -

Then by Kiselman [18, Theorem 3.1 and 3.3] and by Proposition 2.3, we have the
following Lemma 7.3.

Lemma 7.3. The open set D), of I/ is connected and pseudoconvex. The open
set wy, of the projective space P(E x C) is connected, proper and pseudoconvex
if and only if p is not identically —oo. Moreover w, determines F' uniquely: if
plurisubharmonic functions p and r on E are positively homogeneous of order 1,
we have r < p if and only if w, C w;.

Proof of Theorem 2: If p = —o0, we take f = 0. We assume that p is not
identically —oo. Then we consider the open sets €, and w, defined by (7.4) and
(7.5), of (E x C) — {0} and of the projective space P(E x C) respectively. By
Lemma 7.3 the open set w, of the projective space P(E x C) is pseudoconvex.
Therefore by Theorem 1 there exists a non-constant holomorphic function f; of
wp such that for every connected open neighbourhood V' of an arbitrary point on
the boundary of wy, each component of V N w), contains zero of f; of arbitrary
high order. By Lemma 7.2 there exists a function fp € H(w,) such that fa is not
identically zero and faoqlwN (E x {0}) = 0. We set f3 = f1 fa. Then the domain
wp is the domain of existence of a holomorphic function f3 on w,. We define a
holomorphic function g on D, by g(z) = f3 0 q(2,1) for every z € D). The open
set D, of the space E is connected and contains the origin 0 in £. Thus there
exist continuous n-homogeneous polynomials p,: EF — C and a balanced open
neighbourhood W of 0 in £ such that W C D,, and that the expansion

92 =3 pul2)
n=0
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uniformly for z € W. We define an entire function on E by
> 1
=Y ()
n=0
for every z € E. Then by Boas [2, Theorem 5.3.1] and by Hervé [13, Theo-
rem 3.3.9] the function f is an entire function of exponential type on E. We
consider a function 7 on E which is positively homogeneous of order 1 defined by
1
r(z) = limsup log |/(s2)]
S$—00 S
for every z € E. We set h,(t) = g(z/t)/t = f30q(z,t)/t for some fixed z € E.
Then h, is the Borel transform of 7 — f(7 z) so that

f(rz) = %/th(t) o7 dt

In view of our choice of f3 0 ¢q, h, can be holomorphically continued to every
point ¢ such that (z,t) € €Q,; in particular there is no singularity at the origin if
(2,0) € ©,. We can therefore choose I' in any neighbourhood of the convex set

{t €eC; VreC, p(rz) > RetT} .
Thus for every € > 0 there exists a positive constant C, such that
|F(r2)] < Ceexp(p(r2) + €7

for every 7 € C (z is fixed). Hence r(z) < p(z) and since z is arbitrary, r* < p
where we denote by r* the upper regularized of the function r on E.
On the other hand, the integral

h.(t) = /OOO f(sT2)e " rds

converges absolutely and uniformly for all (z,¢) satisfying r(7z) < Retr — e.
It follows that h.(¢) is a holomorphic function of (z,¢) in Q.+, in particular
Ch.(¢) = f3oq(z,() can be holomorphic continued to a function in H(2,+). Since
Qv = ¢ Y(wy+) and the function (z,¢) — Ch,(¢) = f3 0 q(z,¢) is C*-invariant,
the function f3 is continued holomorphically to wy«. Since wy« Nw, # 0, since
wp is the domain of existence of f3 and since by Lemma 7.3 w,+ is connected, we
have wy« C wp. Thus by Lemma 7.3, p < r*. This completes the proof. u

Let E be a locally convex space. We induce the compact open topology in
the space H(FE) of all entire functions in F. A continuous linear functional y on
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H(E) or, in other words, an element of the dual space H(E)" of the space H(E),
is called an analytic functional in E. Let u € H(E)'. The (generalized) Laplace
transform 7 of p is defined by fi(¢) = u(e¥), ¢ € H(E). Then the restriction of
i on the dual space E’ of F is the Fourier-Borel transformation of u, which is
an entire function of exponential type on E’.

Proof of Corollary 3: If E is a Fréchet nuclear space or a DFN-space, the
correspondence H(E') 5 u — i € EXP(FE) by the Fourier-Borel transformation
is bijective (cf. Colombeau [4] and Dineen [8]). Thus by Theorem 2 the proof of
Corollary 3 is completed. n
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