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ON PARA-KAHLERIAN MANIFOLDS M(J,g)
AND ON SKEW SYMMETRIC KILLING
VECTOR FIELDS CARRIED BY M

I. MiHA1, L. NicoLEscU and R. Rosca

Abstract: Para-complex manifolds and, in particular, para-K&hlerian manifolds
have been for the first time studied by Rashevski [Ra], Libermann [L] and Patterson
[Pa]. In the last two decades, several authors have dealt with such type of manifolds, as
for instance [R1], [R2], [Cr], [GM], [RMG], [CFG] and some others. A para-K&hlerian
manifold is a manifold endowed with an almost product structure (called also a para-
complex structure) J and a pseudo-Riemannian metric g, which satisfy the conditions of
compatibility go (J x J) = —g and V.J = 0, where V is the Levi-Civita connection with
respect to g.

In the present paper, adopting P. Libermann stand point, we study some prop-
erties of a para-Kéhlerian manifold M and emphasize the case when M carries a non
null skew symmetric Killing vector field (in the sense of R. Rosca [R4], [R5]).

1 — Preliminaries

A para-Kahlerian manifold is a manifold M endowed with an almost product
structure J (i.e. an involutive endomorphism of TM) and a pseudo-Riemannian
metric g, which satisfy the conditions of compatibility

(1.1) 9(JZ, 2+ g(2,JZ')=0, VJ=0,

where V is the Levi-Civita connection with respect to g. From these conditions,
it follows that dim M = 2m, g is neutral and

(1.2) TrJ=0, N;y=0, VQ=0, dQ=0,

where ) is the symplectic form determined by J and g, i.e. Q(Z,Z") = g(JZ, Z"),
VZ,Z' € I'TM (I' TM denotes the set of sections of the tangent bundle T'M).

Received: February 19, 1996; Revised: July 11, 1996.



216 I. MIHAI, L. NICOLESCU and R. ROSCA

Following [P], we set:

AY(M,TM) = Hom( /q\ TM, TM)

and notice that elements of AY(M,TM) are vector valued g-forms (called also
T M-valued forms). Denote by b: TM — T*M the g-musical isomorphism (i.e.
the canonical isomorphism defined by ¢) and by dV: AY(M,TM)— AT (M, TM)
the exterior covariant derivative operator with respect to V. It should be noticed
that generally dV: = dV odv = 0, unlike d o d = 0. If we denote by p € M the
generic element of M, then the canonical T'M-valued 1-form dp € AY(M,TM) is
also called the soldering form of M. Since V is symmetric, one has dV (dp) = 0.

The operator d¥ = d + e(w) acting on A\ M is called the cohomology operator
[GL]; e(w) means the exterior product by the closed 1-form w € A M, i.e. d“u =
du+wAu, for any u € A M (d¥od” = 0). If d¥u = 0, it is said that u is d*-closed
and if w is exact, then w is said to be a d“-exact form.

Any vector field Z € I'TM such that

dV(VZ)=V*Z =0 nNdp € A*(M,TM) ,

for some 1-form o is said to be an exterior concurrent vector field [PRV]. The
1-form o is called the concurrence form and is expressed by o= fb(X), f€eC°M.
One may consider on M a field of adapted Witt vector frames

W = Vect{ha, he=|a€{1,...m}; a* =a+ m} ,

where h are null real vector fields which satisfy g(hg,he<) = 1 and all the other
products are 0. With respect to the operator J, the vector fields h satisfy

(1.3) Jha =he, Jhe = —hg- |

and the above relations define a J-null vector basis on M.
If W* = covect{w®, w? } is the associated cobasis of W, then the soldering
form dp, the structure 2-form ) and the metric tensor g are expressed by

(1.4) dp=w@hy, Ae{a,a*},
(1.5) Q=Yuw Aw?
(1.6) g = (dp, dp) = Sw’w®

which shows that the para-Hermitian metric g is exchangeable with 2.
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Let now 04 € A' M (resp. ©4 € A> M) be the local connection forms in the
tangent bundle TM (resp. the curvature 2-forms in TM). Then the structure
equations (E. Cartan) may be written in indexless form as:

(1.7) Vh=0®h € A (M, TM),
(1.8) dw=—-0ANw,
(1.9) dd=—-0N0+0O.

By (1.1), (1.2) and (1.7) the connection forms 6 satisfy
(1.10) 00 +602. =0, 6 =0, 6L=0,
which shows that the connection matrix My is the Chern—Libermann matrix
_(% O
(1.11) My = ( " 9;;:) .
Further by (1.10) and (1.9) one has
(1.12) “rek =0, O =0, OL=0.
We also recall that
(1.13) Op = X% = —%0% |
(1.14) Or = dip = ¥O! = —X0%

are called the Ricci 1-form and the Ricci 2-form of M, respectively.
Denote now by

(1.15) Sp = span{ha}p, S, =span{hg}p,, Vpe M.

Then S and S* defines two self orthogonal distributions associated with the J-null
vector basis W = vect{ha}.

If T,M is the tangent space of M at Vp € M, one has the standard decom-
position [L], [R1]

1.16 LM=S5,&S5"
P P P
and

(1.17) ISy =S,, JS;=55.
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Next denote by

(1.18) v=wt A AW™,

(1.19) P = W™ A LA W™

the simple unit m-forms which correspond to S and S* respectively. By (1.5),
(1.10) and (1.13) exterior differentiation of (1.18) and (1.19) gives

(1.20) dip = —0p A1)
(1.21) dip* = O Ap* .

The above equations show that both m-forms 1) and * are exterior recurrent
[D] and have —fr and O respectively as recurrence 1-forms. Hence 1 and ¢*
are locally completely integrable.

Further since v annihilates S* and ¢* annihilates S, it follows from (1.20),
(1.21) and by Frobenius theorem that both distributions S and S* are involutive.

It is worth to notice that in this situation —fgr (resp. 0r) is an element of the
first class of cohomology H!(S* R) (resp. of H!(S,R)).

Moreover, since
(Sp) =S (S)7 =85, Qls, =0, sy =0,

it is seen that S and S* are two Lagrangian polarizations of the symplectic
structure defined by (W, ). We recall that in [R2], S and S* have been defined
as the natural polarizations of M(.J, g).

We conclude this section with the following meaningful remark. Consider the
T M-valued 1-form

(1.22) Jdp = w® @ hy — W @ hg- .

Clearly by (1.3) we have (dp, Jdp) = 0 and (dp, dp) = —(Jdp, Jdp) = g.

Therefore one has the following.

Proposition. To any para-Kéhlerian manifold M (J,g) of soldering form
dp and metric tensor g corresponds by orthogonality of line elements a para-
Kahlerian manifold of soldering form Jdp and metric tensor —g.
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2 — Principal Lagrangian submanifolds

Let now Y* € S* be any vector field of the self orthogonal distribution S*.
Since iy =1 = 0, then by (1.20) it quickly follows:

(2.1) Ly« =—0r(Y") ¥

(L: Lie derivative), that is Y* defines an infinitesimal conformal transformation

of 1.

In similar manner, for all Y € S one gets by (1.21)
(2.2) Lyp* =0r(Y) Y™ .

Therefore one may say that the m-form v (resp. the m-form ¢*) is
S*-conformal invariant (resp. S-conformal invariant).

Further denote by X € I'T'M any vector field which annihilates the Ricci
1-form r. Making use of (1.14) one derives from (2.1) and (2.2)

(2.3) d(ﬁxl/}) =—0pNLxY+OpNixy,
(2.4) d(ﬁxw*) ZQR/\,CXw*—@R/\in* .

By reference to [R3], [Pap], the above equations show that the Lie derivatives
with respect to X of both m-forms 1, ©¥* are exterior quasi recurrent and have
Or Nixy and —Opr AixY™ as exterior recurrence difference respectively.

Now, in consequence of the splitting (1.16) and of (1.4), we set

(2.5) dps = w* @ hg, dpg = w” & hg~ |

for the line elements of the principal Lagrangian foliations S and S* on M (J, g).

Operating on dpg and dpg- by the covariant differential operator dv, one
easily gets

dY(dps) =0, dY(dps)=0.

This shows the significant fact that dpg (resp. dpg+) is the soldering form of
the leaf Mg of S through p (resp. the leaf Mg« of S* through p).

Next we denote like usual by * the Hodge star operator and recall that on an
m-~dimensional oriented manifold M, * maps scalar or T'M-valued ¢-forms into
scalar or T'M-valued (n — ¢)-forms.

Comming back to the case under discussion, one gets by (1.2) and (2.5)

(2.6) xdps = D(=1) W' AL ADUA L AW ® hy

(the roof ~ indicates the missing term).
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Operating on (2.6) by dV, the above relation moves after some calculations to
(2.7) dv(*dps) = —0r A xdpg .

Hence *dpg is an exterior recurrent 7' M-valued form, having —0g as recur-
rence 1-form. Therefore by reference to [Pap| one may say that line element dpg
is exterior co-recurrent.

In similar manner, one finds that the same property holds good for the line
element dpg+, but with g as recurrence form.

Since dpg and dpg+ are dual T'M-valued forms, it follows, according to a
known theorem, that the necessary and sufficient condition in order that dpg and
dpg+« be harmonic T'M-valued forms on M (., g) is that the Ricci 1-form vanishes.
In this case following [Cru], it is proved that M(J,g) is equipped with a spin
Euclidean connection.

Let denote by Tli_e (Mg) (resp. TpLs* (Mg~)) the normal space of Mg at ps € Mg
(resp. of Mg« at pg« € Mg+). By (1.17), one has
(2.8) ITps(Ms) = Ty (Ms), JT,

Ps*

(Ms+) = Ty, (Mg-) .

The above prove that with respect to the para-complex operator J, Mg and
Mg~ are anti-invariant submanifolds [YK] of M.

In addition, if M admits a spin Euclidean connection (i.e. g = 0), we have
seen that the soldering forms of Mg and Mg~ are harmonic. Then according to
the improper immersions theory, we agree to say that Mg and Mg+ are improper
minimal submanifolds of M (J, g).

Moreover, since in the actual discussion 0 = 0, it follows by (1.20) and
(1.21) that both simple unit m-forms i and * are harmonic. Then since
Mg N Mg+ = {0}, we are in the condition of Tachibana’s theorem [T] in case
of proper immersions. As a consequence of this fact, we may say that M(J, g) is
the local product

M = MS x M, S*

where Mg and Mg+ are anti-invariant and improper minimal submanifolds of
M(J,g).
Summarizing, we proved the following.

Theorem. Let Mg and Mg+ be the two principal Lagrangian submani-
folds of a 2m-dimensional para-Ké&hlerian manifold M (J,g). Let 6 be the Ricci
I-form on M, dpg and dpg- the soldering forms of Mg and Mg+ and 1) (resp. ™)
the volume element of Mg (resp. Mg~ ). One has the following properties:
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i) ¢ (resp. ¢*) is S*-conformal invariant (resp. S-conformal invariant);

ii) if X is any vector field of M which annihilates 6, then the Lie derivatives
of ¢ and y* with respect to X are quasi recurrent;

iii) dps and dpg~ are exterior co-recurrent with —fg and g respectively as
recurrence forms;

iv) if M admits a spin Euclidean connection (i.e. @ = 0), then M may be
viewed as the local product

M:MstS*,

such that Mg and Mg+ are both improper minimal and anti-invariant
submanifolds of M.

3 — J-skew symmetric Killing vector fields

We assume in this Section that a para-Kéhlerian manifold M (J,g) carries a

J-skew symmetric Killing vector field X. Then, following R. Rosca [R4] (see also
[DRV], [MMR]) such a vector field is defined by

(3.1) VX=XAJX & VX=b(JX)®X-—hX)®JX ,

where A means the wedge product of vector fields (A(X,-) is a linear operator
which is skew symmetric with respect to (, ), VX € I'TM).

In order to simplify, we write

(3.2) a=HX), B=>bJX), 2=|X|*.

Setting

(3.3) X = N(X%4 + X hy)

then since W = {h} is a Witt vector basis, it follows that

(3.4) a=N(X%Y + X%,

(3.5) B=N(X%" — XV w?) .

In these conditions it quickly follows from (3.1)

(3.6) dl=28 = dB=0,

which shows that JX is a gradient vector field.
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Next making use of the structure equations (1.7) and taking account of (3.3)
one derives

(3.7) de=28Na & dPa=0.

Now since 3 is an exact form, the above equation shows that in terms of
d“-cohomology « is a d~2P-exact form. On the other hand, since (V.J)Z = 0 and
J? = Id, one gets from (3.1)

(3.8) VIX=B@JX —a®X .
But since by (1.1) one has «(JX) = 0, it follows from (3.8)
(3.9) VixJX = —|X|?IX,  BIX) = —[IX]|?

and by (3.1) one finds at once [X, JX]| = 0. Then we may say that JX is affine
geodesic which commutes with X. One also checks the Ricci identity

Lz9(X,JX)=9(VzX,JX)+9(X,VzJX), ZecTTM.

Let now X be the exterior differential system which defines the skew symmetric
Killing vector field X. By (3.6) and (3.7) it is seen that the characteristic numbers
of Y arer =3, s =1, s = 2. Since r = sg + s1, 2 is in involution in the sense
of E. Cartan [C] and we may say that the existence of X depends on 2 arbitrary
functions of 1 argument.

We denote by Dx = {X, JX} the holomorphic distribution [GM] defined by
X and JX. Then on behalf of (3.1) and (3.3), if X', X" are any vector fields of
Dx one has Vx/ X" € Dx. This as is known proves that Dx is an autoparallel
foliation and that its leaves Mx are totally geodesic surfaces of M. Then by
Frobenius’ theorem put M3 the 2-codimensional submanifold orthogonal to My.

Since My is defined by a = 0, 3 = 0, it is seen by (3.1), (3.8) that X
and JX are geodesic normal sections of M )% Therefore we conclude by the
following significative fact: any para-Kéhlerian manifold M which carries a
J-skew symmetric Killing vector field X may be viewed as the local Rieman-
nian product

M = My x My ,

such that:
i) My is a para-holomorphic totally geodesic surface tangent to X and JX;

ii) M )% is a 2-codimensional totally geodesic submanifold of M.
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By (3.1) and (3.8) one has
VixX +VxJX = 2| X|? X

and by (3.9) it is easily seen that the conditions:
i) X is a null vector field (see [DRV]);
ii) JX is a geodesic;
iii) X and JX are left invariant;

are mutually equivalent.
Now following [KNJ, if we set

(3.10) AxX = —VxX = | X|?JX ,

one checks the general formula
1
5Lz | XIP=9(2 AxX), ZeTTM.

Next since div JX = tr[VJX] (Hermitian trace understood) one gets by an
easy calculation div JX = —2[|X||?, and taking account of (3.6) one gets

(3.11) divAx X = =8| X||? = —4|| X .
Next by (3.6) one may write
V2 = V| X|*=2|X|*JX
(V denotes the gradient of a scalar) and by (3.11) one finds
(3.12) div V|| X||* = =8| X||* .

Since one has ||V||X[|?||? = —4/ X ||, it is seen by (3.12) that ||V X|?||? and
div V|| X||? are functions of || X||2. Hence following a known definition (see also
[W]), || X||? is an isoparametric function.

Further with respect to the Witt basis one has

(3.13) VX% = 29(Vi, X, Vi,. X) = 2| X]||* .

But if Z € T'TM one has as is known [P], A||Z|?> = —divV|Z]|]? and in
consequence of (3.13) one gets

(3.14) Allx|? = sl x|* .
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Now making use of the general Bochner formula
2(tr VX, X) + 2[[VX|? + Al X|* =0
(for any vector field X), one finds by (3.13) and (3.14)
(3.15) (tr V2X, ) +6||X]|*=0.
Recalling now that for any Killing vector field X one has
(tr VX, ) + R(X,-) =0

(R denotes the Ricci tensor field of V), one derives at once from (3.15), that in
the case under discussion one has

R(X,X) =6]IX|* = Ric(X)=6]X|"

(Ric(X) is the Ricci curvature of M with respect to X).
We associate to X and JX the following two null vector fields:

(3.16) Y=X+JX € §, Y'=X-JX € §*.
By (3.1) and (3.3) one gets at once
(3.17) VY=B-a)®Y, VY*=@+a)aY*,

which show that Y and Y* are recurrent vector fields. It should be noticed, since
Y and Y™ are null vector fields, that they are also defined as geodesic vectors.
Moreover operating on (3.17) by dV a short calculation gives

dV(VY)=V?Y =2(anp)Y ,
dV(VY*) = V2Y* = 2(aAB) Y™,

which defines Y and Y* also as 2-recurrent vector fields [EM].
We remark that the wedging of Y and Y* is (up to 2) the covariant derivative
of JX, i.e.

1
VIX = §(Y/\Y*) .
Next operating on (3.1) and (3.8) by dV, one derives

(3.18) VX =2(anp)@JX, VJX=20aArp)®X.
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So, if we set F' = VX, we get
AV'F=V2XANB-V2IX ANa=0.

Hence the dV’-differential of F is closed; it follows that V3X is a 0-element
of A3(M,TM).

Since g(X, JX) = 0, the para-holomorphic sectional curvature K x 5 jx defined
by X is expressed by

g(R(X, JX)JX, X)
X[ lIxypez

Kxpaix =

where R denotes the Riemannian curvature tensor. But
R(X,JX)JX = V?JX(X,JX)

and making use of (3.18) one finds
1.
Kxnx = |X|* = 5 Rie(X) ,

which relates the para-holomorphic sectional curvature defined by X to Ric(X).
We will investigate some infinitesimal transformations of the Lie algebra A M,
induced by the vector fields X and JX. By (2.7) and (3.7) one gets

(3.19) Lxa=0, Lyxf==2|X[8,
(3.20) LxB=0, Lixa=-2X|.

From above it is seen that o and (3 are invariant by X and that JX defines
infinitesimal conformal transformations of o and (. In particular, X is a self-
invariant vector field whilst JX is a self-conformal vector field.

We recall now that the bracket [ , ] of two T*M-valued forms F = Zw®,
F' = Z!w'" is defined by

[F,F') = Z;, Z}]w' A"
and the Lie derivative of [, ] with respect to a vector field U is given by
ﬁU[F, F’] = [F,,CUF/] + [ﬁUF, F’] .

Comming back to the case under discussion and setting F = VX, F/ = VJX
one gets by (3.19), (3.20)

(3.21) Lx[VX,VJX]=0,
(3.22) Lix[VX,VJX] = 4| X|*[VX,VJX].
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Hence the bracket [VX, VJX] is invariant by X and JX defines an infinitesi-
mal conformal transformation of [VX, V.JX] having —4[| X || as conformal scalar.
Next following [LM] we denote by

Zs —igQ=0(2)="2Z

the symplectic isomorphism defined by the structure form of M(J,g).

Set V (resp. V*) for the symplectic vector space (resp. its dual). Then if w is
any form, its dual with respect to Q is expressed by w!: V* — V.

Comming back to the case under discussion one quickly gets by (1.1) and (3.3)

(3.23) B=b(JX)=-"X = LxQ=0.

But since g is an exact form, it follows according to a known definition that
X is a global Hamiltonian vector field of €.

Further by (3.6) is proved the salient fact that %lgw is a Hamiltonian
function2 of the symplectic form 2. One may also say that X is a gradient of
31g 15

Moreover consider the vector field

X, =cJX+vX, c=const, ve(C®M.

One has
"X, = —cf—rva

and if v satisfies
dv+2vp3=0 = lv=const.,

then Ly, 2 = 0. Hence we may say that X, is a local Hamiltonian of 2.

It should be noticed that if £5(M) = {df%; f € A\° M} and Eq(M) = {wh;
we AN M } denote the space of globally Hamiltonian vector fields and the space
of local Hamiltonian vector fields, then as is known [G] one has £5(M) C Eq(M).

Therefore the following theorem is proved.

Theorem. Let M(J,g) be a para-Kéhlerian manifold. The existence on
M of a J-skew symmetric Killing vector field X is determined by an exterior
differential system in involution.

Any M which carries such an X may be viewed as the local Riemannian
product M = Mx X M)%, such that:

1) Mx is a totally geodesic para-holomorphic surface tangent to X and JX;

2) M )% is a 2-codimensional totally geodesic submanifold of M.
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The following properties are induced by X :
i) JX is an affine geodesic which commutes with X;

ii) | X||? is an isoparametric function and the Ricci curvature Ric(X) of M
with respect to X and the para-holomorphic sectional curvature K xajx
defined by X are related by

Ric(X) = 6/ X||? = 6Kxasx ;

iii) with X are associated two null (real) vector fields ¥ = X +JX, Y* =
X — JX which enjoy the property to be 1-recurrent and 2-recurrent;

iv) the dual form b(X) = a (resp. b(JX) = 3) of X (resp. JX ) are invariant
by X and JX defines an infinitesimal conformal transformation of both
« and (3, having —2||X||? as conformal scalar;

v) X is a global Hamiltonian vector field of Q and any vector field X, =
cJX +vX (c=conts., v € C®°M) such that v|| X|? = const. is a local
Hamiltonian;

vi) the Lie bracket [VX,VJX] is invariant by X, that is Lx[VX,VJX] = 0.
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